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DYNAMICS OF A MODEL OF NONLOCAL DISPERSION VIRAL
INFECTION THAT INCLUDES HUMORAL IMMUNITY,
INTRACELLULAR DELAY, AND VIRUS-TO-CELL AND

CELL-TO-CELL TRANSMISSIONS

BOUBAKR LAMOURI!, AHMED BOUDAOUI' AND SALIH DJILALI?

Abstract. This paper investigates a delayed spatiotemporal viral infection model
with two types of transmissions, namely, virus-to-cell transmission, and cell-to-
cell transmission, and a special focus on the cell-mediated immunity. First, we
establish that the model system has a global attractor and that the model ad-
mits a unique positive solution which is globally defined. The basic reproduction
numbers of immunity ®; and infection $y are then determined. The immunity-
related reproduction number $; is defined only when Ry > 1, which serves as a
threshold parameter. Indeed, it is obtained that the infection-free steady state is
globally asymptotically stable when o < 1, the immunity-free infected steady
state is globally asymptotically stable when ®; < 1 < %y, and the infected-
immune steady state is globally asymptotically stable when $; > 1. Finally,
numerical simulation is performed in order to validate our theoretical results.
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1. INTRODUCTION

Viral dynamics is a well-established branch of applied mathematics that
aims to describe the temporal evolution of infected cells and viral load through
mathematical modeling. During viral infection, the specific immune response
plays a crucial role in controlling disease progression. This response includes
both cell-mediated immunity, driven by cytotoxic T lymphocytes (CTLs), and
humoral immunity, mediated by antibodies produced by B cells. Since the
pioneering work of Nowak and Bangham [1], a wide range of mathematical
models have been developed to investigate immune responses against infected
cells [9]-[15].
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To better understand the interplay between virus dynamics and immune
response, we focus on a transmission mechanism that incorporates both virus-
to-cell and cell-to-cell infection pathways. In this context, Jiazhe and Rui [2]
proposed the following basic viral dynamic model:

(1)

S'(1) =X = BS(W)I(e) — aS()V () — BsS(1),

V() =Be "V S —1v)I(t—71v) +ae *VS(L—1)V(e—1v)— BV (L),
I'(e) = 1V () = nI()R() = Bil(0),

R'(1) = CI(t)R(t) — BrR(1).

Here, S, I, V, and R represent the densities of uninfected cells, infected
cells, free virus particles, and B cells, respectively. The parameters describe
biological processes such as infection rates, natural death rates, immune re-
sponse activation, and viral production. The delay 7 accounts for the intra-
cellular period between viral entry and the release of new virions, while e #™V
represents the survival probability during this latent phase.

It is well known that viruses can spread over relatively long distances within
biological tissues, for instance through blood circulation or intercellular trans-
port mechanisms. Therefore, the classical diffusion operator, typically mod-
eled by the Laplacian, may not adequately capture such long-range move-
ments, as it only describes local interactions based on infinitesimal displace-
ments. In contrast, nonlocal diffusion operators provide a more realistic frame-
work by incorporating spatial interactions over a finite range.

Specifically, nonlocal diffusion is often modeled by an integral operator of
the form

It = ) (e 9) = w(m) o,

where J () is a dispersal kernel describing the probability of movement from
location 9 to n. Unlike classical diffusion, this operator accounts for long-
range dispersal and allows individuals (or particles) to move directly between
distant locations. From a biological perspective, this is particularly relevant
for viral propagation, where transport mechanisms are not purely local.

Another important distinction concerns boundary conditions. In classi-
cal diffusion models, no-flux (Neumann) boundary conditions are imposed
through local derivatives. However, in the nonlocal framework, the dispersal
process inherently involves interactions across the entire domain 2. As a result,
boundary effects are implicitly incorporated into the integral operator, pro-
vided that the kernel J is properly defined (for instance, with compact support
or normalization conditions). In this work, we complement the nonlocal for-
mulation with homogeneous Neumann-type conditions to ensure consistency
with biological assumptions of no net outward flux.

Moreover, to enhance biological realism, we incorporate time delays repre-
senting the latent period between infection and viral production, as well as
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the activation delay of the immune response. Such delays have been widely
studied in the literature [17, 22, 24|, mainly in the context of virus-to-cell
transmission. However, their combined effect with cell-to-cell transmission
and nonlocal dispersal remains less understood.

Motivated by the above considerations, we propose the following delayed
viral dynamic model with nonlocal diffusion:

(2) % =Mi(n) - Bs(n)S — B(n)SI — a(n)SV,
& =B(n)S(v— 7o, I (L — Ty, m)e HV
+am)S( — 1y, V(L —1y,me ¥V — By (n)V,

% =K1 [ I - O10e) ~ Tam) de+ i)V = Bi()] ()R

%:m%gm—mmWwamﬁ
+ ¢ I(t — TR, m)R(t — TR, M) — Br(N)R

with ¢+ > 0 and n € Q. The associated initial and boundary conditions are
given by

(3) S(lan) :SO(lan)7[<l777) = IO(lvn)vv(lan> = %(lvn)vR(lan) = RO(lan)a
(I,n) € [-7,0] x Q

and

g£ gf—() ne o, >0,
where K and K are the diffusion coefficients. 7 is the period of time needed
for antigenic stimulation generating antibody response, Q C R™ is a bounded
set with smooth boundary (represents the position).

Let 7 = max{7,, 7r}. Every parameter should be positive, space-dependent,
and Hoélder continuous on .

The paper is structured as follows. We will examine the well-posedness of
(2) and (3) in Section 2. In Section 3, we utilize Kuratowski’s measure of
non-compactness to demonstrate the existence of a global compact attractor
for the semiflow. The purpose of Section 4 is to determine the basic repro-
duction numbers of immunity 7 and infection ®y. Keep in mind that for
R1 to be defined, Ry must be greater than 1. Section 5: A triple dynamics
is the primary outcome. In Section 6, when ®; < 1 < Ry, the immunity-
free infected steady state is globally asymptotically stable, when 31 > 1, the
infected-immune steady state is globally asymptotically stable. These are the
general terms used to describe the infection-free steady state and immunity-
free infected steady state. Section 7 is configured to demonstrate the use of
numerical simulation.

2. PRELIMINARIES

We make the following assumptions on the system parameters (2)—(3):
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(P0) J(n) is Lipschitz continuous on €.
(P1) J is symmetric, non-negative and normalized: J(—z) = J(z) on R",
JoJ(2)dz =1, and J(z) > 0 on Q.

Let X = C([-7,0] x Q,R), X = X* equipped with the supremum norm
Il - llco- Denote by X, and X, the associated positive cones. Throughout
this work, all model parameters are assumed to be nonnegative, bounded,
and continuous on . For notational convenience, given any function H €
C(Q,R), we define HT := sup, g H(n), H™ = inf, gH(n) , with H €
{)\17 57 «, [, /3V1> BVm 5‘/37 6V4}'

We now provide a few standard results taking into account the model’s well-
posedness (2)—(3). Model (2)—(3) can be rewritten in the following abstract
form

neQ

(4) 22(1) = A[UJ(v) + F[UJ(v) ,U() € Xy,

with
AUy —ﬁs(’l)) (L7 )

AU — AUz | _ —Bv(mV(¢,-)
A3Us KrJoJ(n—y)I(,y) — I(e,n)dy — Br(mI(e,)) |’
AqUy Kp o J(n—y)(R(t,y) — R(e,n))dy — Br(n)R(¢, ")

and

Ar(n) = Bm)S(e, ) (e, ) — a(n)S(e, )V (¢, )
FU - BS(t— Ty, V(L — Ty, )e PV 4+ aS(L — 7y, )V (L — Ty, - )eTHTV
BV (t,-) —yi(m)I(e,n)R(c, )
C(ﬂ)I(L—TPu) (L_TRv

)
The following linear operator should be defined on C(Q).
(-

Ar[®]() := KI/QJ("?—Z/)(@(y) O()dy — B1(-)@(); @ € C(Q).
Some properties on A are given by the following lemma.

LEMMA 1. A generates a strictly contractive and uniformly continuous semi-

group {eAL}LZO.
Additionally, e X, C X,V 1> 0.

Proof. Tt is possible to break down operator A as A = Ay + A, with

i) )

_ —BvV(e,- _ 0

A=V Zg00) [Y= K gy - 00, e - 16, )de |
BrR(,") Kp o J(n— €)(R(t.¢) — R(1,))de

for U € X. Therefore, a uniformly continuous and strictly contractive semi-
group {eAL}LZO on X is generated by A;. We may deduce that As is a Lipschitz
function since J is bounded. A generates a Cy -semigroup {e*},>0, by Theo-

rem 1.2 in [4] and Corollary VI.1.11 in [5].
O
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THEOREM 2. Suppose that Uy = ((701(ba 77)7(102(ba 77)7(103(1)’ 77)) € X. Hence,
there exists T, > 0 such that (2)-(3) has unique positive solution U(-,Up) € X,

such that either 7, = oo or lim sup ||[U(¢, Up)|| = 0.
LT~

Moreover, U(1,Ug) € X4 for v e (0,79) if Uy € X 4.

Proof. The solution of system (2)-(3) can be written as follows
(5) U() = Uget + / A=) F(U(s))ds.
0

The function F' : X — X is locally Lipschitz on X. As established by
Lemma 3.1 in [6], Proposition 4.16 in [7] guarantees that system (2) has a
unique mild solution, denoted by U(.,Up), where 7y verifies either 79 = oo or
lim sup ||U(¢, Up)|| = oc.

LTy -
Now, we show S(¢,n) > 0 for v € (0,79) and n € Q2. We suppose that 3
7 € (0,70)and 7, € Q verifying that S(7,n,) = 0 and S(¢,n,) > 0 for + < 7.
Next, we can specify

71 = inf {L € (0,70); S(¢,m,) = O}.
Since 71y satisfies 79 = oo or limsup ||[U(¢, Up)|| = oo., then we deduce that
=Ty
1 € (0,70) and S(7,n,) = 0 with w < 0. The first equation of (2) yields
RIGR
EG) = M) > 0,
that contradicts the assumptions. Hence, S(1,n) > 0 for « € (0,79), n € Q.
We put Ay, (U) = U(¢,-) + hyU(e, ) for a sufficiently large positive h,. For
U € C((0,7), X)NB(O, %), obviously Ap, (U) is positive. In conjunction with

the open ball 8(0, h%) in X, with radius h% and center 0. Hence, (2) can be
reworded as this:

G (1) = Ay, [U)(0) + Fy, [U)(0)-
with Ay, U(¢,-) = U(e,-) — hyU(s,-). Then,

U() = Up(n)e + / A=) B (U (s))ds.
0
Hence, U(¢,Up) € X for ¢ € (0,79) and Up € X O
THEOREM 3. The solution of (2)—(3) is globally defined.

Proof. Let U = (S, 1,V, R) be the solution associated to Uy = (So, Iy, Vo, Ro)-
Since %3(1,m) < A(n) — BsS(1,m), S is a subsolution of
( ) %?(%77) :)‘l(n)_ﬁsg(Lan)a 77697 L>O7
6 N

nn

(0,m) = max Sp(s,n), 7€
s€[—1,0]
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The unique positive steady state of (6), represented by S t, is globally attrac-
tive and well known. By the comparison theorem, we get

limsup S(¢,7) < limsup S(z,n) = Sy(n) = 21§n) uniformly for n € Q.
1—00 1—00 s(n)
Consequently, 3K > 0 that depends on Uy such that
IS < K, > 0.

Next, we let A; be the generator of the uniformly continuous semigroup

{Tl (L>}Lzo

10,9 = Tl + [ Tie= o)AV (0,) = m(a)(0,)R(e, )do.
0

< Ty () + / T\(1 — 0)B1V (0, -)do.
0
By taking the norm on both sides, we obtain
(e )l < e ol + 1|1l /G_A(‘_”)IIV(Ua )lldo
0

We assume that the eigenvalue for the operator Ay is —\. According to Propo-
sition 1 in [8], d¢ > 0 fulfills A > ¢ > 0. The second equation of (2)—(3)
suggests

V)= efﬁvbvo-f—/ e’*BV(“U)(ef‘”VS(J—TU, NBI(oc—Ty, ) +aV (o—Ty,-))do.
0

Therefore,
V(s )l <
<e vl

+ [P e S0 = | (IBIIE = 7o)l + lalllV(e = 7)) do,
0

L

< Pl + Kt [ eI = )l + allIV (o = 7))o
0 L
< Yol + KT [P = 7 4+ V(o = ) Do
0

where 8* = max{||5]|, ||a||}. Using the substitution ¢* = o —7, and dropping
tilde for simplicity, thus,

V)l <
<PVl + K [ e B (1o, )| + Ve, ))do

Tv
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L—Ty
< e BVUVh|| + KBrehTY / eV |V (5. do
L—Ty To
+ KBrehTy / BV (=10=9) | 15, || do.

Ty

Thus,

Ve, )l <
< Pl + Kt [ e Ve, o

b EFer [ et [ | 815N Vs, s do

< e PV Vo|| + KB*e PV / e (=9 |V (5, |dor

L—Ty Ly
+ KB e V|| I / e Bv(t=Tv=0) ;=Xo g

—Ty
L—Ty

+[|B KBV / e~ Pvi=mu=0) / e M=)V (s, ) ||dsdo
< I+ Kt [ e e, do

— Ty
L—Ty

+ Ko [ o

—Ty
L—Ty

+ ||| M BT e T / ">/ (@=9||V (s, .)||dsdo.

—Ty

Consequently,

V()] <
< e V|| + KBre TV / e )|V (o, )| do

KB e TV | || £lme 2

+||ﬁ1||Kﬁ*e_”TVe_5V(‘_T“)/ M|V (s, ||/ By =29 dods

<Pl +KFer [Ty (o, )do

—Tv
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_ ATy _p—A(t—Tv)
—f—Kﬁ*@ MTVHIOH%
L—Ty
_ —w(T—Ty)
Bl gTe T TG [ e (s, ds

—Ty

L—Ty
< Vol + Kgre ™ [ eV (o, ) do
% — ATy
+ KB ol 5

L—Ty

N o

\%4
—Tv

<O+ Oy / Vs, )| ds,

with

/\TV

w=min {6y, 3}, C1 = [Vl + KB% ™ | Io]| 5

Cy = max{ e HTV ||51||I)\(3;67_MV } .
—PV
Gronwall’s inequality implies
VI < Clecz‘, > 0.

The last equation of (2) implies

R(1,.) = e PRRy + /C PR~ (0 — g, 2)R(1 — TR, z)do.

Therefore, c** =0 — 1
L—TR
IR (e, [ < e PR4| Ro| + ¢* / e PR (o, )[[[| R(o,-)||do
—Th
It follows
(7) IR (e, )| < Cae*, 0 >0,
with

126 < 1] + CIBIE = ¢,
1)1 < olle™ + 18] [ eV (e, )ldo
< IBlle™ +Cullai] [ e do

Cot
< o]l + B = G
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Therefore, the solution is globally defined, that is, 79 = +oc. O

3. COMPACTNESS

We now examine the solution map’s compactness. The semiflow produced
by system (2)—(3) is denoted by {Z=(¢)},>0. Z(¢) is not compact. we may
demonstrate the asymptotic compactness of forward orbits in order to demon-
strate that =(¢) has a global compact attractor. Thus, using Kuratowski
measure x , which is defined as follows,

k(B) = inf {r: has a finite cover of diameter < r} .

Then
B precompact < k(P) = 0.
To achieve this goal, we apply several lemmas.
LEMMA 4. The semiflow {Z(t)},., is point dissipative.
Proof. We let H(t,n) = S(¢t,n) + V(¢ + 7y, n); hence,
RN = Xy () — (1= e #™V)B(m)S (e, )T (1,m)
— (L= )a(n)S(e,m)V(e,n) = Bs(m)S(e,n) — By (MV (L + 70, 1)
Ai(n) = Bs(m)S(,n) = Bv(mV (e + 70, 1)
Ai(n) — wH (e, n)

with w = min{fg, 3, }. Therefore, we get H(:,n) < gi(n), ¢« € RT, with
g1(n) = H(0,n) + /\17(77) Therefore, the existence of & independent of the
initial conditions verifying

Jim sup [|H (¢, n)]| < &

<
<

On Q,we integrate the third equation of (2).

G [ 16mdn =k [ [ J= 1.6 - 10m)deds
+/Qﬁl(77)V(Lm)d77—/Qﬁz(n)f(m)dn
~ [ @I mRGmdn,

/ﬁl Vi(e,m)dn — 51/1H7d77,

which gives
5 o (Ln)d77+51/ H7d77</51 »n)dn.
Let us multiply by ebr L,

B’LaaL/QI(LWW?JF5f€B;L/QI(L,77)d77 < ¢ /51 (¢,m)dn,
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%eﬁf_b/f(w)dn < ¢ /61 V (¢, m)dn,
Q

Integrating by parts, we find

/(]ngeﬁl_s/gll(s,n)dnd.sg/ ebrs /51 (s,m)dnds,
[ 1dn+ [ 10mdn < [ e [ Vs ndnds
/QI(L,n)dnge_ IL/ I1(0,n)d
=) [ BV (s mydn = Di.
On the other hand, we have
G1(,mdn = KI/ J(n—e)(I(v,€) — I(t,n))de + Br(n)V (t,n) = Br(n)I (e, n)

< Kj(supJ) 1 (¢, €)de + Br(m)V (e,m) — Br(m)I(e,m).
neQ

By applying this inequality, the third equation in (2) suggests

( ) < K[(supJ)D1 + 67 & — (Kr+ B7)I(t, ).

neqQ
Then,
Ki(supJ)Di+Bf &
T(0,) < Joe, )PP 4 28— (1 — e (P2,

After that, 3¢5 independent of the initial condition satisfying
lim sup [[1(¢,n)|| < &.
L—>00
We integrate the final equation of (2) on Q
& | Bumyde =K | [ 10— €)(Rl1,0) = Blo,m))dedn
+ [ oW =m0 = rrem)dn — [ Brln)RG.n)dn
/ CmR(e —Tr,M)I(¢ — TR, n)dn — B;}/S)R(L,n)dn-

By similar reasoning, there is a £3 independent of the initial condition satis-
fying
limsup || R(¢,n)|| < &s.
L—> 00

Therefore, the semiflow Z(¢) is point dissipative. O
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We now demonstrate that =(¢) is a k — contraction; that is, for all ¢ > 0,
there exists a continuous function 0 < k(¢) < 1, and a bounded set 6, such
that {2(0)0,0 < ¢ < .} is bounded and x(Z(0)f) < k(¢)x(0). First, we
demonstrate the asymptotic compactness of S and V.

LEMMA 5. The forward orbit 6 (%) : U(,-,Up),t > 0 for (2)—(3) is asymp-
totically compact for all W € X, in that for all sequences 1, — co. Conse-
quently, Juy; to satisfy Ui, 3 Ug) converges in X+ as i — oo.

Proof. Let us assume that Uy € X, there exists n > 0 verifying

| S(e.m; Vo) |€ @, | (e, Vo) |< @, for all n € Q, 1> 0.

It is sufficient to demonstrate that U(¢,n; Up)n>1 is equicontinuous in 7 € Q,
¢ > 0 using the Arzela—Ascoli theorem. In other words, for all p > 0, there
exists € > 0 guaranteeing |h(¢,n1) — h(,1m2)| < €2 for all 71,12 € Q as long
as |m — m2| < p. It is evident that h(e,n) = X(n) + B(n)S(¢,n)I(v,n)e ™V +
a(n)S(t,n)V(¢,n)e ™V is uniformly continuous in 7 € Q uniformly for ¢ > 0.
Clearly,

2 [S(m) - Su m)]* =

=2(S(t,m) = S(6,m2)) [ty m) = h(e,12) = B (m)(S (e, m)
=8(t,m)) = S(1,m)(Bs(m) = Bs(m2))]

<dn(h(e,m) — h(t,n2)) — Bs(m)(S(e,m) — S(¢,m2))2
+1 () - (Bs(m) — Bs(m)) |

<(4we? + 2¢) — B (m)(S(m) — S(1.12))°,

for all ¢ > —7y and 11,72 € Q verifying |n1 — 12| < p, we have

[S(m) = S(m)]” < e 5 [[S(0,m) = S(0,m))*| +(4me?+2¢) /OL e 285 (=9) gy,

Then

[1S(e,m) = S, mo)]? < [S(0,m) — S(0,m2)] + (4eoe” + 2) /O o285 (=0) g

Given that n € , the initial condition’s uniform continuity suggests that
| S0(0,7m1) — So(0,m2) |< § for all 1,12 € Q verifying that |1 — n2| < p1.

Therefore, for any |9 — n2| < min{p, p1}, with 01,72 € 5_2 , we have
@ 2
[S(t,m) — S(e,m2))* < % 4 (dwe’42¢)

284
Since S is equicontinuous, we can infer that e is arbitrary. We demonstrate
that I, V and R are equicontinuous by using a similar logic. O

LEMMA 6. The semiflow Z(1) is a k-contraction.
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Proof. Clearly, I(t,n,Up) and R(¢,n,Up) satisfy
G =K1 [ 0= (€)= Te,m)de = Brln) ()
P(om) = K [ (0= €)(R(1,0) = Rlu,n))de = Brln) Rls,n).

1(5777) = —70(577))73(5»77) = RO(Svn)v s € [*7-7 O]a n € Q.

Therefore,
I(e,-) =Ti()Io + /LTl(L —0)(B()V(a,,Uo) = (-)I(0,, Uo)R(0, -, Vo))do,
and
R(t,) = To)Ro +C() [ Taw = o)V (o = 7+, Uo) (0 = 7, U)o,
b

according to Lemma 2.1 in [10], the operators Ly and Lg have strictly positive
eigenfunctions, which correspond to strictly negative eigenvalues pg and pq,
respectively. These eigenvalues are defined by

po=— _ inf {//J —)(Wo(e) — o(n))2dedn+/ 51(77)‘1’3(77)6177}7
VoeL?(Q) Q
H‘I’OHLQ(Q)—l
and
p=—  inf {//J — ) (W (e) — Ui () dsdn+/ﬁR )dn}
U,€L2(Q)

W1l 20)=1
Now, we decompose the semiflow into ®(¢) = ®1(¢) + P2(¢), where
(I)1<1,)U0 = (0,0,Tl(L)Io,TQ(L)R()), L > 0

and

Bs(1)Up :(5(-, L Uo), Ve, Up),
/OL Tl(L - 0)(61(')‘/(07 K UO) - 71(')1(0.7 K UO)R(Gv K UO))daa

¢(v) /OL To(t — o)V (o — 1R, -, Up)I (0 — TR, ',[Uo)da>, >0

We infer that S, V, I, and R are asymptotically compact from Lemma 5. Con-
sequently, @ is compact. Thus, we have x(P2(t)A) = 0 for a bounded set
A C X' and ¢ > 0. Additionally,

|@1()Up|| < |ev‘Up + 7 Up||
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< e[Uol| + e[ Uol|
< Wl ¢ >0,
with p* = max{uo, p1} Hence,
1@1()]] < e

Hence, for + > 0
K(P()A) < K(P1(1)A) + k(Pa(1)A) < e 'r(A).
The conclusion that follows is that Z(¢) is a k- contraction. 0
We infer from Lemma 4 that the semiflow Z(¢) is point dissipative. More-
over, Lemma 6 shows that Z(:) is a k-contraction. By Lemma 2.3.5 in [11],
every k-contraction semiflow is asymptotically smooth. Furthermore, Theo-

rem 2.6 in [12] implies that Z(:) possesses a global compact attractor that
attracts all bounded subsets of X*. We denote this attractor by C.

4. BASIC REPRODUCTION NUMBER AND STEADY-STATE

A steady-state (S(n),V(n),I(n), R(n)) of (2) is the solution of the following
system

(8)

0 =\1(n) — Bs(n)S(n) — Bm)SH)I(n) — a(n)Sn)V(n),

0=B(mSmIn)e ™ +an)SmV(ne ™ — Bv(n)V(n),
(n)

0 =K / J(n— )(I(e) = I(n))de + By (n)V (n) — Bi(m)I(n) — 1 (n)I(n) R(n),

0=Kp /Q J(n— )(R(€) — R(n))de + C(n)I(n)R(n) — Br()R(n), 1€ Q

Clearly, (2) has a unique VFSS Hy = ( ((77))’0 0,0),n € Q. We linearize (2)

in order to get the basic reproduction number Ro corresponding to (2) at Ho,
we have

(9)

=B(n) F2BI( = 7, m)e ™™ + a(n) F5V (e = 7, m)e ™ = By ()V (2, m),

77
5 =K [ J- 9100~ Tem)de+ B0V ()

= Brm (e, n) = () I(e,n) R, m), ¢ >0,n €.
We only take into consideration the subsystem because S and R are absent
from the middle two equations

o (VN _ [V
{&(I =A I 77’]69,[120,

9 —, neon, L>0,



14 Dynamics of a model of nonlocal dispersion viral infection 123

we define the following linear operators B, F : Z — Z(Z := C(2,R?)) ,

_ (B 0N o B a(n)giore ™
0 5= (50 AI)’F_< N3 =y ’

and the linear operator A := B+ F
We designate T(¢) as the semigroup that B generates. Therefore, we can
define Ry as the spectral radius of K, which is

Ro = v(K).

Here, the next generation operator, K := —FB~!, can be written as

K©)n) =) | T TR()(0)(n)di, © € C(O,R?), 7 e Q.

To derive a variational expression for the basic reproduction number Ry, we
obtain the following result.

LEMMA 7. Ry = o(—FB™Y = r(dy + df) with dy = Bﬁ;‘éve—w‘/ and
dr = —Oéﬂlef‘m—v 72;;(;‘2 Al_l.

Proof. Let ¢ = FU and ¥ = —B710. Clearly,

{ By¥ =6
Br¥, — Ar¥s = 0.
Solving this system, we get

\Ill = %7

Uy = A;Y(B1V1 - 6s).

Consequently,
¢1 = d1V¥1 + daW¥o,
¢ = 0,
with di = Bﬁ;‘év e HTV 4 ae“”‘/%A;l, and do = —A;lag‘—;e_’”‘/. Hence,
we can write
1/ © diV + da¥
_ 1 1) 1V + daWa
75 (g ) = (M)

Iteratively, we get

_ ) dpy + ditde
_ 1\n 1) _ 1¥1 1 G2¥2
(—FB™) ( o ) ( s ) .
Hence [|d7]| < [(=FB~1)" < [|d = [|(||dil + l|d2]))- By applying the squeeze
theorem and Gelfand’s formula, we obtain r(—FB~!) =1t(d,). Since d; =
dy + dj, the proof is achieved. From Lemma 7, we get

(11) Ro = v(dv + dy),
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where dy = b’i )/}J}V is the cell-to-cell transmission’s next generation operator,

and dj = %/;16% AI_1 is the next generation operator for virus-to-cell transmis-
sion. The basic reproduction number for cell-to-cell transmission only, when
virus-to-cell transmission is not present, is

(12) Ry =rt(dy) = max AWAme * V.

Bs(m)Bv (n)
neqQ

Furthermore, the basic reproduction number can also be stated by the follow-
ing variational formula in the situation of virus-to-cell only:
a(mAi(mB(y)e "V .,
©=(n)dn
(13) %é =t(d;) = sup 1fﬂ Bs(m)Bv (n) )
0cr2,0£0K1 [, [ 37 (=€) (©(e)=O(n))2dedn+ [, B1(n)©2(n)dn

| Ctlearly, Ro < Ny +R{ . The equality holds if % is space indepen-
ent.

The basic reproduction number R, for the antibody response is determined
by

R — Jo, ST (m)©2(m)dn
1= sup ; .
0cr2.0£0Kr [, [, 37(1—=€)(©()=O(n))2dedn+ [, Br(n)©2(n)dn
O
It is evident that $; is increasing in ((n) and I**(n), and decreasing in Gr

and Kg. In particular, we obtain the spatially homogeneous model, where
model (2)—(3) degenerates.

_ C(pI**(n)
R = Br(m) -

LEMMA 8. Ry — 1 and 6(A) have the same sign.
5. EXTINCTION SCENARIO OF VIRUS

Here, we show that for Ry < 1, the VFSS is globally stable. First, we use
the following theorem to show that this steady state is locally stable:

THEOREM 9. Hj is locally asymptotically stable if Ry < 1, and unstable if
Ro > 1.

Proof. To begin with, we notice that A, the generator of the linearized
system (9), and A, the generator of the corresponding linear system without

delay (7 = 0), are not identical. Moreover, the principal eigenvalue of the
problem is S(A-, ).

(14) B(m) 5B Os(m)e Ve ™ ™ + a(n) FHBOs(n)e ™™V e ™V — By (1)Oa()
= \O2(n),

K /Q J(n —€)(O3(¢, €) — O3(e,m))de + B1(n)O2(n) — Br(n)Os(n)

= AO3(n),
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with A, as the generator of the semigroup Pr, (1) related to the delayed linear
system (9), for all 1 € Q . The principal eigenvalue of the problem is §(A).

(15)  B(n)3-50s(m)e ™™ + a(n)5HEO(n)e ™™ — By (1)da(n) =AOa(n),
K1 [ 71— (©s(1,0) = Oae,m))de + By (n)€2(n) — 51 ()s(n) =AOs(n).

We determine that 0(A) has the same sign as S(A;,,) by applying Theorem
9.2.1 in [14] to the eigenvalue problem associated with the first equation of
(14) and (15). As a result, there is a sign difference between the exponential
growth rate associated with the semi-group linked to the delayed system (14),
known as w(Pr,)), and the one associated with P(¢), the semi-group linked to
the generator A. The exponential growth bound of P(¢) is now found and is
defined as

w(T) = max {§(A),wo(T)},
utilizing e = k(P(¢)) where k represents the non-compactness measure.
Finding the sign of w(Pr, ) is necessary to demonstrate the local stability of
Hy. If w(T) < 0, then Hj is locally asymptotically stable; if w(T) > 0, then
Hy is unstable. Since w(T) and w(P;, ) have the same sign, it is possible to
infer the local asymptotic stability of VFSS by using Theorem 2.1 in [16] to
determine the sign of w(T). Lemma 4 gives us wy < po < 0. As a result,
Hystability (or instability) is determined by d(A). Lemma 8 gives us that
Ro — 1 and J(A) have the same sign. Consequently, if Ry < 1, then Hj is
locally asymptotically stable since §(A) < 0 and w(T) < 0. Nevertheless, if
R <1< Ry, 6(A) > 0. Consequently, w(T) = §(A) > 0, and Hy becomes
unstable. g

wo (’I[‘)

The following lemma is used to construct test functionals.

LEMMA 10. Given the assumption that Rg < 1, then there exists a p > 0
that satisfies p < 1. It may be written as

16 = su 1
(16) g eeL2I(i)7£O{KIfQ [, 57 (—)(©(n)—~O(e))O (m)dedn+ [, B1(n)©2(n)dn

a(mAr(mBi(me "V 2
/ Bs 0By (m)—Bee PV A O (”)dn}'
Additionally, the following system is also satisfied by the positive functions
0" = (69(n), ©3(n)".
(17)
— (Bv(n) — a(x) 358100 (n) + 1 ()O(n), n €L,

0 =18(me ™ 3B + K [ J(=0)(©3(1,0) — 3. 1)de — B ()5

Bs(n)

n € .
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Proof. Notice that for Ry < 1, we obtain that R(n) :=

As a consequence, we use a different decomposition from (A:
operator A as
(18)
A o s A
A ( By (n) — a(n) giB e v 0 > N ( 0 Bln)e v ) _BLF
B1(n) Ap 0 0

We assume that the semigroup generated by B is Tg(¢). Clearly, S(B) < 0.
We assume that p is the spectral radius of K, which is

p=t(K)

Using K := —FB~! and applying Theorem 3.5 in [13], we conclude that if
Ro < 1, then 6(A) < 0 and, consequently, p < 1. We then consider an
eigenvalue ¢ of A that solves the following problem

=

00(1) = A[B](n),1 € Q2,0 = (81(n), O2(n))" € C(Q,R?).

Next, we claim that the problem

(19) B[O](n) = oF[O](n),n € Q,
has a unique principal eigenpair (n*, 0°) that fulfills

p=1(-FB™!) = t(-B~'F) = .

We assume that Tg(¢) is the semigroup related to the generator B in order
to demonstrate this assertion. Theorem 3.5 in [13] suggests that since B is a
positive resolvent and Tg(¢) is a positive semigroup

(vI — B)’l(%:/ ¢~ Ty (1)d,0€ D(B).
0
Assume that v = 0. Next,
—B*@Z/ Tp(1)dr,0€ D(B).
0

Additionally, we get
F(-B™")©e=KI[6](n).

Now, we set © = —BC:), then we get

FO= —K(1)BO.
Therefore,

- Fé _
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Given that (19) has a unique positive eigenvalue p*, then p* = % with a
positive eigenfunction. In (18), we obtain p by substituting ¢* with ©* = (07,

©3),n € Q is the corresponding positive eigenfunction , we have

(20)

—(Bv(n) — a(n) 3-Be )01 () + i (m)O3(n),n € 2,
n)

0= ¢ Blme ™ 3BO1n)+K1 | J(1-0)(O3(1,)=O3(e,m))de — Br ()O3 (1),

ne Q.
The first equation in (20) suggests that R(n) < 1

* B1(n)Bs(n) * 0
0101 = 5 mBst—ammmerv O2(1), 1 € L.

Therefore, we enter it in the second equation in (20) to get

ok pry A(n) B1(n)Bs(n) *
(21) 0 =0"Bme ™™ 356y BBt —atmmmerv O2(1)

+ K /Q J (1 — €)(O3(¢, €) = O3(e, ) de — Br(n)O3(n),

neq,
hence,
K / T(n— €)(©3(t, €) — O3(1,m))de — 51 (n)O3(v)

B(n)e™*7V A1 (n)B1(n) N B
+ & g mBsm—amm e O2(1) =0

By considering the decomposition (18) and taking into account that o* = >
we deduce that

22 = su L X
(22) g egﬂ%;eo{f(f [, [, 57— (©(m)—6(e)) (n)dedn+ [, B1(n)©2 (n)dn

a(mAi(n)Bi(n)e” "V 2
x /Q BBy () —Bue PV A () © (n)dn}-

Consider that ©° = (09(n), 89(n))T is the eigenfunction associated with the
eigenvalue p. Consequently, p and ©° satisfy the following system

(23)  —(Bv(n) — a() 3B e )0 () + Bi(n)O3(n) = 0,1 € Q

77
SB(me Al ) oY (n) + K; /Q J(n = €)(03(s,¢)

—09(¢,m))de — Br(n)©5(n) = 0,1 € Q
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REMARK 11. System (24) is used to establish the global stability of the
VFSS.

The following theorem presents the principal result of this section.

THEOREM 12. Let Ry be defined by (22) and (23). Then Hy is globally
stable in C if Ry < 1.

Proof. It has been proved that lim n Sup S(e,m) < 2‘1(( )) .Therefore, there exists

0 > 0 sufficiently small such that S (L n) < (Z)) + 0 for ¢ sufficiently large.
(

Furthermore, given the fact that p is defined by (22), if #y < 1, then for
pe small enough there exist positive functions (09 (n), 04(n)) satisfying the
following system:

(24) 0=~ (Bv(n) — a(me ™V (54D +0)0](n) + B (m)O8(n),

0 =, Bne™™ (55 + )6 (n)

+ K1 [ J(1=0(©4(e) - O4(n)de = BrmOY(m), 7€ L
We then define the following Lyapunov function
(25) EQ) =9() + 97, (1),
with

/ OV (1, ) + %)V (1, n)dn,

and

00 =™ [ ORmBmGE +0) [ 1= s.apds

+ O a3 +0) [ V(e smdsdn

Bs(n)
where system (24) defines ©9(n), ©9(n). The derivative of ¥(v) is

=/ O (n) 2™ + 65 (n) 25 dn

= [ {&tm) B~ rom I~ msme ™

+a(n)S( = T )V (e = 7o, )e ™™ = By ())V (1,m)] Jn

+ [ {68 |51 [ I /T~ 10 m))der 1)V (am) = 31 () .m)| .

Using the inequality S(¢,n) < e ((Z)) + 0, we get

o) < [ {10 [ G + 016 = rme ™
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((§+®V@—%mkww—ﬁMmVﬁmﬂMn
+ / / J(n =€)l (i, €e)de+ B1(n)V(¢,n)
= Br(mI(e,m) = (va(n) + KrJum)1(,m)| hen,

with Ji(n) = [o J(n — €)de. Using (24), we get
9'(1) <

< [ {SlmBmGEE + 01~ rme

)G + OV~ e ™) by

+ [ {esi JG/J — T de+ A1V ()] d

— [ Vi) {atn 38 dlm + i dn
—/QI(L,n){peB(n) T (GH 4+ 0)6 (n) +K1/ J(n — €)0%(e )de}d

Using the assumptions on J, we have

/Q/Qj(n_e)@g(e)j(b’n)dedn:/Q/QJ(U—@@‘SI(L,e)dnde.

Therefore, some simplification gives

/@%mmm@£3+mfww M) 41— 7,

+ [ ©4mat (3G +0)e ™ V= 7,m) = V(i)
v’ (¢) is given by
—e_“TV/ 99 77) +0) &/ I(t— s,m)ds
+@%mmmg9+ea/ V(e — s,n)dsdn
A
e [ OlmBm GG +0) [ G~ smds
0 1(n) )
+ Ol mamGB +0) [ 4V sndsdy
TV
e [ OfmBmEE +0) [ (=410 —smds

o An) 4 p i — V(L — dsd
+ 1(77)‘1(77>(55(77)+ ) o (=55)V (= s,m)dsdn
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——{em [ etmsm Gy + 01— sm) [

+Olmaln (3 +6)V (e~ sm) [ dn

= [ SlmBmGEY +0)U(em) — 1= 7))

+ O (m)a(n) (FHS +0)(V(e,m) = V(e = 7, m))dn

. By summing '(¢) and 7, (¢), we obtain

B <™ [ fmBmIemGE +00 - %)dn <o

Equality holds for I(¢,n) = 0. Given this, the third equation of (2) implies
that V' (¢,n) = 0. Therefore, (I(¢,n),V(¢,n)) — (0,0) uniformly for n € Q as
L — 00.

We further obtain that S(¢,n) — 2;((777])) uniformly for n € Q as « — co. To sum
up, the theorem is proved. ]

6. UNIFORM PERSISTENCE
The following spaces should be defined:
& = {UeXt:V(m)>0,1(m)>0,ne0};
06 = {UeXt:V(n)=0,1(m)=0,ne0};
My = {Upe€ 0&: ®(,Ug) € 0y for v > 0}.
Then, we obtain the following results.

THEOREM 13. Assume that Ry < 1 < Ro. Then the system (2)—(3) ex-
hibits strong uniform persistence. Additionally, in &y, it possesses at least one
positive steady state that remains uniformly persistent.

Proof. To establish the uniform persistence of the system, it is sufficient to
verify that all the assumptions of Theorem 3 in [18] are satisfied. O

The following claims provide the detailed proof:

CLAIM 14. Hy is globally stable for semiflow {E(¢)},>0 restricted to 9&.
For Uy € 0, (2) becomes

{ () = M) — Bs(n)S(e,m),

t>0,n€ Q.
V(777) = 07[(777) = 07

(26)

Therefore, S(t,n) goes to 2;((1777)) foralln € Q. Hence, w(Uy) = {(2‘;((?7)) ,0,0,0)},

where w(¢) is the w-limit set.
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Cram 15. For any Ug € &, we have U > 0 for all n € Q ,and > 0. We
consider the problem

P — Ky [ 3= (i(0,0) = iCesm)de = Br(n)iCusn), 0> 0, € 0.

Z(Oan) = 10(77)777 € 6

Comparison principle implies that 1(1,n) > i(t,m). Now, it is sufficient to
show that i(t,m) > 0 for all > 0, n € Q. This proof follows the approach of

Proposition 2.2 in [19]. We define the operator Y : C(Q2) — C(Q)

Ti(s,m) = K; /Q T(n—y)(I(e,y) — I(t,n))dy, 7 € Q.

Clearly, T is continuous, and {erb}eo forms a uniformly continuous, pos-
itive semigroup on C(Q) generated by Y. , where for 1 > 0, we get eT*

oo
n n
= Z % Further,
n=0

X (Io(s,m)) = Y TXalem)) ) 5 0 € [, 0].

n!
n=0

Since i(t,n) # 0, we have Y"1 (Iy(s,n)) = J(n — y)Y"Io(s,v)dv,n € Q,
s € [-7,0], and n > 1. The iteration process implies the existence of ng such
that Y"+1(1(0,n)) > 0,7 € Q and n > ng. Hence,XY"(Io(s,n)) > 0,7 € Q,s €
[—7,0]. Consequently,

i(1,m) = 6—(K1—61(n))6TT(_70(8777)) +/O e~ (K1=B1(n)(r—0o) eT(T—U)i(Lm)dJ’
> e~ Kr=Brm X7 (Iy(s,m)) > 0,

for v > 0,n € Q. The second equation in (2) yields U > 0 from this
inequality. The value &y is therefore positively invariant.

CLAM 16. Hy is a uniform weak repeller for & for $1 <1 < Ry. In order
to prove this assertion, we demonstrate that there exists a sufficiently small
01 > 0 such that the semiflow {E(¢)},>0 satisfies

limsup ||E(¢, Ug) — Hol| > 6;.
L—>00

We wuse contradiction arguments to demonstrate this result. Suppose that
limsup || E(¢; Ug) — Hol| < 01. Hence, there exists 11 such that U(c;Ug) satisfies
L— 00

2;7((?7)) — 01 <S(t,m) < 2;((2)) +601,0<V(;n) <b,.>0, ne Q.
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Since 1 <1 < Ry, we have Se(A) > 0. Then, there exists € sufficiently small
satisfying

x6(n) = (Bv(m) = a(m (G + 0B (5 + 01)B1(m)Ar) ©(n), ©(n)

= (o' (1), 02T, n e Q.

has a principal eigenpair (x¥,OP) with xP > 0 and OP = (6},08) . Hence,
for v >y,

O =B(m) (G + 0L = 7o m)e

+a(m (G + 00V (e =y me ™™ = By ()V (1, 1),

G (1) =K /Q J(n = y) (v, y) = (e, n))dy + Bir(n)V (e,m) = Br(n) (e, ),

Lt>, neE.

By comparison principle, we obtain

P(_
V), I(m)" = ye 10" (n).
There is a contradiction since y* > 0.

CrAaIM 17. System (2) is strongly uniformly persistent in & for ¥; < 1 <
Ro. For the orbit »(Up) := U,>0{=(¢)}, let 01(Up) be the o - limit set. Since
D(1;&0) C & and Z(1;080) C 0, then My = 0&y and o(Uy) = Hy for all Uy €
0&. Hence, Hy is isolated in X. Since o(Uy) = Hy for all Uy € 0&y, then
there is no cycle in 0y from Hy to Hy. We obtain W*(Hp) N &y = &, with
We(Ey) ={Up € X : LligloE(L’UO) = Hy}, based on the outcomes of Claim 16.
Since all the assumptions of Theorem & in [18] are satisfied, system (2) is
strongly uniformly persistent for R1 < 1 < Rg. Consequently, the assertion
follows. Moreover, the endemic equilibrium E* = (S*,V*,I*) satisfies the
following steady-state system:

(27)
0 =Ai(n) = Bs(m)S™(t,n) = B(m)S™ (e, I (1, n) — a(n)S™ (1, MV (1, m)

0 =B(m)S"(mMI* (e ™™ +an)S* MV (n)e ™™ = Bv(mV=(n) ne Q.
0=Kp /Q J(n—e)(I*(e) — I*(n))de + Br(m)V*(n) — Br(n)I*(n).
7. GLOBAL BEHAVIOR ANALYSIS

THEOREM 18. If 1 < 1 < Ry, then besides Hy, there is also a unique
immunity-free infected steady state Hy = (S*,V*,I*,0).

Proof. From (27), we see that system (27) has a unique endemic equilibrium
Hy = (S*,V*,I*,0). Let us construct the following Lyapunov function,

E*(L) = QI(L) + O17y >
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with

0= [ amfer P (3854) + Vo (V)

+ GmI*(mH (43 }dn,

and
017y =/Qe‘*”vél(77) /OTV B(n)S*(mI*(n)H (W)
a(m)S*(mV*(n H (=27 dodn,
where H(t) = t — 1 —In(¢), for t > 0, (1(n) = 2e~ /LTVBI((;I)S* 77)’<2( ) =
2eH T‘/%. For simplicity, we use the notations
§=8@n), I=1(n),V=V(.n), S, =80=mn.n), In, = I(=1v,7),
Vie =V —1v,m), S*=5"n), I" =I"(n), V*=V*(n).

First, we compute ¢} (¢), which is

ot

/gl 1-5) 8 4 (1- ) o) (1 - ) 2D
:/ Cl(n){e—lwv 1 _ %) [A1 — BsS — BST — aSV]

+ (1 - 7) [8Sry Iy e 7Y + alSry, Vi e ™'V — By V]

+ Gl (1- f;)[m L T OT(u,des 51 (a)V )= (Brlon)+ Kn) T
= (8%, V*,I*,0) satisfies
Ai(n) = Bs(m)S™ + B(n)S™I* + a(n)S* V™,
BrmV* = B)S TeH™ +a()§Vre ., neq.
(Br(n) + KDI* = Ki fo I — O (€)de + Bu(n)V™,

Thus, after some simplification, ¢/ () becomes

() =

= [am{erosms (2- % - §)
Q
+e VRS T 2 -5 - S Lo S Sl
etV a() SV [ B S Ay 1t

S
+K1C2(77){(1 K[/J —el (Lede+ 17— /J —e)[*(e de]
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25
FamamV (14 ¥ - £ - Vi) han
Notice that (2(n)51(n)V* = B(n)S* [*e™V and (1(n)C2(n) = 2I*. Then, we
obtain
2/941(77){6“”55(77)5* ( - % - Si)

— % 7% * Sri I, V™ VI
+e VB ST [3*** 5T + = S*I* Py *W}

— T * * * S‘I’ V‘r ST V‘I’
+ e MV a(n) SV [2— S - SV SV*VV] }d??
—|—2KI/ 1{( - IT)/ J(n — eI (¢)de

Q Q
+ (1 - IL) / J(m—e)l(e, e)de}dn
Q
-/ <1<n>{ews<n>5*( -5-§&)

— I S* Sri I, V™ *
+e K VB(T])S I |:3 — g S*I* + S*[* - g*]"“/v - %]

— LT * * * S‘I’ V‘r ST V‘I’
+ e MV a(n) SV [ -5 S v SV*VV] }dn

* I* I* I(e,e I*(e) I(et,e
+Kf/ / — Ol Or ){2 - 3 — T0d I£(n§}d77d€'
Alternatively, QlT is computed as follows:
ey = [ arn) [ B)S I H ($882) + aln)sTVH ($28) dod

= [ e am{sms T [ (&) - # (Sg7)]
a(m)sV*[H (£5:) - H ()] }dn.

Adding ¢/ (¢) and ¢}, we find

:/le(n){e_”T"ﬁs(n)S* ( -5 - Si)

—uTY s [o 8% SI _ Srylry  Sryley V' oy
+e "V B(n)STI [ S0 O STV VI

—uTy * 1k s sV Sry Vry _ Sty Vry
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Ky ] 0= 0r 1 {2~ F - H o

+ [emam{sms (1 () - 1 ()]

+a()s Vv [H (g5x) - H (Tgae )] }d”
_ /Q ewv<1<n>{ﬁs<n>5* 2-%-#)
+BS T [-H (%) — H (T35 ) — 1 (5]

vasv [ (%) - 8 (550)] Jan

* * I* I(e, I*(e) I(e,
+ KI/Q/QJ(U —e)I*(e)I*(n) {2 — I(L(’Z; I*L(:)) _ I(L(;)) 18;; } dnde.
Thus, E.(¢) <0, and equality holds when S = S*, V =V* I =1T1* Asa
result, the immunity-free infected steady state H; is globally asymptotically
stable. 0
8. GRAPHICAL REPRESENTATION

Here, we validate our theoretical results by numerical simulation. We set
Q= (-1,1) and

1
2.2523e¢7-1, —1<n<]1,
() = !
0, otherwise.

This ensures that
[ Jmdn=1,
R

and that assumptions (P0) and (P1) are fulfilled.
We consider the following set of parameters:

p=10"" Bs(n) =15-10"", fy(n) =12-107", Br(n) =13-107",
)‘1(77):29'10_17 TV:98'10_1a B(T}) :Ba 04(77) :L
Kr=5-1072, ¢=098-10""1.

So(t,m) =3-1071 +5-1072 cos(n),
Vo(r,m) = 41-1072 + 1072 cos(n) 4+ 1073 cos (),
Io(t,m) = 71-1072 4+ 10! cos(n) 4+ 1072 cos(3¢).

First, we take 8 = 47 -1072. Then Rg = 0.7614 < 1, and the infection-free
steady state Hy is globally asymptotically stable; see Figure 8.2.
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Fig. 8.2. When Ry = 0.7614 < 1, the infection-free steady state Hy is globally asymp-

totically stable.
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Next, the immunity-free infected steady state H; is globally asymptotically
stable for 5 = 231072 and Br(n) = 187 - 107!, where Ro = 3.5874 > 1 and
R1 = 0.3956 < 1; see Figure 8.3.

12

150
0 100
50

n 7 Time ()

+ Jg S(en )dn ]|
o Ve Ynf|
Jo e )dn [
Jo R(en )dn[|

0 £ o w0
Time (1)

Fig. 8.3. When Ry = 3.5874 > 1 and Ry = 0.3956 < 1, the immunity-free infected
steady state H; is globally asymptotically stable.

Finally, for Sr(n) = 53 - 107! and Ry = 2.1894 > 1, the infected-immune
steady state Hs is globally asymptotically stable; see Figure 8.4.
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Fig. 8.4. When Ry = 2.1894 > 1, the infected-immune steady state Hs is globally
asymptotically stable.

9. CONCLUSIONS

This paper presents and examines a model of nonlocal dispersal viral in-
fection that includes humoral immunity, intracellular delay, and transmissions
from virus to cell as well as cell to cell.

We have proved that the global dynamics of system (2)—(3) is determined
by the basic reproduction number of infection Ry and the basic reproduction
number of immunity ;. By analyzing the characteristic equations and con-
structing Lyapunov functionals, we have obtained the following conclusions: if
Ry < 1, then the infection-free steady state Hy is globally asymptotically sta-
ble; if 1 < 1 < Ry, then the immunity-free infected steady state H; is globally
asymptotically stable. We note that constructing a Lyapunov functional for a
delayed nonlocal diffusive problem is not straightforward.

Additionally, using a set of assertions that confirm every assumption of
Theorem 3 in [18], we demonstrated the system’s uniform persistence. As a
result, the semiflow =(¢) is uniformly persistent, and the system admits at least
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one positive steady state. Finally, we supported our findings using graphical
representations.
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