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RECONSTRUCTION INVERSION FORMULAS
FOR THE LAGUERRE GABOR TRANSFORM

KHALED HLEILI* and MANEL HLEILI

Abstract. In this paper, we define and study the Gabor transform G, in the
context of the Laguerre hypergroup. We prove some of its basic properties, such
as Plancherel theorem, inversion formula and Calderén’s reproducing inversion
formula. Next, using the harmonic analysis related to Laguerre hypergroup, we
examine spaces of Sobolev type for which we make explicit kernels reproducing.
Exploiting the aforesaid theory, we introduce and study the extremal function
associated with the Gabor transform G,. Finally, by utilizing the reproducing
kernels we establish important estimates for this extremal function.
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1. INTRODUCTION

The Gabor transform is a foundational method in signal processing that
provides a time-frequency representation of signals, helping to analyze and
interpret their evolving frequency content. In [25], the author defined the
classical Gabor transform by using translation, convolution and modulation
operators of a single Gaussian to represent a one dimensional signal. The
Gabor transform has been found to be very useful in many physical and engi-
neering applications, including wave propagation, signal processing and quan-
tum optics [4]. Many authors developed the theory of the Gabor transform
and found many interesting results see for example [7, 8, 9, 15, 17, 24]. In
particular, Grochenig [7] extended Gabor theory to the setup of locally com-
pact abelian groups. Moreover, Hleili [8], proved some uncertainty principles
for the windowed linear canonical transform and investigated the localization
operators associated with this transform. Recently, in [15], the author stud-
ied the Dunkl-Gabor transform on R? and gave the practical real inversion
formulas for this transform using the theory of reproducing kernels.
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Tikhonov regularization is widely applied across diverse disciplines to ad-
dress ill-posed problems, enhance numerical stability, and mitigate overfitting.
It plays a crucial role in a variety of applications, particularly in machine
learning, as well as in signal and image processing. Over the years, the theory
has been extensively developed and refined by numerous researchers (see, for
example [5, 23]). Recent advances in approximation theory have introduced
more sophisticated techniques to address challenges in high-dimensional and
noisy data settings. While classical methods like Tikhonov regularization re-
main foundational, newer approaches such as compressed sensing, variational
regularization, kernel based learning, and neural network approximators offer
greater flexibility and improved performance in complex inverse problems and
machine learning tasks. Recent developments in approximation theory can be
found in [13].

In this paper we are interested in the Laguerre hypergroup K = [0, +o00[xR
which is the fundamental manifold of the radial function space for the Heisen-
berg group ([3, 11]. The dual of a hypergroup is the space of all bounded
continuous and multiplicative functions x such that ¥ = x. The dual of
the Laguerre hypergroup K can be topologically identified with the so-called
Heisenberg fan [6], i.e., the subset embedded in R? given by

U {0 ) e RE A= [ul(2+ a+1), p# 0} U{(0,)) e R A > 0}
jeN

Moreover, the subset {(0, A ERZ N> 0} has zero Plancherel measure, there-

fore it will be usually disregarded. Following [19], in this paper, we identify
the dual of the Laguerre hypergroup by K =R xN.

The Fourier Laguerre transform F, of a suitable function f : K — C is
given by

v(/%m) € K, ]:a(f)(:u7m) = /K f(?", x)(p(—u,m) (’l“, IL‘)dl/a(T‘,:L'),

where v, is the weighted Lebesgue measure on K, given by

2a+ld d.
T Tax > 0’

dVa(T,$) = 7T(a+l) @

¥(u,m) is the function infinitely differentiable on R?, even with respect to the
first variable defined by

Ppmy (1) = ML (Jul*r?),

and L% is the Laguerre polynomial of degree m and order a.

The Fourier transform JF, has rich calculus and is applicable in many areas
of mathematical sciences. Many authors exploited the theory of the Fourier
transform and found many interesting results see for example [1, 2, 10, 16, 18,
19].
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Our purpose in this work consists to study the Laguerre Gabor transform
Gy and to introduce Sobolev type spaces and for which we present their re-
producing kernels. Next, by utilizing the theory of reproducing kernels, we
establish some important results for the Laguerre Gabor transform G, and we
give interesting estimates for the extremal function.

The remainder of this paper is arranged as follows. Section 2 contains some
basic facts about the Laguerre hypergroup. The section Section 3 is devoted
to study the Laguerre Gabor transform Gy, for which we give a Plancherel
formula, inversion formula and a Calderén’s reproducing formula. In the last
section, using the aforesaid theory, we give best approximate inversion formu-
las for the Laguerre Gabor transform G.

2. PRELIMINARIES

In this section, we recall some important properties and results of the trans-
lation operators and the Fourier transform on the Laguerre hypergroup, which
are useful in our present work. For more details, see [19]. We denote by

e [P(K),p € [1,400], the spaces of complex-valued functions f, measurable
on K, such that

Hfumz{ ([ 15 anira)’, pe ok

€88 SUP(y z)eK ‘f(n l’)’, p = +o0.

e C.(K), the space of continuous functions on R?, even with respect to the
first variable.

e C..(K), the subspace of C.(K) formed by functions with compact support.

e L2 the Laguerre function defined on 0, +oo] by

Lanlr) = “ote

where £ is the Laguerre polynomial of degree m and order «.
e K = R x N equipped with the weighted Lebesgue measure v, on K given
by

/hm )dva(p,m Zﬁa /hu, )| dp.

e LP(K),p € [1,400], the spaces of complex-valued functions h, measurable
on K, such that

([ 1hGsm)Pratim)”, pe [, 400k

1Pllpre =
€ss Sup, e (1, ), p = +o0.
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Consider the following partial differential operators system

Dlz%,
2 13 2 9%
Dy = Tz"‘ a+ + 8:1:2’

(r,x) €]0, —i—oo[xR and a >

For @« = n—1, n € N*, the operator Ds is the radial part of the sub-Laplacian
on the Heisenberg group H,,.
For (u,m) € K, the initial problem (see [19])

Dyu(r,x) = ipu(r, ), (r,x) €K
Dou(r,z) = —4],u](m + a—“)u(n x), (r,x)ekK;
u(0,0) =1, 24(0,2) =0, for all z € R,

has a unique solution ¢, ) given by
Plum) (1, 2) = ML (|uf*r?).

For all (u,m) € KK, the function ©(u,m) is infinitely differentiable on R?, even
with respect to the first variable and satisfies

(1) sup |90(u,m)(rv$)| =1
(r,x)eK
The harmonic analysis on the Laguerre hypergroup K is generated by the
singular operator

9?2 2 18 2 9?2
ﬁa:W"i_ OH_ —i—T’ x>

and the norm

N(rz) = |(r,x) = (" + 273, (r,z) € K.
2 N
Also, we introduce the operator A = A2 — (2A2 + QQ) defined on K, where
Av= L (mALA_ 4+ (@+1)AL) and Ay = 7L ((a+m+1)AL +mA_).

The difference operators A, A_ are given for a suitable function i on K,
by
A (i, m) = h(sm + 1) — h(,m),

_ [ h(psm) = h(p,m =1), ifm>1;
A-h(p,m) _{ h(,u,O), if m=0.

We introduce also the quasinorm
N(m) = |l (m + 1), (um) € K.

These operators satisfy some basic properties which can be found in [2, 19],
namely one has

La@(,u,m) (Tv SU) = —N(,u, m)@(u,m) (T’ l‘),
AQO(,LL,m) (’I”, :E) = N4 (T, x)@(u,m) (7", $)
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For (r,z),(s,y) € Kand 6 € [0,2x[,t € [0,1], let

((r2), (s,)p, = (\/7‘2 + 82 4 2rstcos(0),x +y + rst sin(9)>.

The generalized translation operators 7E$ﬂo;)) on the Laguerre hypergroup are
given for f € C. (K) by

2m
& [ 1), ()b, it a =0

(a) _
T(’r‘,a:) (8’ y) - 2r 1
o [ [ R (s et — ) deas, it > 0.
o Jo
The generalized translation operators 7250;)) on the Laguerre hypergroup
satisfy the following properties:
(i) For all f € LP(K),p € [1,400] and (r,z) € K, the function 7?5«?2)“)
belongs to LP(K) and we have

(2) 1T (D llpwe < N1l
(ii) For all (r,z) € K and f € L'(K), we get
(3 [T D s mdvals,n) = [ F(sp)dva(s.v)

We denote by

e S.(K), the space of functions f : R? — C, even with respect to the first
variable, C* on R? and rapidly decreasing together with their derivatives, i.e.,
for all k,p,q € N, we have

Nipn(f)= sup ((1 +r? 4+ x2)k
(r,z)eK

or+a
orPoxd f(T7 "B)}) < o0.

Equipped with the topology defined by the semi-norms Ny, Se(K) is a
Fréchet space.

e S(K), the space of functions h : K —s C such that

(i) For all m,n,p,q,?¢ € N, the function

s 1 (lm+ =) A7 (A2 + ) (s m),

is bounded and continuous on R, C*° on R* such that the left and the right
derivatives at zero exist.
(ii) For all k,p,q € N, we have

Miga(W) = sup (0414 m) AL (A o+ ) il m)) < o

A

Equipped with the topology defined by the semi-norms My ,,, S(K) is a
Fréchet space.



260 Khaled Hleili and Manel Hleili 6

For f € L'(K), the Fourier-Laguerre transform F, is defined by
(4) V(M7m) € Ka fa(f)(#7m) = /K f(7"7 x)cp(—u,m) (Ta x)dya(r,ar).
For every f € L'(K), the function F,(f) is bounded on K and satisfies

1 Falloo o < M1F 111,00

THEOREM 1 (Inversion formula). Let f € LY(K) such that Fo(f) € LY(K),
then for almost every (r,z) € K

) (r,2) = [ Fal) )0 ) (. 2) v 1),

THEOREM 2 (Plancherel theorem). The Fourier transform F, can be ex-

tended to an isometric isomorphism from L2(K) onto L2(K). In particular,
for every f € L*(K)

[FalHll2ra = [1fll2va-
COROLLARY 3. For all functions f and h in LQ(K), we have

/ f(r,z)h(r, z)dve(r, z) / Fal Fa(h) (i, m)drya (1, m).

THEOREM 4. The generalized Fourier transform F,, is a topological isomor-
phism from S¢(K) onto S(K). The inverse mapping is given by

V(@) € K, (N00) = [, F(0m) 0 () dva e m).

3. THE LAGUERRE-GABOR TRANSFORM
Let ¢,p € S (K) We define the convolution product ¢ * ¢ of ¢ and v by

(7) 6% P(i,m) = Fo (Fo  (9)F2 () (sm),  (,m) € K.

This definition extends to ¢ € LP(K),p = 1,2 and ¢ € L2(K).
The convolution * verifies the following properties:

LEMMA 5. 1) For all ¢ € Ll( ) and for all ¢ € LQ( ), the function ¢ * 1)
belongs to L2(K) and we have

Fol(ox) = F o) Fr ().

2) Let ¢,¢ € LQ(K). Then the function ¢ 1) belongs to LQ( ) if and only if
F U @) F, (W) belongs to L*(K) and we have

Foalloxv) =F U ) FL ' (¥), inthe L? — case.
3) Let ¢, € L2(K). Then
®) [ 1w wlnm)Pdvalem) = [ 17 @) ) PIF, () a) Pdvalr, ),

where both sides are finite or infinite.
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Proof. 1) For ¢ € L*(K), the function F, !(¢) belongs to L>°(K) and for
Y € L2(K), F; () € L*(K), then we deduce that F;!(¢)F;'(v) € L*(K).
Hence the result follows from (7) and Theorem 2.

2) The result follows from (7) and Theorem 2.
3) Let ¢, 1) € L*(K). For ¢+t € L*(K), the function F; ' (¢)F; ' () belongs
to L2(K). Then the result can be deduced according to (7) and Theorem 2. [J

DEFINITION 6. Let ¢ € L*(K) and (r,z) € K. The modulation of 1 by
(r,x) is the function defined by

A

i) () = Fo(\| TN F @) (1 m), (1) € K.
On view of (3) and Theorem 2, we get

9) 1Y) 1276 = 1¥]2,7a-

DEFINITION 7. Let ¢ € L2(]K). For a function ¢ € LQ(K), we define the
Laguerre Gabor transform by

A

(10) gdl((b) (M? m,r, x) =¢* 7#(r,aﬁ) (M? m)? (Ma m) € K.

PROPOSITION 8. Let ¢, 1) € L*(K), then

Gy (6)(n m, 7, ) =/Kfoil(qﬁ)(s,y)\/T(g)!fc?l(wws,y)%,m)(&y)dva(s,y)-

Proof. The result follows from (7), the definition of F, and the fact that
Fi W) :0) = [T F () 2G5, .

We denote by LP(K x K),p € [1,+0oc], the space of measurable functions on
Ky x K satisfying for p € [1,+o0|

6l = ([ ],

and for p = +o0

1 m.7,) Py s, ) (1)) < oo,

||¢”OO,’YO¢®V0¢ = (Sup |¢(u,m,7’, .CC)| < 0.
€

T 5

(,u,,m)GJK

THEOREM 9 (Plancherel formula). Let ¢ € L*(K)\{0}. Then for every
o€ Lz(K), we have

160 (D)2 70@va = [8ll27a 9

2770& *
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Proof. Let ¢ € L*(K). In view of (10) and (8), we get
[ [ 166(6) .1, v, m) v, ) =
K JK
= [ 165 Yoy ) P m) ()
= [ O PIFS ) (5,) P, )1 2).

Now, using the fact that f;l(w(r’x))(s,y) = \/ﬁgagﬁ))|fa1(1[))|2(s,y), the
relation (3), Theorem 2 and Fubini-Tonelli theorem, we obtain
[ [ 16:(0) 1m0, m) v 2) =

= [ [ E O PT IF @ s p)dvals p)dva(r.2)
= H¢H2,MH¢H2,%-
Which gives the desired result. O

THEOREM 10 (Inversion formula) Let ¢ € L2(K)\{0}. For every ¢ €
LY(K) N L2(K) such that F;'(¢) € LY(K), we have

ou, |wm27al/‘gw ) Py (8, 9)dva(r, ), (1,m) € K.

Proof In view of Theorem 5 (1), the function Gy (¢)(.,.,r,z) belongs to
L2(K). Then by (7), we deduce that

;) * ¢wxﬂﬂa m) =
- / F Gul0) s, 2)) (5,0)F ™ (1) (5290 (5 ) a5, ).
Now, by Theorem 5 (1), we obtain
F2 (Gold) 1)) (5.)
= F O 0T W) (5.) = Fa (0)(, )y TEHIFa )P (s, ).

Hence,

77Tx)*wrm(u7 )
/ P @) s T Fa O 5 ) (5. 9) (5,1,
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Finally, using Fubini’s theorem, definition of F,, Theorem 2 and (3), we get
[ Gu) e 7,2) 4y (1) (7, 2) =

= [ TENES @R ( [ Fa @000 pam (5,5)dva(5,1) )dvalr.2)
:¢(M7 m) W 3

‘27’704 '
And the proof of this theorem is completed. O

In the following we establish reproducing inversion formula of Calderén’s
type for the Laguerre-Gabor transform G,.

THEOREM 11. Let ¢ € L2(K)\{0} such that F; (1)) € L®(K). Then, for
every ¢ € L2( ) and k € N*, the function ¢y, given by

(bk(M? m) = m B;r gw(¢)(7 i T? .’13) * lp(T,CE)(S? y)dVOc(T7 x)a
belongs to L2(K) and satisfies
(1) im0l =0,

where BiY = {(s,y) € K, |(s,y)| <k}

Proof According to Theorem 5 (2), the function Gy(¢)(.,.,r, x) belongs to
L2(K ) then by (7), we get

)(77T33) w("’fﬂ)(l’b’ )
- / FH(00(0) 1)) (5:0) 2 (V000 5 D (5 0) (5,1,

Now, by Theorem 5 (2), we obtain
(12) FoH(Gu(d) (s om @) (s,y) =

= F )60 W) .) = Fa (0)(, )y T 7o ) s, ).
Thus,

K 7rx)*¢(ra: (,LL, )
= / Fa (@) ) T ()P (5,900 (5. 9) v 5,0)

and

Pk (p,m) =
Mm /B+ /F )6, 9Ty o () (5 9)0 () 52 9l )b, 2)

— /K Bk (5, 9)Fx 1 (6)(5, 1) P o) (5:) a5, 1),
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where
Duls.y) = Tk [ T E @ (s, v o).
1130 B (r@)
From (3) and Theorem 2, we deduce that
||(I)k||00,va < L

Applying Hélder’s inequality, we obtain

Va BF « _
’(I)k(svy)|2 < ||¢|(|%k) / |7E§"53)(‘]:0‘ 1(¢)|2)(57y)|2dVa(r7 SL’)
o JBHE)

Invoking (2), the above expression becomes

v2 B —
uls, < FEE2 [ IF @) )l dvals.y)
2,7 K

V2 (BHIF )12 v
: .
[

Hence @ € L>=(K) N L?(K). Therefore by (13), we have
O = Fa(PrFg ' (0))-
Then by Theorem 2, it follows that ¢ € LQ(K) and

0= 013 = [ 170 (@) (5,0) (L= uls,9))dvia(s.)

On the other hand from (3), we get
lim Pi(s,y) =1,

k—+o00

<

and
V(s,y) € K, [F1(0)(s,9)[P(1 = @(s,9))* < |F 1 (0)(s,9)>
Then, the expression (11) follows from the dominated convergence theorem.
O

4. THE EXTREMAL FUNCTION ASSOCIATED WITH THE LAGUERRE-GABOR
TRANSFORM

In this section, building on the ideas of Saitoh [20, 22] and by utilizing the
theory of the Fourier transform F,, we give the important estimates for the
extremal function related to the Laguerre-Gabor transform.
dve (r,z)

In the next, we will use the integral | ——=~—
K (14+(rt+22)2)°

. This integral is finite

if and only if § > o + 2.
Set r = pcos% 0 and = = p?sin 6, we get

s

5 +o00
dva (r,x) . 1 2 @ p2et3dp
/]K (1-1-(7’4-&-:v2)%)‘s - et /_; o 9</0 (1+62)° )d0
(oD (F—a—2)T(24)
= o ATo)r (2L
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In the following we suppose that § > o + 2. We denote by H;s the Sobolev
1.9

type space of functions ¢ € L2(K) such that (1+ (r*+22)2)2 F; 1(¢) € L2(K).
The space H;s provided with inner product

(6, ¥)s = /K(l +(rt + 202 F () (r, 2) Fa L (0) (r, w)dva (1, ),

and the norm ||¢[|s = 1/{(¢, ®)s.

PROPOSITION 12. Let 6 > o+ 2. Then the function s defined by
14 — @(S,y)(r7x)w(—#,m) (T‘,(E)
(14) Ks(p,m, s, y) /K iy dve(r, ),
is a reproducing kernel of the Hilbert space (Hs, (,)s). That is
(i) For every (s,y) € K, the function (u,m) — Ks(p,m,s,y) belongs to
Hs.
(ii) For every ¢ € Hg, and (s,y) € K, we have the reproducing property,
(6, Ks(., 5 5.9))s = o5, 1)
Proof. For § > a+2, the function (r, 2) — ———L—— belongs to L?(K).

(1 (ri+22)8)3
Then for ¢ € Hs, Fo'(¢) € LY(K) N L*(K).

In view of (1), we deduce that the function (r,x) —

@(s,y)(’rvw)
(L+(rita?) 2)s
to L}(K) N L?(K). Consequently, the kernel KCs(., ., .,.) is well defined and we
have

’Cé(ﬂama S, y) = ]:Oé((l + (T4 + xQ)%)_‘S(p(S,y)(r,x))(u,m), (:uv m) € K
(K) a

belongs

By Theorem 2, it follows that the function KCs(., ., s,y), belongs to L? nd
we have
(15)  Fal(Ks(ms,m))(ra) = (L+ (! + 2?)3) P (r2),  (rz) €K

Invoking (1), we obtain

1
Kot IE = [ (14 0+ 23E) (), 0) P, )
< / (1+ (r* + xQ)%)_Q‘SdVa(r, x) < 0.
K

This proves that for all (s,y) € K, Ks(.,.,8,y) € Hs.

(ii) Let ¢ € Hs. By (15), we obtain
<¢7 K&('? 5 S, y)>5 = /K]:ojl(gb)(ra $)80(—s,y) (Ta IE)dI/a(T, $) = ¢(37 y)

This completes the proof of the proposition. O

PROPOSITION 13. Let § > a4+ 2 and ¢ € LQ(K). The mapping Gy is a
bounded linear operator from Hg into LQ(K x K). Moreover, for all ¢ € Hs,

1Gy (D)2 rare < [[¥ll270 lI€1l5-
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Proof. From Theorem 9, the mapping G, (¢) belongs to L%(K x K), and
1G5 (D) l2v0@va = [8ll2.50 191270

Moreover, for all ¢ € H;s and from Theorem 2, we have
H¢||§ > / |.7-";1(¢))(r, x)\QdVa(r, x) = W)H%y , which gives the result. O
K e

Let o > 0. We denote by (.,.)s, the inner product defined on the space Hs
by

(@, h)s.0 = (D, 1) + (Gy(9), Gy (h))yara
and s, the space (Hs, (.,.)s,) which is a Hilbert space.

THEOREM 14. Let ¢ € L%(K) and let o > 0. Then for § > a+2, the Hilbert
space Hs s has the following reproducing Kernel

16 ,C Y m7 87 == / @(—H,m) (T‘,IE)(P(S’y)(nx) dV r; € ?
( ) 670'(” y> K 0—(1+(T4+IB2)%)5+||¢”§,7Q a( )
that is

(i) For every (s,y) € K, the function Ksq(., ., s,y) belongs to Hs..
(ii) For every ¢ € Hsy, and (s,y) € K, we have the reproducing property,

<¢7 ,C5,U('7 5 Sy y))&,a = ¢(37 y)

Proof. In view of (1), we have

‘p(s,y)(rvx) < 1
1 2 = Y
o(1+(rt+a2) 2 )0 +l9l3 o(14+(rt+z2)2)

Since § > a + 2, then for all (s,y) € K, the function
P (1, 2) belongs to L!(K) N L*(K).

oL+ (r +22)2)0 + 4],
We conclude that the function KCs (., ., .,.) is well defined and

(r,x) —>

1) Koolpm,s.9) = Fo 2o um), (um) € K.
( ) 5, (M m,s y) ‘7(1+(T4+x2)%)6+‘|w“;7a (M m) (,U, m)

By Theorem 2, it follows that the function K5, (.,., s, y), belongs to LZ(K)
and we have

21+ (rt 4 2?)2) T (Ko 0 ,9)) (1, 3)| =

=@+t 4 at)3)s Lo |
o(1+(rt+22)2)2+vll3 .,
{—L—.
o(14+(ri+a2)%)?

This shows that for every (s,y) € K, the function Kso(.,.,s,y) belongs to
Hso-

)
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(ii) Let ¢ € Hs,. By (17), we have
(18)
2<¢? ,C&U('? 5 Sy y)>5 =
= [ 0+ D E (0)00) % Fa (K ) (@) dvi(r,2)

= 1+ r4+f];2 % 5.76:1 T, T) X P(s.0) (12 dvg r,x).
/K( ( )2)"Fa (9)(r,2) o(1H(rt+a2) 263, )

Now, wusing (7), (17) and the fact that F,'(¢q0))(s,9) =
\/725?‘32)|f51(¢)’2(8, y), we obtain
20 (Ko (- 5,9)) (1 m, u,v) =
= K (e 8, ) % i) () = For(Fo ' (Ko (s 8,0 Fo () ) (11 m)
(19)

= Fa %y)(m) \/T(a) Fa () 2(r, x ,m),
< (1+(T4+$2) )‘HWH (u,v)’ (1?)‘ ( ) (/’L )

and

(20)  Gu(8)(p,m,u,0) = FuFi (9)(r, w>¢”r(g‘f3)|f;1<w>|2<n z)) (g, m).
Now, by (19), (20), (3), (6) and Theorem 2, we get
2(Gy(0), Gu(Kso (s 8,9)), g0 =

/ / g¢ :U’am U U) (Kéa(v -8 y))(:uvmaua U)d’ya(u,m)dua(u, ’U)

— / / f— QS T, l‘ @(*5,3}% (T,I)
“ o(1+(ri+22)2)5 4|93 .,

< T F () P(r, ) dva(r, ) dva (u, v)

= [ 13, @) ) ——Eeenl Dy (1),

(14 4a%) 2 )0+ 2,

In view of (18) and (21), we obtain
2(0, K50 (-8, 9))s0 = 0(0: Koo (-, 5,9))s + (Gy(9), Gy (Ko (-5 -5 8, ) yamva
- / Fi! Doy (1 2)dvalr, ) = 6(5, 7).
This completes the proof of the theorem. O

THEOREM 15. Let § > a + 2 and let ¢ € LQ(K). Then for every g €
L*(K x K) and for every o > 0, there exists a unique function b5 4, where the
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mfimum

(22) ot {ol913 + llg = Gu (@) e )

is attained. Moreover the extremal function ¢g , is given by
207 4(5,y) =
(23)
// (o) (D) Fa (9(ou0)) (ra)\ [T | Fa ()P (1)
B o(1+(ri+a2) T )0+ []2,

X dve (r, x)dve (u, v).

Proof. The existence and unicity of the extremal function ¢g , satisfying
relation (22) is given by [12, 14, 21]. On the other hand from Proposition 13
and Theorem 14, we have

(24) d):;,g(svy) = <g’ gw(lcts,tf('? '787y))>’yoé®l/a'

In view of (19), we have

2g¢(lcda(-a‘as’y))( m,u, U

- o) T2 o) 2) \/ Fal r, x)dvy(r,
K o(LH () 2) I, Tl ()P, 2}, 2)

Therefore,

2 Z— , :/ // , U, (p(u,m)(rvz)so(fs,y)(rvx)
REE N ¥ Y R e
X \/71(2?2)\]:51(7#”2(73 2)dve (1, 2)dve (u, v)dye (1, m).

Hence, by Fubibi’s theorem, we get the desired result. ]

LEMMA 16. Let § > a+ 2 and let ¢ € L*(K). Then for all g € L*(K x K)
and for o > 0, we have

(1) ¥(s,9) €K, [654(5,9)| < 5229|200
(2) 10561l < 25191270000
Proof. (1) From Theorem 9 and (24), we have
2|¢5,9(5:9)| < N9llzraevallGe (Kool 8 9) 27000
< l9llzraeve [¥ll27al1Kso (5 8, 9)l27a-
Again, according to Theorem 2 and (17), we get

210545, 9)| < lgll2asvn [ 200 1Fa ' (Koo (- 5,9)) 2.0

1
dl/a(rx) 2
<m0 ( [, oot )
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Then, the result follows from the fact

1 2 1
(e 4+ )2 +[[$]3,,) > 40(1+ (1 +22)2)° 93,

(2) The function

ra)y [ T Fa ) (r.2) .
(r,x r—)/ dve(u, v) belongs to L (K)N
o(1+(ri+02) D)+ [013,,,

L?(K). Then, by (23), we deduce that the function b54 € L2(K) and

v)(ryz) ’r“”)\fa W) (r2)

(u,v

Fal ) = [ T

dvg(u,v).
a(1+(r4+za)2)5+||wum a2, )

Applying Hoélder’s inequality, (3) and Theorem 2, the last expression be-
comes,

FoH (90.g)(r,2)* = [l

2 il CTERRTR) 1 R TR
2“&/@ (1+(r1+22) 2 )0+ [yll2 )2 (w.v)

Hence,

1
5 12, (1+(ri+a?) %))
20¢5 3 < [ —MhanCorr )
K (o(1+(rt+22)2)°+(¥]5 ., )

/ F (g, 0)) () P (u,0) ) v, 2)
< [ ] IFS 0l ) ) P, o). 0),

and Theorem 2 completes the proof. O

THEOREM 17. Let § > a+ 2 and let ¢ € LQ(K). Then for every ¢ € Hs,
the function ¢* belongs to Hs and verifies

Ugf(lﬁ Hﬁf’g,gw(@ —¢lls = 0.
Moreover, the family of functions (¢} gw(¢))g>o converges uniformly to ¢ as
o— 0T,

Proof. Let ¢ € Hs. By (12) and (23), we have

* _ 2 P(—s,y) (r,x)F;1(¢)(r,x) >
$,Y) = dvg(r,x), (s,y) € K.
ot (5:9) = VIR, [ Lo O (1,2, (5,0
On the other hand, F,!(¢) € L*(K) N L?(K), then from the last expression
and Eq. (5), we get
(25)

* _ s,y (rz)(1+(r 2+J»‘ )2 )6]'— (¢)(r,@)
S, - S, = —0 dl/a
Do, (6)(5:y) — (s, 9) /K ETIRETC (r,z).
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Hence,

1 -1
g ) (rg) = —o L2 @) )
(976, ~ Do) o (1+(ri+22) 3 PO+ [ylI2

It arives that

N B 42 2)36|~Fa (¢)(rm)|2
1656, — S = [ Pt dva(r,z).
Gu(9) ~ s (c(rrita?) D) H1wl3,, )

1 _

Now, using the fact o2 UEr 4+x2)2)35|F (¢ )(m)lg < (1+(rt+z ) ) | Fo (o) (r, )%,
(o (r+22) )0 4913 .., )

dominated convergence theorem and the fact that ¢ € Hg, we deduce that

i 65,5 — ¢lls = 0.

On the other hand, in view of (25), we have

. (14 (ri4a?)3)s | Fa (4)(rm)
s,y) — b(s, <o dve(r, x
195,6,(6)(5:9) = ¢(5,9)] K o(l+(ri+a?)B)ruld (7).

Using the fact that (Lot ta?)3)? 1o (@)(r.)] < |F7H9)(r, )| and dominated
o(1+(rt+a?)2 )‘LHWJHQM

convergence theorem, we get

lim  sup |¢)Z7gw(¢)(57y) —¢(s,9)| = 0.

=+ ~
707 (sy)ek
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