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ON THE ENHANCED STRUCTURES AND ROUGH PATH
INTEGRALS FOR TIME-CHANGED PATHS

MOUNIR BEDHIAFT*

Abstract. In this paper, we study the effects of a discontinuous time change
® on a continuous path z. While rough integration in this setting poses signifi-
cant challenges, we construct an enhancement for the time-changed path x o ®,
providing a structured framework for discontinuous-time rough paths. We then
apply our approach to Lévy processes, demonstrating its effectiveness in specific
stochastic models, including the variance gamma process and the normal inverse
Gaussian process.

A key focus of our work is the study of rough path integrals under time
changes. We establish conditions under which the Lyons integral of the continu-
ously time-changed rough path X o & coincides with the ®-time-changed rough
path integral driven by the original rough path X. As a central result, we ex-
tend Terry Lyons’ It6 formula to a time-changed It6 formula, offering a novel
perspective on rough path calculus under time deformations.

These findings enhance the theoretical understanding of rough integration
under time changes, with potential applications in stochastic analysis and math-
ematical finance.
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1. INTRODUCTION

The theory of rough paths, pioneered by Terry Lyons, provides a powerful
framework for analyzing differential equations driven by highly irregular sig-
nals, including paths with low regularity and stochastic processes with jumps.
A fundamental aspect of rough path theory is the construction of pathwise
integrals, enabling the robust study of differential equations beyond classical
It6 and Stratonovich calculus.
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A natural question arises when considering time-changed rough paths, where
the driving signal undergoes a time transformation. Time changes are funda-
mental in stochastic analysis, appearing in models where volatility varies dy-
namically or where time is distorted due to external influences. This motivates
the study of rough integration in the context of time-changed paths.

In the case of discontinuous time changes, additional challenges emerge.
Unlike the continuous-time setting, rough paths enhanced over a discontinuous
time change require additional structure. We address this issue by constructing
a suitable enhancement of the time-changed path x o ®, ensuring a meaningful
interpretation within the rough path framework.

We then apply our results to Lévy processes, which serve as natural candi-
dates for studying rough integration under discontinuous time changes. Specif-
ically, we provide explicit enhancements for key examples such as the variance
gamma process and the normal inverse Gaussian process, demonstrating the
applicability of our theoretical framework to real-world stochastic models.

A central focus of this work is the relationship between different formula-
tions of rough path integration under time changes. We investigate whether
the Lyons integral of a time-changed rough path X o ® coincides with the
®-time-changed integral of X. Under suitable conditions, assuming the time
change ® is continuous, we establish this equivalence and derive a novel time-
changed It6 formula, extending Lyons’ results to time-deformed rough paths.

This paper is structured as follows: In Section 2, we review the necessary
background on rough paths and time changes.

In Section 3, we construct enhancements for discontinuous time-changed
paths, apply our results to Lévy processes, and provide concrete examples.
In Section 4, we study rough path integrals under time changes and establish
conditions under which different integration formulations coincide.

2. PRELIMINARIES

2.1. Rough Paths. In this section, with reference to [4, 6, 7, 8, 9], we gather
notations, definitions, and recapitulate some fundamental concepts.
Let (E,d) be a metric space. A path x: [0,7] — E is said to be:

(i) a-Holder continuous if

o d(zs, x¢)
|9:|a_H617[07T] = sup ———— < 00.
0<s<t<T |t — 5|

(ii) of finite p-variation for some p > 0 if
1
p
|x’P-var,[0,T] = sup (Z d(xti’xtiJrl )p) < o0,
tiED([OvT]) 7

where D([0,T]) denotes the set of all finite dissections of [0, 7).
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Let V' be a Euclidean space. For each n € N, we denote by T"(V') the
truncated tensor algebra:

T"(V)=RaeVaoV®?e. ..oV
A multiplicative functional in T™(V) is a map X = (1,X!,...,X") defined
on the simplex
A={(st) €[0,T|0<s<t<T,T >0}
with values in T"(V'), satisfying the Chen identity:
Xou =Xt ®XKpy, foralls <t <.

A multiplicative functional X = (1,X',...,X") in T"(V) has finite total

p-variation if
D
7

<400, 1=1,...,n,

%
Sup Z ’thﬂtl
Do

where supp runs over the set D of all finite dissections of [0, T7].
Multiplicative functionals with finite total p-variation in T (V) are called
rough paths (of roughness p), and their set is denoted by €,(V'). The space
Q,(V) is endowed with the p-variation metric:
1?) P

An enhanced path X of degree n associated with a path x in some Banach
space is a multiplicative functional Xy, = (1,X{,,...,X?,) from A into T"(V)
such that X;t = x,;. The path z is called the trace of X, and X is called the
enhancement of x.

W00~ g o (S

DEFINITION 1. A control function, is a continuous non-negative function w
on A1 which is super-additive in the sense that

w(s,t) +w(t,u) <w(s,u) Vs<t<u, (st)el0,T]?,
and for which w(t,t) =0 for all t € [0,T].

LEMMA 2 ([8, Lemma 1.10, p. 7]). Let w be a control. Let x: J — E be a
continuous path. Assume that, for some p > 1 and for all (s,t) € A, one has

|xs — x¢|P < w(s,t).
Then, for all (s,t) € Ap,

||$||p—var;[s,t} < UJ(S, t)l/p'

When the conclusion of this lemma holds, we say that the p-variation of
is controlled by w.
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A rough path X € Q,(V) is called a smooth rough path if t — z; = Xé,t is
a continuous path with finite variation and X;t is the i-th iterated integral of

the path x; over the interval [s,¢], for i =1,..., [p].
That is,

X, = / dry, ® ... @dxy, V(s,t) € A.
s<t1 <<t <t

A multiplicative functional X € Q,(V) is called geometric rough path if
there is a sequence X(n) of smooth rough path in ©,(V') such that

dp(X(n),X) — 0 as n — +o0.

We denote by GQ, (V') the set of all geometric rough paths of roughness p in
TPI(V).

A function X : A — TPI(V) is called an almost rough path (of roughness
p) if it is of finite p-variation, X%, = 1, and, for some control w and some
constant 6 > 1, ’

|(Xoe ® Xea) = XL | < w(s,u)’,

for all (s,t), (t,u) € Aand i =1,..., [p].

In [9, p. 41], it was shown that if X a #-almost p-rough path controlled by
w, then there exists a unique p-rough path X:A—T [p}(V) and a constant
K which depends only on p,§ and w(0,7T) such that

-

sup
o<s<t<T  w(s,t)

and the p-variation of X is controlled by Kw.

2.2. Rough Path Integration. In the following, we assume that:

e o: V — L(V,W) is a function that maps elements of V' linearly to W-
valued one-forms on V.

e o possesses all continuous and bounded derivatives d*a up to order [p].

e We denote o' = d* 1o for i =1,2,...,[p].

2.2.1. Integration of Rough Paths of Degree Two.

DEFINITION 3. Let X € Q,(V'). The integral of the one-form « against the
rough path X, denoted by

/ o(X)dX,

is the unique p-rough path in T?(W) associated with the almost rough path Y,
where:
Yo, = al (X0)(X5,) +a®(X) (X2 ),
and
Vi = ol (Xs) © o (X)(X2,).
With Xs = Xos-
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2.2.2. Ité’s Formula.
LEMMA 4 ([9, Lemma 5.4.1, p. 135]). Let X € Q,(V), and define
Ys,t = (]-a X}s,ta Xg,t + As,t)-

Then Y € Q,(V) if and only if A is additive and possesses finite §-variation.
We denote Y by XA.

THEOREM 5. Let X € Q,(V), and let A be a continuous path in V2 which
possesses finite § variation. Then

/S Ca(xhaxA = / " a(X)dx" + / " Q2(X,)(dA) / ! (XA

= /Sta(X)dX2+/: o' (X;) ® o (X,) (dA,)
+ / t
+/st (/u oz2(Xr)dAr) ® a2(Xy)dA,.

Here the integrals involving A are Young’s integrals, and Zsy = fst a(X)axt.
2.2.3. Stochastic Integration.

/ ' aQ(Xr)(dAr)] ® dZ, + / t Zsr @ a*(X,)(dA,)

THEOREM 6. Let (Wy)i>0 be a d-dimensional Brownian motion, and let
Xst = (1,x} X?,t)

sty

be the geometric rough path associated with W. Then:

(/a(X)dX)syt = /:a(X)dX: (1,/:a(X)dX1,/:a(X)dX2>,

where: . .
Zsy = / a(X)dx! = / a(W,) o dW,,
S S
and .
/ a(X)dX? = / odZ;, @ odZy,.
S s<t1<ta2<t
Here, the integrals are Stratonovich integrals.
2.2.4. Integration Against Geometric Rough Paths.

DEFINITION 7. Let X € GQ,(V). The integral [ a(X)dX is the unique rough
path in Q,(W) associated with the quasi a-differential almost rough path Y,
where:

I=(l1,-,i),1< < [p] mell;
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2.3. Time-Changed Young Integration and the Rough Path Ap-
proach. It is well known (see, for example, [1]) that if z and y are, re-
spectively, a-Holder and [-Hoélder continuous functions on [0,77] such that
a+ > 1, and if ® is an increasing y-Holder continuous function from [0, 7]
into itself satisfying (o + )y > 1, then for any 0 < a < b < T, we have the
following identity for the Young integral:

b D(b)
[ @eywdtyoe)w) = [ a(w)dy(u).
a P(a)
This result provides a fundamental relationship between integration and time
changes in the Young integration framework.
Terry Lyons extended these ideas by developing a general theory of rough
paths, which gives meaning to integrals of the form

t
Zy =2y —|—/ azs)dzs,
0

where z is a path of finite p-variation in a Banach space V. To define such
an integral rigorously, one needs to lift z to a path X of finite p-variation in
the free nilpotent group of V. This lifting procedure enables the application
of rough path integration techniques, which generalize Young’s integration by
incorporating iterated integrals.

In this paper, we consider a path x with finite p-variation and a time change
®, and we investigate the integral:

/b(fno D) (u)d(z o ®)(u), for0<a<b<T,

where the integral is interpreted in the rough path sense using Lyons’ theory.

3. ENHANCED TIME-CHANGED PATHS

In [7], T. Lyons developed a theory that provides a rigorous framework for
solving the integral equation

(1) Y, = Yo+ /Ot f(zs)das,

where z is a continuous path of finite p-variation in a Banach space V with
p > 1. This requires lifting « to an enhanced path X of finite p-variation in
the free nilpotent group of V, allowing the integral to be defined using rough
path techniques.

Building on this foundation, Peter Friz [3] extended Lyons’ approach to
handle cases where the driving process x is a discontinuous path of finite p-
variation in a Banach space V. In this work, we further explore this setting
by considering the integral equation (1) under a time change ®.
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Given a time change ®, we define the transformed process x4 ;) and denote
it by #. Our goal is to provide a rigorous interpretation of the equation:

2) Yt=Y0+/O f(a?)dz

To achieve this, we employ Lyons’ rough path integration framework, which
necessitates constructing an enhancement of the time-changed process z®. The
development that follows is dedicated to establishing this enhancement and
its properties.

DEFINITION 8. A time change ® is a family ®s,s > 0, of stopping times
such that the map s — ®s is almost surely increasing and right-continuous.

3.1. Finite discontinuities. Let V be a Banach space and let = : [0,7] — V
be a continuous path. Assume that x has a geometric enhancement X, that
is,
Xs,t = (1 X;vxg,t) )
where:
X;t =Ty — Ts,
and
X2 b = lim Y (@) —al) @ (2l — ).

n~>+oo .
s<; <t

THEOREM 9. Let s,t € [0,T] and let ® be a time change with a finite
number of discontinuities ay,as,...,a, in [s,t]. Assume that ap # % for all
k=1,...,r. Then,

r

d2 2
Xei = X@(s) B(t) ~ kZ {quak) o(a) + (%(a;) — To(s)) @ (%(GZ) - %(a;)) ‘

Proof. By definition,
. t . . .
Xif’z’] = / (mq)”(u) — x‘p”(s)) @ dz®7 (u).
S
Taking the limit as n — 400 over a partition,

X5 = lim l > (ham — o) @ (Thiaenym — To/m)

l/n<ai

r—1 , ,
+ Z Z (xib(l/n) N xéb(S)) ® (wé((lﬂ)/n) B xfb(l/n))

k=1ap<l/n<api1

+ 57 (dhigm = h1o) © (b ~ )|

l/n>ar
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Using integration properties,

<I>(a7) a, )
X?ZZ = [b( )1 ( ﬂfcp(s ® dxy + Z /( . - CCq;.(s)) ® dxy,
S ak

(t)
—i—/ Ty — Tep(s)) Q dy,.
ey 0 )

Rewriting the sums using enhancement properties,
r—1

2 _ 2 2
Xsi X(s)¢a1+zx ), + X3

ag,) T Ceah) e ()

T ;; (””@(ap - “”P(s)) ® (%(am ~ oo >)

+ (o) — 729 © (200) ~ Zagar))
Using the repeated Chen identity,

2 2 2
X‘I)(S)vq)(t) + Z X@(a ),®( ak + Z X + X@(aj),q)(t)

®(ag;q)

+ ];1 (%m;) — Ta(y) ® (qu»(a;) - w@(a;))‘

Rearranging the terms completes the proof. O
3.2. Countable discontinuities.

THEOREM 10. Let x : [0,T] — V be a continuous path admitting a geometric
rough path lift X = (1,X4,X?) € GQ,(V) with 2 < p < 3. Let ® be an
increasing cadlag time change with countably many discontinuities (ax)ken in
(s,t). Assume that there exists a control w such that

1 1 9 2
Kool Sw(u,v)r, X4, <w(u,v)7,
and ,
Z w(®(a;,), ®(a)))? < oo.
s<ap<t
Then the second level of the enhanced time-changed path x o ® is given by

P2 2 2
Xoi =Xa0m— 2 {qu;),@(a;) +(Ea(ap) ~ Ta(s) @ (Ta(at) _"”@(a;))}’

s<ap<t

and X® defines a geometric rough path of roughness p.

Proof. The proof proceeds by approximation. We construct a sequence
(®p)n>1 of increasing cadlag time changes, each having only finitely many
discontinuities, such that ®,, — ® pointwise. For each ®,,, we apply Theorem 9
(finite jump case) to obtain an explicit expression for the second level X®n2,
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We then show that the sequence of rough paths (X‘I’")nzl is Cauchy with
respect to the p-variation metric and hence converges to a limiting rough path,
denoted by X®. Finally, we identify this limit and verify that it satisfies the
announced formula, and that it retains the geometric rough path structure.

Step 1: Approximation of ®. Let (aj) be the discontinuity points of ®
n (s,t), ordered increasingly. Define

A®(ay) = P(a;)) — P(ay,).

Since @ is increasing,

> A®(ay) < B(t) — D(s) < oo.
k=1
For each n € N, define
D, (u) := d(u) — Z AD(ag).
k>n:ap<u

Then ®,, is increasing, right-continuous, has finitely many jumps (aq, ..., a,),
and
D, (u) T P(u), Y.
Step 2: Finite jump formula. By the finite discontinuity case, for each
n)

n

Dn2 _ w2 2
Xs,t - X¢n(s),<1>n(t) - Z [Xé(a;)ﬁb(aﬁ) + (x‘l’(a;;) _J:(D”(S)) ® (x‘?(aﬁ) _xq:.(a;))] )

Step 3: Convergence of the second level. We show that (X®7:2) is
Cauchy uniformly. Let m > n. Then

P,2 D,,,2
X - Xs,t = Am,n + Bm,n + Cmm,

s,t

where:

n

Crnn =(T0,(s) — T (s)) ® Z(%(a;) - %(ak—))'
k=1

Estimate of A, ,. By continuity of (u,v) — X2

Apn — 0.

Estimate of B,, . Using the control,
‘Xé(a;)@(a:)‘ <w(®(ay ), (I)(a;))g/pa

oty = Lol <w(®(ag), O(af)) ",
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Hence

m
[Binl <C Y w(®(ay), B(a))*?.
k=n+1
By assumption, the series converges, so By, , — 0.
Estimate of C,,,. We have

[Crnnl < 1T, (s) = Ta,(s)| - ’; |$q>(a;) - %(a;ﬂ-

Using the control,

S o) — Tagry| < Do w(®(a), @(a))
k=1 k=1

Since w'/? < 1 4+ w?? for small w, the series converges. Thus the sum is
bounded, and since ®,(s) — D(s),

Cmpn — 0.

Step 4: Convergence in d,. The same estimates applied to increments
over partitions show that

dp(X*m XPm) — 0.

Since (2,(V),d,) is complete, there exists a limit X®.
Step 5: Identification of the limit. Passing to the limit,

Xoi = Xae0— O {Xé(a,;),@(a;ﬁ(%w;)—%(s))@(%wz)‘%m;))]

s<ap<t

Step 6: Chen identity. Each X®» satisfies Chen’s identity. Passing to
the limit preserves it, hence X? is a geometric rough path. ([l

The summability condition ensures that the correction terms define a path
of finite p/2-variation.

THEOREM 11. Letz : [0,T] — V be a continuous path admitting a geometric
rough path lift X = (1, X', X?) € GQ,(V) with 2 < p < 3. Assume that there
exists a control w such that

x! | < 1 X2.| < 2
| S,t| = W(S,t)p, | S,t| ~ W(S,t)P,

Let ® be an increasing cadlag time change with jump times (ax) in (s,t).
Assume that ,
Y (@), o)) < oo.

s<ap<t

Define

o 2
Asp = Z ch(a,;),@(a,j)’

s<ap<t
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Pori= 3 (Tap) = 206)) @ (o) ~ T

s<ap<t
and
X2y = X3 — Asi — Do
Then the path
X;I?t = (17X‘]I;(S),@(t)7‘)23,t)

defines a geometric rough path of finite p-variation.

Proof. Step 1: Additivity. For s < u < t, the sums defining A,; and I,

split over disjoint sets of indices, hence
As,t = As,u + Au,ta Fs,t = Fs,u + Fu,t-
Thus both A and I' are additive.

Step 2: p/2-variation of A. Let D = {t;} be a partition of [0,7]. Then

b

2

p
Z |Ati7ti+1|2 = Z

% )

2
Z X@(ak ), (ag)

ti<ap<tiy1

Using the triangle inequality and the control on X2, we obtain

Z|At tz+1|2 < Z ( Z w(q)(ak)v(b(a;cr))i) '

7 ti<ap<tiyi

Slnce > 1, there exists a constant C}, > 0 such that

(Zxk)a < Cpr?
Z ’Atmtiﬂ‘% < Cp Zw(@(a;), (I)(az))
7 k

By assumption, this sum is finite, so A has finite £-variation.
Step 3: p/2-variation of I'. We estimate

Catl < D7 18on) = Taw)| - [T — o)l

s<ap<t

Hence

Using the control,
1
|20 — 20| < w(u,v)?,

we obtain

IV w(@(s),@(a;))’l’ .w(q>(a,;),q>(a,j))’l’.

s<ap<t

Since w is a control,

w(®(s), 2(a;)) < w((s). (1)),
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hence
ot <w(@(),21)" > w(®(ay), d(af))"

Using Holder’s inequality and the summability assumption, we deduce that I
has finite L-variation.

Step 4: Control of X2. We have
ngt - X%(S),‘I’(t) —Ast = Tsp.

Each term has finite £-variation, hence so does X 2,

Step 5: Chen identity. Since X satisfies Chen’s identity and A, T" are
additive, we obtain

X2 = X204+ Xo i+ Xoo) 00 © Xaw .o

Thus X® satisfies Chen’s identity.
Conclusion. The path X® has finite p-variation and satisfies Chen’s iden-
tity, hence it is a geometric rough path. O

3.3. Algebraic structure in the case p > 3.

THEOREM 12. Letx : [0,T] — V be a continuous path admitting a geometric
rough path enhancement X. Let s <t and let ® be a time change with finitely
many discontinuities ai,...,a, in (s,t). Then, for any k > 1, the enhanced
time-changed rough path satisfies

(3)

Sk vk k
Xs,t = ch(s),cb(t) - Zl [X ®(am),®(a + ZXJ ®X (J ), ®(azh)

m=

Proof. By definition, the iterated integrals of the time-changed path satisfy
t
xS = [Cxrt et
S

Approximating the integral by Riemann sums over partitions (¢}') of [s, t], we
write

.k k—1
KXot JE&[ > Xaaup @ (zo0,) — 7eu)

tf’<a1

r—1
+3 Y XeG e © (zeup) — ey

m=1 am <tf <@m41

+ Z Xf;(sl ), ®(t7) (%(tﬁl) _%(t?))]'

t >ap
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Passing to the limit yields
®(aj)

Pk
Xs,t =
D(s)

Xk 1 ®dxu+z /( +ﬂ)1+1 ®dxu+/ X(’If)(slu@da;u.

Using the multiplicative (Chen) property of the rough path, we write for
u € [®(az), ©(ay,41)]:

k—1 J k—1—j
(4) X<I>(s )u ZX ®X<I>(am)u

Substituting this decomposition into the integrals, we obtain

dk k k
Xs,t Z X ®(ah),®(a (Apy1) T ch(aj)’@(t)
r—1 k—1 e
7 —J
+ Z Z X ® X ®(am), @(am_H)
m= 1] 1
k—j
+ Z Xaoratar) ® Xoe o’

Now, applying Chen’s identity to the partition

s<aj <af <...<a, <a <t,

we have
r—1
k k k

X¢(5)7¢( t) X ®(s),P(a]) + Z X<I>(a ),®(ah) + Z X<I>(am (a:n+1)+X‘1>(a;~f),<I>(t)

T k .

J —J
T2 ZX ():0(am) © X otan)a(ah)”
m=1 j=1
Rearranging terms yields exactly
T
Xoi = Xo(s).00) — Z Xg ®(ag),(at) T Z X X@(a:n)@(a;)

m=1

Finally, since this representation is obtained by subtracting local jump con-
tributions from a Chen decomposition, it follows that X® inherits Chen’s
identity from X. O

The previous results provide an explicit construction of the enhanced time-
changed path. We now show that this construction is in fact canonical.
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3.4. Uniqueness of the Enhanced Time-Changed Path. The construc-
tions in Theorem 9-Theorem 11 provide an explicit enhancement of the time-
changed path z® := z o ®. A natural question is whether this enhancement is
uniquely determined by the original rough path X and the time change ®.

Continuous time changes. If ® is continuous, then the enhancement is
given by

Xot = Xo(2.00)-
In this case, X® is a geometric rough path and coincides with the canonical
lift of x 0 ®. Uniqueness follows from the universal limit property of geometric
rough paths: the lift is obtained as the limit of smooth approximations, and
any other candidate with the same trace and finite p-variation must coincide
with it (see [4, Proposition 7.10, p. 132]).

Discontinuous time changes. When ® has jumps, the path z® is no
longer continuous, and the resulting object is not a geometric rough path in
the classical sense. Nevertheless, one can still define an enhancement satisfying
Chen’s identity and suitable p-variation bounds. The formulas in Theorem 9
and Theorem 10 are dictated by the following structural requirements:

1) Chen’s identity: the enhanced path must satisfy the multiplicative
(Chen) relation on all intervals.

2) Consistency away from jumps: on any interval containing no discon-
tinuity of ®, the enhancement must reduce to the canonical composition
Xo(s),0(t)-

3) Finite p-variation: the second level must satisfy the p/2-variation bounds
ensured by Theorem 11.

Uniqueness argument. These conditions determine the enhancement
uniquely. Indeed, consider two candidates X® and X? satisfying the above
properties, and define their difference at level two:

.2 i)
As,t = Xs,;f - Xs,;f :
Then A satisfies:

e A;; =0 whenever (s,t) contains no discontinuity of @,

e an additive (Chen-type) relation: As; = As, + Aut,

e finite p/2-variation.

Hence A is supported on the jump intervals and must be a purely atomic ad-
ditive functional. The p/2-variation constraint forces the total contribution of
these atoms to be summable, and the Chen relation then uniquely determines
their values. This yields A = 0.

Relation with Lévy rough paths. This uniqueness property is consis-
tent with the construction of rough paths over Lévy processes developed by P.
K. Friz and Atul Shekhar, where a canonical lift is obtained from the Lévy—
Khintchine triplet under a Blumenthal-Getoor condition. In that framework,
the summability of jumps ensures both existence and uniqueness of the en-
hancement. In our setting, Theorem 17 shows that the condition 5 < 1/p
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guarantees the required summability of the jump corrections, and hence the
uniqueness of the time-changed enhancement follows as a consequence.

Conclusion. The enhancement constructed in Theorem 9-Theorem 11 is
therefore the unique rough path over z® satisfying Chen’s identity, finite p-
variation bounds, and consistency with the original rough path away from the
discontinuities of ®.

3.5. Application on Lévy Processes.

PROPOSITION 13 ([2, Proposition 3.5, p. 75]). If X is a Lévy process, then
the quantity

J([0,t] x A) =#{s€[0,t] : AX; € A}

defines a Poisson random measure on Ry x (R \ {0}) with intensity measure
dt ® dv, where

v(A) =E[J([0,1] x A)].

3.5.1. Poisson Integral. Let J be a Poisson random measure with intensity
measure dt @ dv on Ry x (R%\ {0}).

Let f : R? — R” be a measurable function, and let A € B(R%\ {0}) be such
that

v(A) < +o0.
Then, for all ¢t > 0 and w € €2, the Poisson integral of f is defined by:

[ 1@tz = X s@)i (2D,
A

Z€eA

REMARK 14. 1) If J is associated with a Lévy process, then

/f J(tdZ) = Y F(AX)1A(AX,).

0<s<t

2) If v is the Lévy measure and 0 ¢ A, then v(A) < +oo, ensuring that
S f(Z)J(t,dZ) is well-defined.

THEOREM 15. Let A be a Borel set such that 0 ¢ A. Then:
1) For allt > 0, the integral [ f(Z)J(t,dZ) follows a compensated Poisson
A

law characterized by:

(5) {exp( < / #(2)J(t,dZ) >)] — exp (t/A (ei<u7f<Z>> - 1) u(dZ)).

2) If f € LY(A,v), then:

]E[ /A f(Z)J(t,dZ)} —t /A F(Z)(d2)
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Proof. 1) Suppose f(z) is a step function of the form:

n
= Z cjla, (2)
j=1

where ¢; € R" and A; are disjoint Borel sets. Then,

{exp( < /f J(t,d7) >)] E |exp (iznjj(t,Aj)<u,cj>)]

j=1

E [exp (3] (t, Aj)(u, c;))]

p (¢ (e~ 1) v(4y))
= exp (t/A (ei<u’f(z)> - 1) y(dZ)) .

The general case follows by approximating f with step functions.
2) The expectation result follows by differentiating equation (5). O

1=
it

PROPOSITION 16. Let W be a d-dimensional Brownian motion and let ®
be an independent subordinator with Lévy measure ve. Define the subordinate
Brownian motion

X, = We,.

Let Bx and Bg denote the Blumenthal-Getoor indices of X and ®, respectively.
Then

Bx = 2Bs.

Proof. Step 1: Lévy measure of the subordinated process. It is well
known that X is a Lévy process whose Lévy measure vy is given by

U (A) = /OOO P(W, € A)vp(ds), A€ BR\ {0}).

Step 2: Characterization of the Blumenthal-Getoor index. By
definition (see [10]),

ﬁX—inf{a>0: |x|* vx (dz) <oo}.

2| <1

We compute

/legl |z|* vx (dx) = /OOO (/le§1 |lz|*P(W, € dm)) v (ds).

Step 3: Scaling of Brownian motion. By Brownian scaling,

W i \/gWh
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hence
/|x|<1 2] B(W, € do) = E[|Wal*Lyw, <ny] = s E[ Wi s <o 172y
As s — 0, the truncation becomes irrelevant and we obtain the estimate
E[[Wol" 1w, <1p] ~ Ca s/,

for some constant C,, > 0.
Step 4: Reduction to the subordinator. Thus,

1
/ x| vx(dx) < oo <= / 52 v (ds) < oo.
<1 0

Step 5: Identification of the index. By the definition of the Blumenthal—
Getoor index of @,

1
Bo = inf{’y >0: / sTvg(ds) < oo}.
0
Comparing with the previous condition, we see that
/ |z|"vx(dr) < oo <= § > Po.
|z|<1

Hence
Bx = 2B,
which completes the proof. O
THEOREM 17. Let W be a d-dimensional Brownian motion and let ® be an

independent subordinator. Define the Lévy process Xy = Wg,. Let B be the
Blumenthal-Getoor index of X, and let 2 < p < 3. Assume that

2
B < 5
Then the enhanced time-changed path X®, defined via the formula of Theo-

rem 9 and Theorem 10, is a geometric rough path of finite p-variation.

Proof. Step 1: Blumenthal-Getoor index and jump summability.
For the subordinate Brownian motion X; = Wg,, the Blumenthal-Getoor
index satisfies

B = 2Bq,
where (4 is the index of the subordinator The condition 8 < 2/p implies
1
,3(1) < 5
Let « such that
b<a< %.

By the definition of the Blumenthal-Getoor index,

Z JAX Y <00 as.
s<T



66 Mounir Bedhiafi 18

Step 2: Control of the jump contributions. We now relate this to the
control required in Theorem 10-Theorem 11. For the Brownian rough path X
(Stratonovich lift), there exists a control w such that

Kool S wlu, )P, X2 | < wlu,0)?/P.

Moreover, for the time change @,
w(®(ag), o(af)) ~ |AD(ax)].
Since X; = Weg,, the jumps of X satisfy
[AXG, | ~ |AP(ay)| /2.
Thus
(o), 2a}) " ~ 1850, 17

Step 3: Summability condition. Since o < 2/p, we have

|AXak\4/p < C|AXg,|*  for small jumps.

Hence

Zw(@(a,;),@(a;))wp <00 a.s.
k

Step 4: Application of Theorem 10—Theorem 11. The summability
condition required in Theorem 10-11 is therefore satisfied. It follows that
the correction terms define a path of finite p/2-variation. Consequently, the
enhanced path X2 is a geometric rough path of finite p-variation. O

3.5.2. Ezamples of Enhanced Time-Changed Paths. In this subsection, we
present some examples of enhanced time-changed paths, focusing on two spe-
cific cases of subordinators. A Lévy process X; on R? is characterized by its
Lévy-Khintchine triplet (a, o, II), where

E {eiZXt} =) 2 eRY,
with the characteristic exponent

P(z) = —%z -0z +iaz + /Rd (em” —1- ile{\xlﬁl}) II(dx).

3.5.3. Enhanced Variance Gamma Process. The (), ¢)-gamma process (I't):>0
is a Lévy process with probability density function

ct _ _
Pt(.%‘) = F>Ect)$6t 16 )‘xl{x>0}.

It has the Lévy-Khintchine triplet (a, o,II) given by

1
a= —/ ell(dz), =0, M(dr)=cz e dx.
0
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The Blumenthal-Getoor index of the gamma process is 0, since:

1 —Az 1 —Az
/ |z|*TI(dx) :/ r%ct——dr = c/ Sr==dux.
|z[<1 0 0

Since e~ ** behaves like 1 near = 0, the integral is finite for all o > 0,
implying that the index of the gamma process is 0, and thus it has finite
variation.

Let (Wy)i>0 be a d-dimensional Brownian motion. The variance gamma
process is defined as:

(Vi)e=0 := (W, )ixo0.
By Theorem 10, the enhancement of the variance gamma process is:

Vs,t :(1, Wpt — WFS,/ odVVt1 ® Oth2
T

s<t1<to<I't

|:/ Othl ® Othz
s<ap<t D(a; ) <ti<t2<IT'(a})

+ (Wrar) = W) © (Wrgat) — Wr(am)])'

3.5.4. Enhanced Inverse Gaussian Process. Let (Bt)¢>0 be a standard Brow-
nian motion. Define the first passage time:

Is=inf{t >0: By + bt > s}.

The process (I3):>0 is called the inverse Gaussian process. It has the Lévy-
Khintchine triplet (a, o, II) given by:

a= b 0 2T
o=0,
32
[I(dx) = s\/ﬁe b ’”/21{x>0}da:.

The Blumenthal-Getoor index of the inverse Gaussian process is %, since:

1
« _ 1 a_ 1 —b*z/2
/x|<1 |x|*TI(dz) = m/o T —ze dz.

Near z = 0, the term z%z =3/ behaves like x , and the integral
is finite if and only if a > % Thus, the inverse Gaussian process has finite
variation. Let (W:)¢>0 be a d-dimensional Brownian motion. The normal
inverse Gaussian (NIG) process is defined as:

(Nt)ez0 == (Wr,)eo0-

By Theorem 10, the enhancement of the normal inverse Gaussian process is:

2,—b%z/2 a—3/2

NS,t :(1, th - WIs’/ Othl X OthZ
Is<t1<to<I
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|:/ Othl & Oth2
s<ap<t I(a,, )<ti<ta<I(a})

S R
k

3.6. Worked Examples. To illustrate the construction of enhanced time-
changed paths and to verify the conditions of Theorem 9, Theorem 10, Theo-
rem 11, and Theorem 17, we provide several explicit examples.

EXAMPLE 18 (Deterministic time change with a single jump). Let x(t) =t
on [0,2] and define the time change

O(t) =t + 1 9(1),

which has a single discontinuity at a; = 1 with ®(17) = 1 and ®(17) = 2.
Then x®(t) = 2(®(t)) = ®(t). For s =0, t =2, Theorem 9 gives

Xo3 = X3, = [X1, + (2(1) — 2(1)) @ (2(2) — 2(1))| =0.

Direct computation using the definition of the iterated integral confirms the
result:

2 1- 2
® ¢ ® = — u + jump term = 0.
/O(m (u) —2%(0)) dzx (u)—/o udu—l—/ﬁ(u 1) du + jump t 0

The correction term exactly cancels the contribution from the jump, verifying
the formula.

ExXAMPLE 19 (Countable discontinuities — convergence verification). Let
O(t) =t + > he,y 2*’“1[1_2%71] (t) on [0,1]. This time change has countably
many discontinuities accumulating at t = 1; the jump sizes are A®(1—27F) =
27F. Let x(t) =t. For any s < t, the sum

> [bem;),@(a*) * <%<a;> - %(8)) ® (%mi) - %(ap)]

s<ap<t k

converges absolutely because >, (A®(ay))? < oo. By taking partitions that

refine at each discontinuity, the finite-discontinuity approximations converge
uniformly, and the limit satisfies the Chen identity. Hence Theorem 10 applies.

EXAMPLE 20 (Variance gamma process — numerical check). Let T'y be a
gamma process with shape ¢ = 1 and rate X = 1, and let Wy be a one-
dimensional Brownian motion. Consider the time interval [0,1] and suppose T’
has a single jump at t = 0.5 of size AT’ = 0.2. Using the enhancement formula
from Theorem 17,

I
Vo1 =(1, Wr, — W, /F odW, ® odW,
0

r.5%)
- [/1“(0.5) odWs ® odWs + (WF(O.E)—) - Wo) ® (WF(0.5+) - WF(0.5—))D-
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The Blumenthal-Getoor index of T is 0. For p = 2.5, we have § =0 < 1/p,
so Theorem 17 guarantees that V is a finite p-variation rough path. A direct
stmulation confirms that the Chen identity holds for the three intervals [0,0.5],
[0.5,1], and [0, 1].

EXAMPLE 21 (Normal inverse Gaussian process — parameter limitation).
Let I, be an inverse Gaussian process with parameters b = 1, s = 1. Its
Blumenthal-Getoor index is [ = % Choose p = 2.5; then § = 0.5 £
1/2.5 = 0.4, so the hypothesis of Theorem 17 is not satisfied. Indeed, the
sum Y. |AIt\1/p may diverge, and the enhancement would require additional
reqularization (e.g., using a different lift or restricting to a subclass of time
changes with 3 < 1/p). For p =4, we have f = 0.5 £ 0.25, again failing the
condition.

REMARK 22 (Connection with Friz—Shekhar). The above result is consistent
with the general construction of rough paths associated with Lévy processes de-
veloped by Friz and Shekhar [3]. In their work, a canonical geometric rough
path lift is constructed directly from the Lévy—Khintchine triplet, without re-
lying on a time-change representation. More precisely, for a Lévy process X
with Blumenthal-Getoor index 8 < 1/p, they show that X admits a natural
rough path lift with finite p-variation. In this framework, the summability of
the jumps follows from the classical property:

Z IAX|Y < oo a.s. forall o> B.
0<s<T

Our approach is complementary: instead of constructing the lift directly, we
start from a given rough path and study its stability under discontinuous time
changes. The summability condition appearing in Theorem 10 and Theorem 11
is recovered here as a consequence of the Blumenthal-Getoor condition 5 <
1/p. In particular, Proposition 16 shows that the time-change procedure is
compatible with the Friz—Shekhar construction, and yields the same class of
p-variation rough paths.

4. INTEGRALS DRIVEN BY ENHANCED CONTINUOUS TIME-CHANGED PATHS

In this section, we develop a calculus for integrals driven by continuous time-
changed rough paths. We establish conditions under which the enhancement
of a time-changed rough path preserves its rough structure and show how this
framework applies to rough integration.

LEMMA 23. Let x be a continuous finite p-variation path and let ® be a
continuous time change. Then x o ® is also a finite p-variation path.

Proof. We have:

=

xod| . = sup d(xo®y,x0® )P
20 Plpacio =, S0 (Z( t t“)>
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-

)
< sup (Z d(xtﬂ Ltitq )p)

tiED([O,T]) i

= ’x‘p-var,[O,T} < 0.

0

LEMMA 24. Let @ : [a,b] — [0,T] be a continuous time change. Assume
that Dy, = {t},...,t} } is a sequence of finite partitions of [a,b] such that the
mesh size

|Dy| = sup |[tiq — ]
1<i<hn

satisfies |Dy| — 0 as n — oo. Then, for each n € N, the set

Dy = {(#}), .., (t;,)}
forms a partition of [®(a), ®(b)], and its mesh size satisfies

‘Dn’—ﬂ) as n — oo.

Proof. Since ® is continuous and increasing, it maps a partition of [a, b] into
a partition of [®(a), ®(b)]. We now show that the mesh size of D,, converges
to zero.

By the uniform continuity of ® on the compact interval [a, b] (which follows
from Heine’s theorem), for every € > 0, there exists § > 0 such that:

|1 — 22| <0 = |®(z1) — P(z2)] <e.
Since |Dy| — 0, there exists N € N such that for all n > N,

sup [ty — '] < 0.
1<i<knp

Applying the uniform continuity condition, we obtain:

sup [D(t ) — (t])] <e.
1<i<kn,

Since ¢ is arbitrary, we conclude that ’Dn‘ — 0 as n — oo. ]

THEOREM 25. Let z: [0,T] — V be a continuous path of finite p-variation
(p > 1) and let X € Q,(V') be a geometric rough path lifting x. Let ¢ : [s,t] —
[0,T] be a continuous, increasing time change. Then the rough path integral
satisfies

t o(t)
[ alwos)wdwos)w) = /¢ ., Al de(w),

where the left-hand side is the Lyons integral of the time-changed rough path
X? (with Xf,t = Xg(s),6(t)) and the right-hand side is the Lyons integral of the
original rough path X over the transformed time interval.
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Proof. We assume 2 < p < 3. Let X = (1,X!} & gt) be the geometric rough
path associated with z. In particular case of Theorem 9, since x is continuous,
we have

X® = (1, X5 0(1) Xb(e).a(0))-
Define Z = (1,24, Z2 ;) by:

Zgy = o' (X(D(s))) (Xap(sy () + o (X(D(5)) (X3 (5) 0(0))»
L2y = o (X(2(5))) @ & (X(2(5))) (X5 5) 01))-
Let D, = {ty = s,...,t; =t} be a sequence of partitions of [s,¢] with mesh
|Dy,| — 0. .
By Lemma 24, the image partitions D, = {¢(¢]')} have mesh tending to
zZero.

By Lyons’ extension theorem [9, Theorem 5.2.1, p. 118] Z defines an almost
rough path. The corresponding rough path Z = ( VA t 72 +) satisfies:

Ly = \Ji?loﬁa (X<I> (ti 1)Bzg>(Xc1><tl 1><1>(m) ta (dez n)(Xé(tko,@(tl))

= i Y () () 02 (5 )

=1

a() 1
_ / a(X)dX.

®(s)
Similarly, for the second iterated integral:

Zg,t = thrliOZO‘ Xq’ (ti— 1)) ®a (X‘P(tl 1))(X‘I’(tz 1), ‘I’(tl))
n =1

:ll)lrlz?iozo‘ (X, 1)®0‘ (X, 1)(X%z )

= / X)dX2.

For p > 3, the proof extends similarly using the higher-order iterated inte-
grals. Thus, we obtain the desired result. O

COROLLARY 26. Let Wy be a d-dimensional Brownian motion, and let
Xop = (1, X5, X3,)

be the geometric rough path associated with W. Suppose ® is a continuous
time change. Then:
(1)

t
Zss ::/ a(X®)dx®' :/ a(W,) o dW,,
s D(s)
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and:

t
/ a(Xé)chb? - / odZy, ® odZy,.
s P(s)<t1<ta<P(t)

4.1. Time-Changed It6 Formula.
LEMMA 27. Let X € Q,(V), and let
You = (1,XL,, X2, + Agy)

st

where A is an additive process with finite g-vam’ation. Let ® be a continuous

time change. Then the time-changed process:
® 1 2
Y = (L X a0 Xa(e.00) + Avs)00)
belongs to Q, (V).
Proof. Define A;Ijt = Ag(s),a(r)- Then, using the additivity property,
AT ALY = As(e) o) + Adw) a1
which shows that A® remains additive. Since
X1 = (1, Xg(5) o) Xar(s) o) € (V)
applying Lemma 4, we conclude that Y% € Q, (V). O
THEOREM 28. Let X € Q,(V), and let A be a continuous path in V% with

finite §-variation. Then the following formulas hold:

¢ ) a(t) a(t)
(6) / o Y®)dY® = / (X)X + / 0%(X,)dA,.
s ®(s) (s)

, . e a()
/ o(Y*)aY?® = / (X)X + / (X)) @ o) (X,)dA,
s [

(s) ®(s)
D(t) r 5
4 / / 02(X,)dA, | ® dz,
P(s)
(1)

P(s)

t

+ La(s)r ® o* (X, )dA,
P(s)

®(t)
™) +

®(s)
Here, the integrals involving A are Young integrals, and

t
Ly = / a(X)ax!.

u
/ 02(X,)dA, | ® 02 (Xy)dAy.

®(s)

Proof. By definition of the integral, we have:

t
P @1_ . 1 1
AL PO LR
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+ a? (be(tzfl)) (Xé(m_l)@(m + Aq)(tl—l)7(b(tl)>:| :

Changing variables and considering a finer partition D, we obtain:

t
/ a(Y2)dY?' =
_ : 1 1 2 . 2
" S o0 0 (6 )
a(t) e
:/ o(X)dX +/ 02(X,)dA,.
a(s) a(s)

Similarly, for the second integral:

t 2
/ a(Y®)dy?®

= m(lli)I)ILO ; at (Xq’(tzfl)) ® o (Xq’(tzfﬂ) (ng(th):q’(tl) + A@(tl,l),é(tl)>

t—1)

o(
+ (Za(s),0(t,1) +L() a*(Xp)dAr) @ (Zog, )

(1) 9
4 / 0?(X,)dA).
Cb(tlfl)

Applying the partition refinement and limits, we get:

t ) o(t) o(t)
/a(Y‘P)d\Y‘P :/ a(X)dX2+/ o (X,) ® ol (X,)dA,
s D(s) D(s)

(t)

+ Z@(s),r & 052 (X’/‘)dAr
2(s)

o(t)
- [
D(s)
(t)
- [
D(s)
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/ aQ(Xr)dAr] ® dZ.,
a(s)

/ oz?(XT)dAr] © 0%(Xu)dAy.
P(s)

0
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