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Abstract. The main goal of this paper is to introduce the Hartley-Bessel L2-
multiplier operators and to give for them some new results as Plancherel’s,
Calderon’s reproducing formulas and Heisenberg’s, Donoho-Stark’s uncertainty
principles. Next, using the theory of reproducing kernels we give best approxi-
mation and an integral representation of the extremal functions related to these
operators on weighted Sobolev spaces.
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1. INTRODUCTION

In their seminal papers, Hérmander’s and Mikhlin’s [10, 15] initiated the
study of boundedness of the translation invariant operators on RY. The
translation invariant operators on R? characterized using the classical Eu-
clidean Fourier transform F(f) therefore they also known as Fourier multipli-
ers. Given a measurable function

m:RY— C
its Fourier multiplier is the linear map 7, given for all A € R¢ by the relation
(1) F(Tm(F)A) = m(A)F(f)(A)
The Hormander-Mikhlin fundamental condition gives a criterion for LP-boundedness

for all 1 < p < oo of Fourier multiplier 7, in terms of derivatives of the symbol
m, more precisely if

d
2) Bm S AT for o<l |3] 1
Then, 7,, can be extended to a bounded linear operator from LP(RY) into
itself.
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The condition (2) imposes m to be a bounded function, smooth over R%\ {0}
satisfying certain local and asymptotic behavior. Locally, m admits a singu-
larity at 0 with a mild control of derivatives around it up to order {%] + 1.
This singularity links to deep concepts in harmonic analysis and justifies the
key role of Hérmander-Mikhlin theorem in Fourier multiplier L,-theory, this
condition defines a large class of Fourier multipliers including Riesz transforms
and Littelwood-Paley partitions of unity which are crucial in Fourier summa-
bility or Pseudo-differential operator.The boundedness of Fourier multipliers
is useful to solve problems in the area of mathematical analysis as Proba-
bility theory see [13], Stochastic processus see [2]. For its importance many
researcher extend the theory of Fourier multiplier to different setting for ex-
ample in the Dunkl-Weinstein setting [20], in the Laguerre-Bessel setting [7],
in the Dunk!’s setting [19]. The general theory of reproducing kernels is stared
with Aronszajn’s in [1] in 1950, next the authors in [12, 17, 18] applied this
theory to study Tikhonov regularization problem and they obtained approxi-
mate solutions for bounded linear operator equations on Hilbert spaces with
the viewpoint of numerical solutions by computers. This theory has gained
considerable interest in various field of mathematical sciences especially in En-
gineering and numerical experiments by using computers [12, 18].

The Hartley transform is an integral transform attributed to Hartley see [5, 6],
this transform shares several essential properties with the classical Fourier
transform, including linearity, invertibility and Parseval’s identity. These
transforms find extensive applications across various field of mathematics,
physics and engineering, such as signal processing, data analysis and num-
ber theory see [5, 6, 11, 21].

The Hartley transform is a linear operator defined for a suitable function v (z)
as follows:

(3) AW = = [ dla) cas(ha)da,

where cas(z) is the cas function, defined as:

= (—1)("3)
(4) cas(z) = Z Lx",
n=0

n!

with (3) = w being the binomial coefficient. The cas(x) function (1.4)
can be seen as a generalization of the exponential function exp.
A simple computation shows that the cas function is the unique C*° solution
of the following differential-reflection problem see [5]

{ RO u(x) = Au(x),
u(0) = 0.
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Here, 0, represents the first-order derivative, and R is the reflection operator
acting on functions f(z) as:

(5) (Rf)(x) = f(—x).

Furthermore, the function cas(z) is multiplicative on R in the sens
1
(6) cas(z)cas(y) = i(cas(:r +y) —cas(—z — y) + cas(z — y) + cas(y — x)).

Inspired by the relation (1.6), the author in [3] generalized the relation (1.6) for
the Hartley-Bessel function and introduce a generalized convolution product.
This paper focuses on the generalized Hartley transform introduced in [3, 4]
called the Hartley-Bessel transform, more precisely we consider the following
dfferential-reflection operator A, defined by

(1) Aa—R<8x+a)+a, a>0.
X e

Where R is the reflection operator given by the relation (1.4).

The operator A, is closely connected with the Dunkl’s theory [9], furthermore
the eigenfunctions of this operator are related to Bessel functions and they
satisfies a product formula which permits to develop a new harmonic analysis
associated with this operator see [3] for more information.

The Hartly-Bessel transform H, generalizing the classical Hartley transform
(1.3) and it is defined on L. (R) by

Ha(f)(\) = /R Bua(A2)f(2)dpa(z), for A €R.

Where p, is the measure on R and B, () is the Hartley-Bessel kernel given
later. Let o be a function in L2(R) and 8 > 0 be a positive real number, the
Hartley-Bessel L2-multiplier operators are defined for smooth function on R
as

(8) Mop(f)(x) == H' (05Ho) (2)

These operators are a generalization of the classical multiplier operators given
by the relation (1.1). The remainder of this paper is arranged as follows, in sec-
tion 2 we recall the main results concerning the harmonic analysis associated
with the Hartley-Bessel transform, in section 3, we introduce the Hartley-
Bessel L2-multiplier operators Mg and we give for them a Plancherel’s,
point- wise reproducing formulas and Heisenberg’s, Donoho-Stark’s uncer-
tainty principles. The last section of this paper is devoted to give an applica-
tion of the general theory of reproducing kernels to Fourier multiplier theory
and to give best estimates and an integral representation of the extremal
functions related to the Hartley-Bessel L2-multiplier operators on weighted
Sobolev spaces.
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2. HARMONIC ANALYSIS ASSOCIATED WITH THE HARTLEY-BESSEL
TRANSFORM

In this section we recall some results in harmonic analysis related to the
Hartley-Bessel transform, for more details we refer the reader to [3].
e For a > 0, pq is the weighted Lebesgue measure defined on R by

‘$|2a

dpe(x) ==

S L —
20‘+§F(a + %)

where I' is the Gamma function.
o I2(R),1 < p < o0, the space of measurable functions on R, satisfying

1l = 4 Ul F@)Pdua(@)'? <00, 1<p <o,
Pyl — essSupger |f(7)] < 00, p=o0.

In particular, for p = 2, L2(R) is a Hilbert space with inner product given by
(f.9ba = | F@)g@dpala)

2.1. The Eigenfunctions of the differential-reflection operator A,. For
A € C we consider the following Cauchy problem

f Aa(u)(z) = Au(x),
() { w(0) = 1.

From [3, 4], the Cauchy problem (S) admits a unique solution B, (A.) given by

AT

9) Bo(Az) = ]afé(A'I) + m]wé(

Az),
where j, denotes the normalized Bessel function of order a see [16].

The function B, (A.) is infinitely differentiable on R and we have the following
important result

(10) YAz eR, |Bo(A\z)| < V2.

Furthermore from [3], the Hartley-Bessel kernel (2.1) is multiplicative on R
in the sens

(11)  VYAeR,z,y e R* B,(\z)By(\y) = /]RBQ()\Z)KQ(SU, Y, 2)dpa(z)

where K, is the Bessel kernel given explicitly in [3].

The product formula (2.3) generalize the relation (1.6) and permits to define
a translation operator, convolution product and to develop a new harmonic
analysis associated to the Differential-reflection operator A,.
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2.2. The Hartley-Bessel transform. ([3]) The Hartley-Bessel transform H,
defined on L (R) by

/B (A\z) f(z)dpa(z), for XeR

Some basic properties of this transform are as follows, for the proofs, we refer
the reader to [3, 4, 5].
(1) For every f € LL(R) we have

(12) o (Nllo iy < V211100

(2)(Inversion formula) For f € (L. N L2) (R) such that F,(f) € LL(R) we
have

(13) flz) = /R BaOO)Ho(f)(Ndpa()), ae z€R.

(3) (Parseval formula) For all f,g € L2(R) we have
(14) <f79>a = <Ha(f)7Ha(g)>a7

In particular we have

(15) [fll2,p0 = [ Ha ()l e
(4) (Plancherel theorem) The Hartley-Bessel transform H, can be extended
to an isometric isomorphism from L2 (R) into L2 (R).

2.3. The translation operator associated with the Hartley-Bessel trans-
form. The product formula (2.3) permits to define the translation operator
as follows Let z,y € R and f is a measurable function on R the translation
operator is defined by

/f (,y, 2)dpa(2),

The following proposition summarizes some properties of the Hartley-Bessel
translation operator see [3]. For all z,y € R,we have:

(1)
16) Taf(y) = 7 f ().
2)

17) / Y)dpia(y / fy)dualy

(
(
(
(3) for f € LE(R) with p € [1;400] 75f € LP(R) and we have
(
(
(

18) 176 Fllp e <
4) For f € LL(R), 72f € LL(R) and we have
19) Ho (1) (A) = Ba(Az) Fa(f)(A), VA ER.

The relation (2.11) shows that the translation operator 72 is a particular case
of the Hartley-Bessel multiplier operator (1.8).
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By using the translation, we define the generalized convolution product of f, g
by

(F2a9) @ = [ 72 W)a@dral).

This convolution is commutative, associative and its satisfies the following
properties see [3].

(1)(Young’s inequality) for all p,q,r € [1;+0oc] such that: % + % =1+ 1 and
for all f € LP(R),g € LL(R) the function f *, g belongs to the space L, (R)
and we have

(20) 1S *a gl < 4 llp e 19l 00

(2) For f,g € L2(R) the function f *, g belongs to L2(R) if and only if the
function H,(f)H,(g) belongs to L2 (R) and in this case we have

(21) Ho (f %o 9) = Ha(f)Ha(g)
(3) For all f,g € L2(R) then we have
)1 e g P dia@) = [ IHa(DO [ Halg) N diia()

where both integrals are simultaneously finite or infinite.

3. THE HARTLEY-BESSEL Li-MULTIPLIER OPERATORS

The main purpose of this section is to introduce the Hartley-Bessel L2-
multiplier operators on R and to establish for them some uncertainty principles
and Calderon’s reproducing formulas.

3.1. Calderon’s reproducing formulas for the Hartley-Bessel L2-multiplier
operators. Let o € L2(R) and 3 > 0, the Hartley-Bessel L2-multiplier oper-
ators are defined for smooth functions on R as

(23) Mo s(f)(@) = Hy' (0Ha(f)) (2),
where the function og is given for all A € R by

og(A) := a(BA),
By a simple change of variable we find that for all 3 > 0,043 € L2(R) and

1
24 g = a1t 10112,pa
(24) loglly,y., e ]2,

According to the relation (2.13) we find that
(25) Mo s(f)(@) = (H3" (05) a f) (@),

where

(26) H:' (0) (@) = g Ha (@) (5)
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We give some properties of the Hartley-Bessel L2-multiplier operators. (i) For
every o € L2(R), and f € LL(R), the function M, 5(f) belongs to L2(R),
and we have

4
Mo s(F)l5,, < 5= o2 a1, e
2

(ii) For every o € LY (R), and for every f € L2(R), the function M, 5(f)
belongs to L2 (R), and we have

(27) Mo (Dl i, < lolloopallFll2,a

(iii) For every o € L2(R), and for every f € L2(R), then M, 5(f) € LL(R),
and we have

(3 Mos(£)@) = [ o(BNBaA0) Ha( ) Ndia(N), sz € R

o
R
and

4
IMos(F)llg e < @\IUHM&UH&w

Proof. (i) By using the relations (2.12),(3.3) we find that

2

M1, = |Hat 5) 20 £, < 16171, 2" (09)]

1 pa

Plancherel’s formula (2.7) and the relation (3.2) gives the desired result.

(ii) Is a consequence of Plancherel’s formula (2.7).

(iii) By the relations (2.7),(2.12),(3.2) and (3.3) we find the result, on the other
hand the relation (3.6) follows from inversion formula (2.5). O

In the following result, we give Plancherel’s and pointwise reproducing in-
version formula for the Hartley-Bessel L2-multiplier operators.

THEOREM 1. Let o € L2(R) satisfying the admissibility condition:

(29) [T oo % -

(i) (Plancherel formula) For all f in L?(R), we have

1, AeR

(30) L@ Pdnat) = [ 1M DI, 5

(i3) (First calderén’s formula) Let f € LL(R) such that H,(f) € LL(R) then
we have
dp

f(x) = /000 (Ma,ﬁ<f) o H ! (073)> (:L‘)F, a.e. ¢ € R.



8 Best approximation of Hartley-Bessel multiplier operators 7

Proof. (i) By using Fubini’s theorem and the relations (2.15) and (3.3) we

get
[ es3,, %= [T yH;I (03) 0 £ dial)]

d
B
= [ L o) O dua ()] o502

the admissibility condition (3.7) and Plancherel’s formula (2.7) gives the de-
sired result.

(i) Let f € LL(R) such that H,(f) € LL(R), by using Fubini’s theorem and
the relations (2.6),(2.11) we find that

|7 Mot ot @m) @5 = [T ] [ Mest D)7 (Ha () )dsalw)] %

ap

= [T Hal DV BaO) a3 s 0
the admissibility condition (3.7),inversion formula (2.7) gives the desired re-
sult. O

To establish the second Calderon’s reproducing formula for the Hartley-
Bessel L2-multiplier operators, we need the following technical result. Let
o € L2(R) N L (R) satisfy the admissibility condition (3.7) then the function
defined by

)
‘I’w(/\)=/v IUB(A)Zd;

belongs to L2(R) N L (R) for all 0 < v < § < oo.

Proof. Using Holder’s inequality for the measure % and the relation (3.2)
we find that

é dﬁ
2
19,6115, Slog(é/v)\lallio,uaIIUIIE,%/ P < 0o
¥ 2

So @ 5 belongs to LZ(R), furthermore by using the relation (3.7) we get
@6l o je < 1 therefore &, 5 belongs to L2(R) N L (R). O

THEOREM 2. (Second Calderén’s formula). Let f € L2(R) and o € L2(R)N
L (R) satisfy the admissibility condition (3.7) and 0 < v < § < co. Then the
function

dp

—, x€R
g

0
Fus@) = [ (Mos() 2o HZ' (73)) (2)
belongs to L2(R) and satisfies

31 li - =0
(31) o s flay,
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Proof. By a simple computation we find that

Frs(@) = [ 1500 Ba(h) Hal ) N)daa(N) = HZ (@1 5Ha(1)) (2),

by using proposition 3.2 we find that ®., 5 € L2 (R) then we have f, 5 € L2(R)
and

H, (fv,é) (A) = @v,é(Aa m)Ha(f)(A)
on the other hand by using Plancherel’s formula (2.7) we find that

li —fl3, = & /Ha M (1= @, 5(0)? dpa (A
i s P, = tim [ HG(O)P (1= @60 dua (N
by using the admissibility condition (3.7), the relation (3.9) follows from the
dominated convergence theorem. O

3.2. Uncertainty principles for the Hartley-Bessel L2-multiplier op-
erators. The main purpose of this subsection is to establish Heisenberg’s and
Donoho-Stark’s uncertainty principles for the Hartley-Bessel L2-multiplier op-
erators M, 3.

3.2.1. Heisenberg’s uncertainty principle for Mg g. In [14] the authors proved
the following Heisenberg’s inequality for H,, there exist a positive constant ¢
such that for all f € L2(R) we have

(32) 1718 . < efjiats],

o)

2,00

We will generalize this inequality for M, 3.

THEOREM 3. There exist a positive constant ¢ such that for all f € L?(R)

we have
- B>
o L NP resto, ]

Proof. By using the relation (3.10) we find that

[ Mas (Dl IWMSWﬁWM%JM%%mH

1713 s < e ||NPHa(D)|

2,ua7

integrating over |0, +-o00[ with respect to measure % and by using Plancherel’s
formula (3.8) and Schwartz’s inequality we get

1£13,, <c UOOOH:q?MUﬁ(f)HzM ] [/ U’I/\Iéigﬁ ] |Ho(f)(N)PI(N) | dpa (A )} 1

Fubini’s theorem and the admissibility condition (3.7) gives the desired result.
O
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3.2.2. Donoho-Stark’s uncertainty principle for My g. Building on the ideas of
Donoho and Stark In [8], the main purpose of this subsection is to give an
uncertainty inequality of concentration type in L2(R) where L3(R) the space
of measurables functions on ]0, +00[xR such that

]2

120, = | [ 156,90, 5

We denote by 6, the measure defined on ]0, +00[xR by

d
8o (5,2) = dpi(2) ©
8]
(i) Let E be a measurable subset of R, we say that the function f € L2 (R)
is e-concentrated on E if

(33) If =¥Efl2pa < elfll2pa

where ¥ g is the indicator function of the set E.
(ii) Let F be a measurable subset of |0, +oo[xR, we say that the function
M, 5(f) is p-concentrated on F if

(34) [Mop(f) =W rMop(f)ll20. < PIMoa(F)ll200-
We have the following result

THEOREM 4. Let f € L2(R) and o € L2(R)NLL(R) satisfying the admissi-
bility condition (3.7), if f is e-concentrated on E and T, g(f) is p-concentrated
on F then we have

d0a(B, )]

ol alEDE | [ T 2 1= e+ )

Proof. Let f € L2(R) and o € L2(R) N L(R) satisfying (3.7) and assume
1
that ue(F) < oo and [fF d%ﬁfﬁ’f)} ? < 0.
According to the relations (3.11),(3.12) and Plancherel’s relation (3.8) we find
that

Mo g(Fl2va < [|Mop(f) = ¥rMosWrf)l20n + IKrMosWef)

(35) < (e+ ) fllzpa + KFPMo s ES) 2,04,

on the other hand by the relations (2.5), (3.6) and Holder’s inequality we find
that

2,00

[ [ dOa(8, 7)) 2
36) Moo, < ISl u(E) [ [ Lol

by using the relations (3.13),(3.14) we deduce that

)

T dOo(B, ]2
Mooz, < Wl |(e+ )+ ol (ra(EN? | [ T2 ]
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Plancherel’s formula (3.8) for M, 3 gives the desired result. O

4. EXTREMAL FUNCTIONS ASSOCIATED WITH THE HARTLEY-BESSEL
L2-MULTIPLIER OPERATORS

In the following, we study the extremal functions associated with the Hartley-
Bessel L2-multiplier operators. . Let ¢ be a positive function on R satisfying
the following conditions

1

(37) " € Ll (R)
and
(38) Pv(A)>1, (\)eR.

We define the Sobolev-type space Hy(R) by
Ho(R) = {f € L2(R) : VO H(f) € L2(R)

provided with inner product

(90w =/R¢(>\,m)Ha(f)(A)Ha(g)(k)dua(A)a

[Flle = /{Fs Fh-

Let o be a function in L°(R). Then the Hartley-Bessel L2 multiplier operators
M, 5 are bounded and linear from H,(R) into L2(R) and we have for all
fe ’de (R)

(39) [Me(f)ly,.,, < lollooqallflly-
Proof. By using the relations (2.7),(3.5),(4.2) we get the result O

Let 7 > 0 and let o be a function in L3°(R). We denote by (f,g)y,, the
inner product defined on the space H,(R) by

(F.9ha = [ (100 1050 ) Ha OV Hlg) Nehta ()

and the norm

and the norm

1l =\ (Fs Fhwm

THEOREM 5. Let o € LY (R) the Sobolev-type space (Hy(R)), (-, )yn) 95 a
reproducing kernel Hilbert space with kernel

B B, (A\x)Bo(Ay)
Kanlon) = |00 oS

dpia(A),

that is
(i) For all y € R, the function x — Ky, (x,y) belongs to Hy(R).
(it) For all f € Hy(R) and y € R, we have the reproducing property

F) = Ry WD)y -
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Proof. (i) Let y € R, from the relations (2.2),(4.1) we have the function
Ba(Ay)
mp(N) + oA
belongs to L} (R) N L2((R). Hence the function Ky, is well defined and by
the inversion formula (2.5), we get
Ko (z,y) = Hy (gy)(2)
by using Plancherel’s theorem for H, we find that Ky, (-, y) belongs to L2(R)

and we have

Ba(\y)
40 Ho(Kyn(-y)(N) =
(40) Kaal o)) = O
by using the relations (2.2),(4.1) and (4.4) we find that
1|1

IVOH (K () 2,0 < 2l

this prove that for every y € R the function  — Ky, (z,y) belongs to H,(R).
(ii) By using the relation (4.4) we find that for all f € H,(R) ,

Ko (o)) gy = /R (1) + 1osI?) Ha(F) N HaKey () Vdpta(V)

Gy i A —

< 00,
Lpa

= | BaOWw)Ha(H(Ndita()
inversion formula (2.5) gives the desired result. O

By taking ¢ a null function and n = 1 we find the following result The
Sobolev-type space (Hy(R)), (-, -)«) is a reproducing kernel Hilbert space with

kernel
Kofen) = [ PO g ),

The main result of this section can be stated as follows

THEOREM 6. Let o € L(R) and B > 0, for any h € L2 (R) and for any
n > 0, there exist a unique function f;’ﬁ’h where the infimum

: 2 2
(41) st A+ I = Mo ()1, }

is attained. Moreover the extremal function f;,ﬁ,h s given by
Frnw) = [ h(a)8, 5 v duae),

where ©, g is given by

[ 95(N)Ba(Az)Ba(\y)
@r],ﬁ(x?y) _/IR{ 771/}()\) + |0',6’()‘>‘2

dpa(N)
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Proof. The existence and the unicity of the extremal function f;’ g, Satis-
fying (4.5) is given in [17, 18], furthermore [y .n 1s given by

Fapn() = (hy Mo g(Kpm (9))) s

by using inversion formula (2.5) and the relation (4.4) we get

A)Ba(Az)Ba(Ay)
MoK (9) () = | Ll dpie(N
= enﬂ(xvy)
and the proof is complete. [

THEOREM 7. 0 € LL(R) and h € L% (R) then the function fr.g.n salisfies
the following properties

75\
mp(A) + loa(M)?

(42) Ho(f80)(A) = H())

and .
1 pnlly < ﬁ\\h\\zua-
Proof. Let y € R then the function

k,y . ()\) N O-B(A)BCM(AZ/)

mo(A) + log (V)|
belongs to L2 (R) N L} (R) and by using inversion formula (2.5) we get

Oy 5(,y) = Hy' (ky) (@)

using Plancherel’s theorem and Parseval’s relation (2.6) we find that ©,, 5(-,y) €
L2(R) and

op(A)
Fran) = [ Ha)OR D dia() = [ (A Ba ()i )
on the other hand the function
as(\) Ha(h)(N)

F:\A— 5
np(A) + lop(M)]

belongs to L! (R) N LL(R), by using inversion formula (2.5), Plancherel’s the-
orem we find that f 5, belongs to L?(R) and

Ho(fy80)(A) = F()

on the other hand we have

Ho( )V = !

|06()\)|2 2 2
[Ho(R)(M)|” < 5——5Ha(h)(N)]
() + a5 (V) 21 ()
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by Plancherel’s formula (2.7) we find that

% 1
175l < 1l e
O

THEOREM 8. (Third Calderdon’s formula) Let o € L3 (R) and f € Hy(R)
then the extremal function given by

Tapn(y /MUB )00,5(2, y)dpia(w),
satisfies
(43) Jim £ = 1],,,,

moreover we have fp 5 — [ uniformly when n — 0r.

Proof. f € Hy(R), we put h = M, 5(f) and fosn = Iyp in the relation
(4.6) we find that

(44) Ho(f2gn — V) = m(”())ﬂgé(’;),)
therefore

LR [ PP

555 =115 = L 0y = e M DO o)

On the other hand we have
7 (p(N)°

mp(A) + lap(A)

the result (4.7) follows from (4.9) and the dominated convergence theorem.

Now, for all f € Hy(R) we have Ho(f) € L2(R) N LL(R) and by using the
relations (2.5), (4.8) we find that

(45) z [Hao(FYNI? < () [Ha(H)N)]

—P N Ha(F)N) 5
R p(N) + oM

fosws — Fy) = Bo(\y)dpa(X)

and

—nY (M) Ha(f)(A)
m(A) + |os(A)[?
By using the relation (4.10) and the dominated convergence theorem we deduce
that

(46)

Ba(Ay)| < [Ha(f)(A,m)]

lim_|f75(0) = f(y)| =0

n—0t
which complete the proof of the theorem. O
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