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A DEFECT-CORRECTION NODAL FINITE ELEMENT METHOD
FOR TIME-DEPENDENT MAXWELL’S EQUATIONS ON
POLYGONAL DOMAINS

JAKE LEONARD NKECK*

Abstract. This paper develops a nodal finite element Crank-Nicolson method of
lines to solve the time-dependent Maxwell’s equations on polygonal domains with
re-entrant corners. Nodal Finite Element methods are used to solve Maxwell’s
equations with an optimal convergence rate when the domain is convex or has
a smooth boundary, but may fail to converge if the domain has a re-entrant
corner. The Defect-Correction method presented is based on a decomposition of
the solution in terms of Fourier and Bessel’s series, an extraction of the singular
function and an approximation of the regular part of the solution. Optimal
convergence results are recovered using the method in both the energy norm and
the L2-norm.
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1. INTRODUCTION

Electromagnetic waves are of particular importance in applied physics, en-
gineering, and materials science, for example, in radars, antennas, and the
detection of cracks in metals. Electromagnetic phenomena are modeled by
a particular system of partial differential equations (PDEs) called Maxwell’s
equations or equations of electromagnetism. Maxwell’s equations involve a
couple of vector functions (u,b) called electromagnetic field, where u is the
electric field and b is the magnetic field.

A general result of numerical methods for PDEs is that the accuracy of
approximation depends on the regularity of the unknown solution, see [1, 2,
3, 4]. It is well known that solutions of boundary value problems in domains
with corners, cracks, edges and conic vertices may entail singularities, even if
the data are smooth. Moreover, the asymptotic behavior of the solution near
these geometric singularities has been well studied and the results are now well
known, see, for example [5, 6, 7, 8]. However, unlike general elliptic boundary
value problems, the solution of Maxwell’s equations in domains with geometric
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singularities exhibits some regularity properties that make its approximation
particularly difficult.

In the case of time-harmonic Maxwell’s equations in a two-dimensional do-
main §2 with corners and for a given right hand side function in the Hilbert
space L2(Q)?, it has been shown that the solution belongs to the Sobolev space
H™(Q)? (m = 1,2) only if the value of the largest angle is smaller than 7 /m,
see, for example [9, 10, 11, 12]. It follows that the solution belongs to the space
H'(Q)? only if Q is convex and to the space H2(Q2)? only if the largest angle at
the corners is less than 7/2. We would say that the solution of the boundary
value problem has geometric singularities if for a given right hand side func-
tion in L?(2)? the solution belongs only to the Sobolev space H*(2)? with
s < 2. It follows that on non-convex domains, the standard H'-conforming
FEM cannot be employed for the solution of Maxwell’s equations.

The work of Costabel [13] in 2002 combined with the bilinear form intro-
duced in [14] has allowed the scientific community to renew the nodal FEM
for Maxwell’s Equations and some new finite element schemes have been de-
veloped in order to recover the convergence rate on non-convex domains. We
mention in particular:

- The singular field method (SFM) introduced by Hazard and Lenoir
[15], Hazard et al. [16, 17]. This method consists in splitting the
solution u into two parts u = u, + ysus, with a "regular part” u, that
lies in the usual Sobolev space H' and a singular part us that lies in
a known finite dimensional space and a constant s to be determined
from the finite element linear system. The constant v, is known as
the coefficient of singularity. With this method one can approximate
the solution in non-convex polygonal domains with nodal FEM but
the rate of convergence is still lower than the one on smooth domains
because the splitting is not optimal.

- The Orthogonal Singular Field Method (OSFM) introduced by Assous
et al. [17], where the solution u is again split into two parts u =
u, + (u/ +~vsuy), a regular part u, that lies in a subspace of H' and
the second part (u,. + ug) is in a subspace of the space of solutions
orthogonal to the regular space. The OSFM and the SFM have the
same rate of convergence but the OSFM is more stable due to the
omission of the use of cut-off functions present in the SFM for the
instabilities due to the use of cut-off functions.

- The ”X-approach” for two-dimensional vector problems developed by
Jamelot in 2004 [18], where the splitting u = u, + ysu; is done but ~,
is given by a formula and depends only on the domain and the initial
data. This method ameliorates the rate of convergence of the SFM
and the OSFM but the rate is still not optimal (of order O(h?™/«~1-¢)
in the energy norm and O(h*"/“~2=¢) in the L?norm, w being the
greatest value of the angles of the domain).
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- The weighted regularization developed by Costabel and Dauge [13],
where the boundary conditions are multiplied by a weight that depends
on the distance to the geometric singularities. In this method each
singularity requires the construction of a new weight. It is stated
in [19] that this method requires the approximation space to contain
the gradient of C'-scalar functions, which excludes low order finite
element spaces (C°-finite element spaces for example). This restriction
is removed in the work of Buffa et al. [20] by considering a mixed form
of the weighted L2-stabilization technique on special meshes. This
method has also been simplified by Otin in [21, 22] where the method
is performed by using a weight equal to zero in the elements near the
singularity and equal to one in the other elements.

- The mixed methods with natural boundary conditions developed by
Ciarlet Jr. et al.[4]. These methods consist in the dualisation of the
equation on the divergence and the relation on the tangential or nor-
mal trace of the field with some Lagrange multipliers. Several authors
have also contributed to the development of these methods. We high-
light the works of Codina et al. [23, 24, 25] where a novel augmented
formulation is produced by adding the Laplacian of the Lagrange mul-
tiplier multiplied by a mesh dependent stabilizing term to the equation
resulting from the dualisation of the divergence equation.

- The L2-projection methods developed by Duan and al. [26, 27]. In
these methods, L?-projectors are applied to both curl and div for-
mulations and linear continuous finite elements enriched with some
higher order bubble functions are employed in order to approximate
low regular functions. These methods do not impose information on
the geometric singularities of the domain boundary but are still limited
to linear continuous elements.

- The interior penalty method [19, 28|, where the idea consists of con-
trolling the divergence of the electric field in a Sobolev space with
fractional negative exponent. The optimal rate of convergence is re-
covered with this method.

- The Predictor-Corrector nodal FEM that makes use of the explicit ex-
traction formulas for the coeflicients of the singularities of the solution
near the corners ( see [9, 11, 12, 29, 30]). The optimal convergence
rate is recovered by the method. The method can be applied with
high order finite element polynomials but faces the problem of loga-
rithmic singularities that may easily happen in the case of Maxwell’s
equations.

This paper extends the Predictor-Corrector nodal FEM developed for the 2D
time-harmonic Maxwell’s equations on convex and non-convex polygonal do-
mains with exactly one re-entrant angle Q) centered at the origin O(0,0). The
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method is based on a Fourier decomposition of the solution and a defect-
correction algorithm to recover the optimal convergence known for Maxwell’s
equations on convex polygonal domains or on domains with a C2-boundary.

This paper is organized as follows, Section 2 presents the Maxwell’s equa-
tions on polygonal domains, Section 3 develops a local decomposition of the
solution around the singular corner, Section 4 proposes a Defect-Correction
FEM with the error estimates in L?- and the energy norm and Section 5
concludes the paper.

2. THE MODEL PROBLEM

Given a vector function v = (v1,v2)T, define the divergence of v by

Ovg

Ul
divv = i + on -

— Ova _ Ovp
curlv = 0o~ Ouy

Given a scalar function v, define curlwv by

— (Ov _Ov
curlv—(am27 aml).

Define L?(£2) to be the space of classes of measurable and square integrable

1/2
functions over Q equipped with the norm ||u||p = (/ lu(zy, z9)|? dx) that
Q

will also denote the norm in the Cartesian product space L?(Q)?, dx = dz1 dx
being the Lebesgue measure.

Hy(curl; © ve L2 (0)?: curlv € L3(Q) andv/\n:OOHQQ}

H(div; Q

) :

) :

H(div’; Q) :
Hy(curl div; Q) :
(©)

(©)

(©2)

{ver®
{verl2@)?: divve L¥(Q)}
{VEL2 (Q)?: divv =0 in Q}
Hoy(curl; Q)N H(div; Q)

" :{ 6(1“(111‘*‘6‘12&1;2 € LQ(Q), a, a0 €EN) a; +ag < m}
N(Q :{VEHl V/\n—OonF}
Q :{ueﬂl :uzOonF}
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equipped with the norms

1/
[Vlewn = ([IV113 + [fewrd v][3)
Vllaw = (VI3 + v v]3)
. 1/2
[Vlea := (IIvIE + llewrlv][3 + [[div v]]3)
. 2\ 1/2
o1 taz
lolln = (I + X || 2] )
ay,a2<m 0
Ml @) = VIl =2 VIl 0

where || - ||, denotes the norm in H™({2) and also the norm in the cartesian
product space H™(Q)2. The quantity defined by

. 1/2
[V]ea := ([lewrlv[[3 + [|div v[[3)

is the semi-norm in Hy(curl,div; ).

Given an interval I C R and a Hilbert space X, C*(I; X) will denote the
space of bounded k-continuously differentiable functions w on I of the form
t— u(-,t) € X equipped with the norm

lullex = sup [|0%(:, £)]|x-
tel,|a|<k

The space Ck(I; X)) will denote the space of functions u := (uy,ug), ui,uz €
C*(I; X) equipped with the norm

[Juller = (luallze + llual3) 2.

The space L?(I; X) is the completion of C°(I; X) with respect to the norm

il = [ e

The space L?(I; X) is the space of functions u := (uy, ug), u1,us € L*(I; X)
equipped with the norm
1/
lullgaxy = (halBagx + uslFan) -

The space H™(I; X), m € N, m > 0 is the space of functions ¢ — u(-,t) € X

a1+o2

such that WJ € L?(I;9) with the norm
1
o “+a 2 2
[l gm (r,x) = (/ > 3ti1+§§ . dt)

ar1t+ag<m
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The space H™(I; X) is the space of functions u := (uy,u2), ui,us €
H™(I; X) equipped with the norm

1/2
[l (rixey = (1l o) + uzlrmx)) -

Given a simply connected polygonal domain £ C R? with boundary 052, a
function f:= (f1, f2)T € HY([0,T]; L*(Q)?) such that divf = 0, two functions
u’ = (uf,ud)T € Hy(curl,div; Q)N H(div’; Q)N H?(Q)? and u' := (uf,ud)T €
H(div%; Q), find u := (u1,u2)” € L2(0, T; Ho(curl,div; Q)) such that

(1) 52%273 + curlcurlu = fin Q% (0,7)

divu = Oin Q2 x(0,7)

u/An= Oon 00 x (0,7)

u(-,0) = u’()in Q

% (,0) = u'(-)in Q

where n = (nq,ng) is the unit outward normal to Q, 7> 0 and « € R.
Using the formula curl curlu = —Au + V(divu) one obtains the system

ﬁQ(?;T;‘—Au: fin Qx(0,7T)
divu = Oin Qx(0,7T)
(2) uAn= Oon o0 x (0,7)
u(-,0) = u’()in Q
%—;‘(-,0) = ul(-)in Q

Problem (2) is equivalent to an initial boundary value problem useful for the
Lagrange nodal finite element investigation due to the continuity of the finite
element functions along the tangential and the normal components. That
result is given by the following proposition.

PROPOSITION 1. If k2 is not an eigenvalue of the Laplace operator —A(-),

Problem (2) is equivalent to the following problem:
find w € L?(0,T; Ho(curl,div; ) such that

KQ%%‘—AUZ fin Q2 x(0,7)

divu = Oon 002 x (0,7)

(3) uAn= Oon 002 x (0,7)
u(-,0) = u’()in Q

G(,0) = ul(-)in Q

Proof. A solution of Problem (2) is obviously a solution of Problem (3).
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Suppose u is a solution of Problem (3) and let ¢ = div u, taking the diver-
gence in the first equation of (3), one obtains that ¢ € L2(0,T; H}(£2)) is the
unique solution of the Problem

K22¢ _ Ap = Oin Q x (0,T)

(4) w= Oon 00 x (0,7)
o(-,0) = divu®(-) = Oin Q

92(.,0) = divu'(-) = 0in Q

But Problem (4) has the unique null solution provided that x? is not an eigen-
value of the Laplace operator —A(-), then ¢ =0 in Q x (0,7") and u is also a
solution of Problem (2). O

Taking the inner product of the first, fourth and the fifth equation of Prob-
lem (3) with v € Hp(curl,div; Q), the integral over {2 and using integration by
parts lead to the variational problem: find u € L?(0, T'; Ho(curl,div; 2)) such
that

/<a2% u-vdx +a(u,v) = / f-vdx Vv e Hy(curl,div; Q)
Q Q
(5) / u(-,0)-vdx = / u’-vdx Vv € Hy(curldiv; Q)
Q Q
ou 1 .
—(-,0)-vdx = / u -vdx Vv e Hy(curl,div; Q)
Q Ot Q

where a(u,v) := / curlucurlv 4 divudivvdx. The following results prove
Q

the existence and uniqueness of the solution of the variational problem (5).
To prove it, one can apply Theorem 8.1, page 287 of [31].

PROPOSITION 2. If f € HY(0,T; Ho(curl, div;Q)), u € Ho(curl,div; ) N
H(din®; Q) N H*(Q)? and w' € H(di";Q), then the variational problem (5)

has a unique solution w € C°([0, T]; Ho(curl,div;)) such that aa—?

C°([0,T); H(di";Q)). Furthermore the solution depends continuously on the
data.

belongs to

3. DECOMPOSITION OF THE SOLUTION

An approximation of the solution of the variational problem (5) involves
a particular study of the relation between Hy(€2) and Hop(curl,div;2). From
[16] page 2033, Hy(curl,div; Q) = Hy(Q) & VXg where

Xg = {90 € HYQ):3f e N : —/Qw-vdeZ /szﬁdx Vi € H&(Q)},
N being the orthogonal of A(H?(2) N HL(2)) in L?().
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This introduction allows the decomposition of the solution into a space
regular and a space singular part. The geometric singularity being a local
problem (see [8], page 71) it is judicious to study the problem in a circular
sector.

For sake of simplicity, it is assumed that the domain 2 has only one corner
centered at the origin O(0,0) in the (z1, z9)-plane with angle w > 7/2, w # 7.
Introduce the polar coordinates (r, 0) with 1 = rcosf, o = rsinf, 0 < 0 < w.
Let Ry > 0, consider the restriction on a circular sector GGy with

Go={(rcosf,rsinf): 0<H<w, 0<r <Ry},

and the cut-off function

1 if  0<r<Ry/3
n(r):=40<n(r)<1 if Ry/3<r<2Ry/3.
0 if r > 2Ro/3

Set u,, := nu, u, describes the solution u around the corner O(0,0) and u,, is
the unique solution of the problem: find wu,, € L*(0,T; Ho(curl,div; Go)) such
that

(6) K228 Au, = £, in Go x (0,T)

(7) divu, = Oon 0Go x (0,7)

8 u, An= Oon 0Go x (0, T
n

(9) u,(+,0) = nu’(-)in Go

(10) O (.,0) = nu' (in Go

£ nf1 —u1An —2Vn - Vuy
T \nfa —u2An —2Vn - Vuy )

The one-to-one mapping (z1,z2) — (r,6) transforms Gy into a rectangle G :=

{(r,0) : 0 <7 < Ry, 0 <6 < w}and we can pass through polar coordinates by
setting u(r,0,t) = u,(x1,22,t) and f(r,0,t) = f,(x1, x2,t) where

U\ ( uy1cosB 4 uysind fr\ _ ([ faicosO+ fpasinf
up)  \—upsin€+umpcosd)’ \fo) \—fpsin€+ fpocosb

ud [ nudcosf + nufsin @ ul\ [ nulcosf + nudsind
ugg) ~ \—nuisin® +nufcos)’ \up) ~ \—nulsind +nud cosf)’
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Problem (6) becomes

(11)
'f”azﬁr—%—%%—%%ﬂL%% T in Go x (0,T)
“2%78_%}_%82%9_185? - F% 4 Lyy = fo in Gox(0,7T)
r2 00 r
b+ 5 =0, e =0 T =0
%—i—%ur—l—ia;esfo ur =0 if 0 =uw
lur(0,0,t)] < oo, |ug(0,0,t)] < co 0<t<T
ur(Ro, 0,t) = ug(Ro,0,t) =0 0<f<w 0<t<T

ur(+,0) = un(-), ua(-,0) = ug()

e (,0) = ur(), FE(-0) = uj()

The derivatives are interpreted in the sense of distributions. The boundary
conditions at § = 0 and § = w allow us to consider the following Fourier
decompositions for u, and wuy,

ur(r,0,t) = Z Uk (1, 1) sin Ag0, ug(r,0,t) = Z ugk(r, t) cos A0

k=1 k=1
fr(r,0,t) Z frr(r, t) sin A0, fo(r,0,t) = Z for(r,t) cos \i.0
k=1 k=1
0 1 (r,0) Z ) sin Ax0, Z uek ) cos Agf.

where A\, = km/w, k € N, k > 0. The system (11) becomes
(12)

P P e V0w e L
ot2 or? P2k T L oy 2 WOk T gtk = rk
82u% azuek Ak 1 Ougy 2)\19 1
2 _ R — =
ot? or? * 2 kT o 2 Ukt r2 ok Jor
0 1 A
M—i—furk——kugk:0,11,%:0 if 6=0o0rf=w
or r r
|ur (0,8)] < 00, |ugr(0,t)] < oo 0<t<T

u?"k:(R07t) = ng(R(),t) =0 0<t<T
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ur‘k(ra 0) = n(r)ugk(r)a Uek(T, 0) = ngk(r) 0 <r< RO

ou, ou
atk (r,0) = n(r)uik(r), aik (r,0) = nuék(r) 0<r <Ry

Setting usr = Upg + ugr and ugg, = upp — ugg the first and the second equations
of Problem (12) become

8QU3k 82u3k A +1 1 Ousy, 2
2 72 92 kTQ Usk — -5 T g Usk = Trie + Jok
(13)
9 0% uyy, 82u4k )\% +1 10ua. 2\ _
R e L T AL e (St

The homogeneous equations associated to the equations (13) can be solved by
separation of variables by setting w;(r,t) = @ik (t)ix(r), © = 3,4 to obtain

1 A — 1)2 1
the equality Pl = ( e — %l/}z + =l |, = 3,4.
ik r r

K2ik
Due to the mixed boundary conditions at ¢ = 0 from the two last equalities
d2
of (12) and the smoothness of the solution u in time, the operator — d(2) has
positive and discrete eigenvalues a2, m € N, m > 1 arranged in an increas-
/!

; : Pik 1 7 ()‘k — 1) 2
ing sequence. One writes = e — ————; + ¢ =—ai
Pi  K*Pik ( " ' o

1 Ap— 1
i = 3,4, m € N, so, the equations 9]} + ,wgk - ((kQ) ozkm) P; =0,
r

i = 3,4 lead to ¥ (r Z CrimIr,—1(kagmr) + Coim Yy, —1(kQgmr), i = 3,4

m=1
where Clim, Coim are constants and the ag,,, m € N, m > 1 form an increasing

sequence of positive numbers such that Jy, _1(kagmRo) = Y, —1(kogmRo) =
0, Jx,—1 and Y),_; are the Bessel functions of the first and second kind re-
spectively.

The boundary conditions |u,;(0,t)| < oo and |ugg(0,t)] < oo in Problem
(12) imply that Coi, = 0,3 = 3,4, m € N, m > 1. Then

Uppp(T, 1) Z Uprn () Irp—1 (K T), Z Uokm () Ir,—1 (KQgm)

frk " t Z f’“km J>\k 1(’€O‘kmr) f@k T, t Z f@km J)\k 1(/4304ka)

mool mool

“gk(r) = Z ugkaArl(’kaT% ugk(r) = Z ugka/\kfl(/fakmr)
m;l m 1

“71%(7") = Z uikaAk—l(“aka), Uok Z uekaAk 1(KQgmT)

m=1 m=1



10

Jake Léonard Nkeck 10
where
1 Ro
f?‘km(t) = HJ)\ 1(/‘60% )|(2)/0 frk<T,t)J)\k71(:‘€Oéka‘)’f'dT'
k— m
2 Ro
UJHJ)\kfl(”akm')Hg/O ; fr(r,0,t) 5, —1 (K1) sin(A,0)rdrdd
1 Ro
form(t) = s mor I o for(r,t) In—1 (Kogmr)rdr
k— m 0
2 Ro
WHJAk—l(’fOékm')Hg/o : fo(r,0,t)Jx,—1(Kogm1) cos(Agl)rdrdd
0 1 Ro 0
Urkm = ||J/\ l(ﬁak )||%/O n(r)urk(r)J,\k,1(nakmr)rdr
k— m
Ro
= e 1(mkm Ho/ / (r,0) 5, ~1 (K1) sin(Ag0)rdrdd
U’7l"k;m

Ro
Ine—1(ka mT rdr
HJ/\k—1(f£Ozkm')H0/0 n(r) Tk( ) Ak 1(KgemT)

Ry
R 1(mkm Ho/ / (r,8) I, —1(Kagmr) sin(Ag0)rdrdd
Replacing u,j

and wugy, by their decompositions in Problem (12) leads to
urkm(t)

1 1 ¢ .
(akmuvlﬂkm + "f%‘lkm/t(] frkm(T) COS(aka)dT> Sln(akmt>
1
-3 Jrkem (T) Sin(aka)dT> cos(agmt)
) K alim 0 ‘
ugem (t) = <ué,€m +—-— form (T) COS(CJéka)dT) sin(agmt)
k Hlak’m 0

t
+ (ugkm " 2ae form(T) Sin(aka)dT> cos(Qpmt)

Then

up(r,0,t) = Z Uk, (t) I —1 (KO, 1) SID A0
k,m=1

ug(r,0,t) = Z ok (1) Ia,—1 (KOtgmT) cos Agf
km=1

where U, and ugg,, are defined in (14). Using the fact that

[e.e]

—1)" K1\ 2 A1
J)\k—l(’{ak’mr) = Z ( ) ( k >
n

— nIl(n + Ay) 2
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the solution  := (u,,up)” has the decomposition

ﬁ(T, 0, t) = Z Z Sk,m,n(ra 0, t)

k,m=1n=0

(15) = w(r0,t)+ i i Skm,n(r,0,1)

km=1n=02n+Ap—1<2

00 00 M
= War(r0,t)+ Y > > Skann(r,6,1)

k=1n=02n+A\p—1<2m=1
where M e N, M > 1,

ék,m,n(r7 97 t) =

(=1 (/ﬁaka>2n+A’“_1 (urkm(t) sin )\k9>
n!l(n + A\g) 2 Ugkm (t) cos A0

and w € CY(0,T; H?(Q2)?).
REMARK 3. In cartesian coordinates, u, has the decomposition

00 00 M
(16) u, (21, 2,t) := w(x1,z2,t) + Z Z Z Skmon (7, 0,1)

k=1n=02n+X\p—1<2m=1

where
Sk,mon (21, T2,1) = ' (- (nakmr>2n+/\k—1 (umm(t) sin( A\ — 1)9)
m, n!T(n +Ag) 2 Ugrm (1) cos(\g, — 1)8
LEMMA 4.
- - —1)" Ko 2n+Ap—1
" kmzzln:ogn%k_m n!F((n J)r Ak) < 2km> Urkm (t)| < 00
and
7 - —-1)" Ko 2n+A,—1
" kmzzln=0,2n;k_1<2 n!F((n j)L k) ( ka) ugkm (t)| < 00
Proof.
3 - =4 KOty | 2T 1
k,mzlnozn;k_l<2 n!T(n + Ag) ( 2 ) Upkem, (1)
< i i M W0, cos ()
k,m=1n=0,2n+A;—1<2 4n!|T(n + M)
Loy 1 t '
+f<;akm Upgorn SN (g t) + p— /0 Frm (7) sin (g, 7)dT

(19)
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1 dJ
The fact that rJy,_1(kogmr) = (—)\kJ,\k(/-iozkmr) 4ot (Iwzkmr)>
KO, dr
implies that
Ro A Ro
/ ud(r) sin(Ag0)Jx, — 1 (KQgmr)dr = — k / ul(r) sin(Ag0)J,, (K r)dr
0 ROl m 0

1 [
/ ud(r) sin()\kG)%(/@akmr)rdr
0 dr

ROlm

Ro
— / ul(r) sin(Ap0)r*+ 1 (rlf)"“JAkdr(/sakmr))dr
0

ROlkm
Ry

[mkm w0 (r) sin(Ar8).Jy, (mkmr)]

1 Ro du?
/ (ug(r) pre (7")) Sin(Aeb)x, (Kt )dr
0

ROlm

0

_ Ak Ro 0 . Ak—li 1=\
= up (1) sin(A,0)r o (r Ine—1(Kagmr)) dr
0

ROkm
1 Ro du® R R
+’%A (u?(r) * rdrr> sin(Akf)r ™t (= ko= I, (Komr)) dr
1 — kagmAy, [FO d
- #‘/0 ’U,Q(T) Sin(Ake)T/\k_la (Tl_)\kJ)\kfl(KJaka)) dr

1 Ro d 0 d
7/ Ur sin()\kH)r)"“f (Tlf)"“ J,\k—l(/’iakmr)) dr

K2aZ,, Jo  dr dr
1 du? Ro
= S5 [(0- Obr—") Ty .
lﬁza%m |:<( Kt )y 7 dr ) Ak 1(Hakmr):|0
LR (e — D o dud | dPul\
o | (P G T ) ),
km
1 B (ko —1)? o 1du® | d*ud
- _W/o (_(krzk)ug+ T + = >sm(>\k9)J>\k_1(nakm)rdr
km
| I3, —1(Kkm)|o

IN

C [u°||o if u® € H?(Gy)?

KO ?

One also has

R
/ ’ ui (r,8) sin(Ag8) I, —1(Kagmr)rdr
0

1 (R
= / up (1) sin(Ar0) In, —1 (KQgmT) K rdr
RQgm JO

1 KOt Ro
= / u) ( f ,0> sin(Ag0)Jx,—1(R)RdR where R = Kop,r
KQkm JO ROkm
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1

2 2
JAk_l(R)Rl/Q‘ dR)

2 Kokm Ro
dR /
0

1 /’“‘kao it (R g Ry
\nakm| 0 " l‘ioﬁ’cm7

< Cl[Ixne=1(0gm)llo [[u'flo.

Using the same way one can show that

Ro
frem (1) sin(Ag0) In —1 (kgmr)dr < C||Jx,—1(kowm:)lo][f]]o-

Hence (19) becomes

00 0o (_1>n KOk 2n+Ag—1
Z Z n!F(n—l—)\k)( 2k > trkm ()

k,m=1n=02n+\;—1<2

1
S (111l + — —lfa o)
< C m
kym=1n=02n+\,—1<2 2wnt [T (n A+ M) [ =1 (Kagme) o
1 t
+7/Sina T)dt||f ]
= /) sin(wamdrlitl
o] o] 2n+A—1
(=)™ (/ﬁakm> k
< | Y > Urkm ()
kym—1 n=0,2n-4Ag—1<2 il (n + Ar) 2
T||f
A (RS T Liarvw),
< m m
SR D DR o TR W[ [y
S C(Ro, T,u’, ul, 9)
SR R AT S CE I P e
< o0
Similar methods can be used with ug, ué and form to show (18). O

A truncation of the summation on the integer m can be done and the
following error estimate is obtained.

LEMMA 5. Let M € N, M > 1, and let {agm tm>1 be an increasing sequence
of positive numbers such that Jy, —1(kogmRo) = 0 where A\, = kn/w, Ry > 0
is fized and k € R is defined as in (1). Let

oo o0 —1)" K 2n+Ap—1
CT(t) = Z Z n'F((n—)k)\k) < 2k ) urkm(t)7

km=1n=02n+X\—1<2

o0 o _1\n Py 2n+A—1
co(t) = > =) < km) Ugkm (1),

I
Jem—=1 n=0,2n+4 Ap—1<2 nil(n + Ar) 2
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oo 00 (_1)n KO, 2n+A,—1
Z Z n!F(n+/\k)< 2’“ ) trim (1),

|
NE

CrM —
m=1k=1n=02n+\;—1<2
M o 00 2n+A—1
(=)™ KOk, k
om)=2 > > o gk (1)-
m=1 k=1 n=02n+Ap—1<2 nil(n + Ag) 2
Then
2 t) — < Ak
(20) ® - @ <C, | max | ™)
and
21 t) — t < C —M
(21) ol®) @I <C | mux Lol
Proof.

ler(®) —crm (b)) =

%) %) %) (71)77, KQom 2n4+Ap—1
DI DS n!l“(n—f—)\k)( 2k ) trm (1)

m=M+1k=12n+Ap—1<2

o0 o0 o0 C
<
SRR DI S vy v e v
But
(H()ékm’l”))‘k_l (K,Oéka‘)2 (Kakm’l“)4
_ —kmt ) — ..
Inea{moimt) = "X T ) 20n) 2@ (2 2+ D)
then
x = e 2M—1T ()
— <
e () — crpa ()] < IR DD 2o T O )| |om e

m=M+1 k=1n=02n+Xj,—1<2

< C .
a kZl,nzor,%%}iAk,kQ{’ale }

The inequality (21) can be deduced using the same manner. ]

REMARK 6. apy; — o0 as M — oo but since Ay > 0, |aga| ™™ — 0 as
M — oo.

4. THE DEFECT-CORRECTION FINITE ELEMENT METHOD

4.1. A Semi-discrete Approximation.

This section presents a space discretization of the solution by a Galerkin
approximation with H'-conforming finite element methods. The Galerkin
method considers a quasi-uniform and shape-regular triangulation 75, of 2
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with diameter h, and finds a semi-discrete approximation u,, € L2(0,7;V},) of
the solution u € L2(0, T; H(curl, div; Q)) of Problem (5) satisfying

d2
mQ@/uh-vhdx—i—a(uh,vh) = /Qf-vhdx Vv, €V
(22) up(+,0) - vpdx = /uo-vhdx Vv, eV
Q Q
auh 1
/Q 875( 0) - v dx = /Qu cvpdx Vv, eV

where V}, := {Vh € C()?: vy € PH(K)? and vy An =0 on 89} C Hy(Q)
is a finite dimensional space.

The following result presents the standard error estimates for regular so-
lutions u € L2(0,T; H%(Q2)?) which happens when 2 is convex or has a C2-

boundary. A proof can be adapted from the one in [32], Theorem 4.1, page
975.

THEOREM 7. If Q is a convex polygonal domain with all its angles less
than or equal to 7/2, u(-,t) the solution of Problem (5) and uy(-,t) the so-

lution of Problem (22), t € (0,T), if w € L*°(0,T; H (curl, div;2)) and g;t €
k

9
L2(0,T; H(curl, div; Q) and 371: € L2(0,T5 L2(Q)?), k = 3,4, then

||U(',t) - uh('7t)|’cd < Ch
Ju(-,t) — wp(-, t)||o < Ch*

When the domain € is convex with an angle greater than /2 the solution
may converge slowly and if ) is not convex, the solution may fail to converge.
The following algorithm based on the decomposition (16) proposes a way to
recover the optimal convergence as in Theorem 7.

Defect-Correction Algorithm 1.

(1) Solve Problem (22) in V}, and obtain the solution uELO).
(2) Compute the s\ using formula (16), replacing u with ugo)

kmmn

NE>1L,1<m<M, MeN,2n+ M —1<2, that is
(—1) <mkmr)2““k1 <u§?€>m(t) sin(\ — 1)9)

,k,m,n €

SI(;)) (xl,xg,t)

n!l'(n + Ag) 2 u‘(g%n(t) cos(A\, — 1)0
where
(0) L on [ L) .
urkm(t) = (murkm + 520519/0 frkm( )COS(aka)dT> Sln(akmt)
( Uy oy, — HQO% / frkm( )Sln(aka)dT) cos(agmt)
1 1 )
ua(t) = (mu;;;+ o [ 1)) con{@mrIar ) sinferont)
¢

( W00 _ KQ% / F0) g (7) Sin(aka)dT> cos(pmt)
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) w Ry
fﬁgzn(t) = / / fr(o)(r, 0,t)Jx, —1(Kagmr) sin(Ax0)rdrdd
0

Wl Tx, 1 (Eekm ) Jo

2
égzn(t) = / / fg(o) (r,0,t) 5, —1(Kagmr) cos(A,0)rdrdd

wl[x,—1(Koven )| [3
(0) _ fé)cose—i—fQ sin 6
£10 /1D sin6 + £ cos

f,g ) nfi—u )An 2V - Vu(o)
) nfa — ul) Ay —2vy - Vu(o)

ul? _ 53) cos 0 + u7(70) sin 6
uéo) (0) sin 0 + u( ) cos 6

Ro
o0 _ 2
Upprn = o1 (o) |0/ / O(r,0) Jn, -1 (KQgmr) sin(A,0)rdrdd

1 _ 2
Uy = ST (o) |0/ / L(r,0) T, 1 (KQgm) sin(\g0)rdrdd
@0 — 2 / / 0)J Ae)rdrdd
Hokm W[ Ix—1(Kakm =) ||0 0 Jo. u9 " N1 (KakmT) os(Aed)rdr
2
u(g%i = S s (rorn) ||0/ / Ua (r, @) Ix,—1(KagmT) cos(A,0)rdrdd
(3) Find W;Ll]\)/[ solution of
(23)
M 5260
dtQ/WhM vhdx+a(w§d\)/[,vh / f— k2 Z 8’1;”” -vp, dx
kn,m=1
— Z a (Sg??)n’n 7Vh) VVh c Vh
kmmn
. M
/wgﬁ\)/[(-,O)-vth:/ u’ — Z gnn(,()) cvpdx Vv, eV,
& Q kn,m=1
9 (1) M as(o)
Whit (-,0) - vy dx = / ul — Z 7k’m’n(-,0) v dx Vv, €V,
Q ot Q k,nm=1 ot

where a(u,v) = / curlu curlv + divu divv dx.
Q

(4) Compute uéM W(l) + Z

knm=1
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Error Estimates.
From the decomposition (16) and the Defect-correction Algorithm 1, one
can derive the following error estimates.

LEMMA 8. Let T be a quasi-uniform and shape-regular triangulation of €2
and let 11}, be the usual Lagrange interpolation operator over the triangulation
Tn. Then fork,mn e N, k>1, m>1,2n+ X\ — 1 <2, \p = kr/w,

Hsk,m,n(‘at) - Hhsk,m,n('yt)Hcd < Ch/\kilv
1 8kmn () = i mn (- 1)y < ChME.

Proof. Let us divide the triangulation 7; of the domain € into two parts
M} ={K € T,:(0,0) € K} and M3 ={K € T : (0,0) ¢ K}, one has

I8k (5 8) = WSk (OIS Y stmn (o 8) — WiSpmn (4 1)]]2
KeT;,
< Y sk (1) = Dasgmn (5 1)
KeM;
+ 3 Isknn(st) = WSkmn ()] -
KeM?

By the Cauchy-Schwartz inequality
Z ||Sk’m,n('>t) - Hhsk,m,n('at)Hg <C Z ||Sk,m,n('>t)”(2) + HHhSk,m,n('vt)Hg‘
KeM} KeM;,
2n + Ax — 1 < 2 happens when n = 0, 1, then for K € M},
hx
C / (r2% 71 24 (g (O + Jgrm ()7 dr
0

< Cmax{h?’“, hfg‘kﬂ}
Ch?M,
1Sk, m,n (-, t) being a polynomial of degree 1 then for K € M,

LSt (- )]

[18,m,0 (5 I3

IA

IN

< Cmax {|Sk7m7n($1, 2o, 1), (21,12) € K} meas(K)
< Ch™*2h
< Ch*.

Hence Y |Iskmun(+t) — MpSpmun (- 8)][5 < ChM.
KeM;
For K € M2, sgmn(-,t) € H*(K)? then

k,m,n ) h k,m,n K 0 — .
KGM%
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Then [[Sk,mn (- t) — MpSkmn (- 1) |5 < Cmax{h?, h1} < Ch** and

||Sk,m,n('7 t) - Hhsk,m,n('7 t)”O < ChAk

Using the same method as above, one can prove that

||Sk,m,n(', t) - Hhsk,m,n( ) )Hcd < Ch)‘k L

0

LEMMA 9. Let Ty be a quasi-uniform and shape-regular triangulation of €2
and let 11}, be the usual Lagrange interpolation operator over the triangulation
Tn. Then for Min,k e Nym>1,k>1,n>0,2n+ A\ —1 <2, \y =kr/w,
there exist C' > 0 such that

(24)
M
Z skmn 7 Hhskmn 7 + Z skmn 7 SCh)\k|akM’_)\k
m=1 m=M+1 0
and
(25)
M
> (St (5 t) = WS mm (1)) + Z Semn (5 1)|| < O Hogar| M
m=1 m=M+1 cd

Proof. Let us divide the triangulation 75 of the domain €2 into two parts
={K€T,:(0,0)€ K} and M7 = {K € T, : (0,0) ¢ K}.

2

M
Z (Sk,m,n( ; ) Hhsk‘mn ,t + Z Skmn )t
m=1 m=M+1 0
M 2
< Z Z skmn 7 Hhskmn 7 + Z Skmn 7

M — m=M+1

M 2

Z Z Skmn 7 Hhskmn 7 + Z Skmn a

KEM2 m=1 m=M-+1 0

For K € M}, one can use the inequalities (20), (21) and (8) to obtain

M

(S/amm(a ) Hhskmn 7 + Z Skmn 7
m=1 m=M+1 0
M

< )
m=1

+Ch;\<k ‘Oszr)‘k

(=1)" </Qakmr)2n+)\k1 ((urkm(t) - urk (t)) sin w)
n!T(n + A\g) 2 (worm (t) — u%m(t)) cos A0
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< C(@é“ max akmlA“rh?(klOékM\A’“)
m=1,-,M
< Ch)""]akM\_/\k.
For K € M3,
M
Z (Sk,m,n(a ) Hhskmn ot + Z Skmn ,t < C'h2|04kM|7>\k-
m=1 m=M+1 0
Then
2
M
Z (Sk,m,n(v ) Hhskmn )t + Z Skmn )t < Ch/\k|ak’M|_)\k'

This shows (24).
The inequality (25) can be shown using the same way as previous.
O

THEOREM 10. Let Ty be a quasi-uniform and shape-reqular triangulation
of Q, let M € N, M > 1, let w € L*(0,T; Ho(curl,div;)) be the solution
of Problem (5), and ul(llj\)/f be the solution of Problem (22) using the Defect-
Correction Algorithm 1, then for any t € (0,T),

Ae—1 Y
(26) Hu( _uhM H <Czn+1}1;?§1<2{h’h e
27 [ut-t) = ui(0]| < B2, g |,
e b —uli ol <0y max g o |}
Proof.
(1) - (1) (0)
U=z, = W-— Z Sk,man — Wrar — Z Sk,m,n
kn,m=1 knm=1
(1) u (0)
= W—W,+ Z [Sk,m,n_Hhsk,m,n+(Hhsk,m,n_sk,m,n)}
knm=1
[e'e)
+ Z Sk,m,n
knm=M+1
then
[u—ul|| = lw = Wil

+ Y Iskanm — MaSkomnllea + [[ThSk.mon — Sz(fzn,nl\cd

k,n,m=1

o
+ > llstmn — Maskamnlled + Tuskomn = Sl
knm=M+1

IN

t 1/2
I = Wy e + RN [( [ =) |akM|-*k]
0
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< (o = il + = o+ B agar| )
< 0 (Ilw = lea 1w = i
M 0o
+h>\k71 Z Hsk,m,n - Hhsk,m,nHO + h)\kil Z Hsk,m,n |0
m=1 m=M-+1
+ h/\k—1|akM|—)\k>
< (1w = wiZlea = 1w = i s
+RM T2 A+ ) e |M)
(28)
_ (1) hAk—l _ (0) h)\k—l — Xk
< CIw—=wyylled + W — Wy irllea + vk |

The next step consists to find an appropriate bound of ||w — nglj\)4||cd'

M
Set I[Tpw = wy, s = Z Sk,m,n and s(0) = Z s,(fzn’n, one has

k,mmn knm=1
(29)
d? ,0%s
/-@2@/ wp vy dx+a(wp, vp) :/ f—r ) vipdx—a(s,vy) Vv, €V
Q Q

Taking the difference of (29) with the first equation of (22) leads to

d? 9%(s —s®
’*Qw/(Wh‘wﬁ)ﬂ'Vth+a<Wh—wSA’mh> = —/HQ%MX
Q Q

—a (s —s©® ,vh)

8%(wy, — wil))

for any v, € Vj,. Then for v, (-) = 9

(,t) € Vp, integration by
parts gives

2
Ld || 0w, —wih) 1d (1) (D) _
2 dt ot o (alwn = Wi wn = wiay)) =
1 1 :
/ 2 (s —s) . A(wy, — Wé]\)/f) dx—as—sO, o(wp, — wg]\)/[)
Q ot ot ot
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Taking the integral between 0 and ¢ and the Inequality (25) give

2w —wi) |
ot

(1) ¢ (1)
- 9 //,i s —s .B(thth)dxdT_/a S_S(o)’M dr
Q ot 0 ot

3 oW
= 2[//5 s —s .a(wh WhM)dxdT—a(s—s(O) wh—wzl&)

k A alwn = Wi = W)

ot

_ (1> _ _g®
+/ afs_s®, O(wn — W) dr — 7/ s —s O(s—s )dx
; ot at

¢ &)
o(w w
—la(s—s(o),s—s(o))_ a S_gm}M dr
2 0 ot

(s — s o(w wl)
- QH(at) OO0 Z W) || gl — o o — will e
0 0
(s —s® (s —s®
+H : ot ) & ot ) +1s —s1%
0 0
2
_ _ A(wp — wil)
< C R agm | <‘ H27( b nar) + fwi = w3 | + RO g 72|

ot o

Since a(wp, — wgllal, W — Wgﬂe/[) |wp — w§jj\)4|§d one deduces that

2 1/2 _ _ 1/2
2 0(Wh — wiy) (1) 2 2 g |2
(‘ ST OHW”*WhM‘Cd = 1 — Ch e Hagnr|~>*
< Ch)‘kfl\oékMrAk
The semi-norm |- |4 being equivalent to the norm ||-||.q in Ho(curl,div; €2)
(see [18]), one has
(30)
) 2 1/2
O(wp —w
[[wr, — Wi llea < HQW + wn — Wil < CPM* g |7
0
Using (30) in (28) leads to
1 1) al
Hu (1) ed < HW - W( ||cd + Z (Sk,m,n - Hhsk'JTLJL)
k,n,m=1
o0
+ Z Skm,n
knm=M+1 cd
Ap—11,.—A
< CO(lw— WhMHcd-i'h T agar])
- —-A
< C(Iw = Wallea + [[wn = Whagllea + 2 ag )
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C(h+h*Hagir])

<
< C h h/\kfl — Ak
- 2n+I}\1;?§1<2{ ’ lwar 77
Hence, inequality (26) is proved.
Following the same steps used to establish Inequality (28) replacing the

norm || - ||cq by the norm || - ||op one has

M
Z (Sk7m7n - Hhsk,m,n)

k,n,m=1

|

[u=ul][, < € |lIw=wiillo+

[e.9]

+ Z Skm,n

knm=M+1

< C(lw = willo + W Yagar))
< Cllw —willo + [[wn — Wil + hM gk ])
< O + 1oyt
< 2 Ap—1 —Ak
- 02n+1§\13§1<2{h’h |vien | }
and (27) is proved. O

REMARK 11. If M € N is chosen so that h* ! aga|~ < k2, the error
estimates (26) and (27) are optimal.
4.2. A Crank-Nicolson full discretization.

Considering a quasi-uniform and shape-regular triangulation 7, of the polyg-
onal domain Q and a Galerkin solution uy, of the variational problem (22), let

N
{¢jn}t1<j<n be a basis of the space V},, one has up(-,t) = Zujh(t)¢jh(-) =
j=1

UL (t)®,(-) where Up(t) = (ujh(t))lTSjSN and @, = (¢;n)1<j<n, satisfies the
variational system
2

d
Hth Uh

pTe + AU, = Fh(t) te (0,7T)
T
MhUh(O) = (/ uo . ¢lh dX)
Q 1<I<N
Mh@(o) = (/ u' - o dX)
dt Q 1<I<N
where M), = (/ bjn - i dX) s An = (aljn, din)) < < and
Q 1<4,I<N ==
T
Fh(t) = (/ f(-,t) X dX)
Q 1<I<N

The full discretization consists to subdivide the interval [0, 7] into L subin-

T
tervals [tj_1,t;] of size 7 = t; —tj_1 = I j =1,---,L such that [0,7] =
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L

U [tj—1,tj], 0 =1t9p < t1 <--- <ty =T. The o-schemes (0 < o < 1) consists
j=1
of approximating Uy, (t;) = (Ujh(tl))ngjng 0 <1 < L such that

(31)

2
K
ﬁMh(Uh(tH-l) —2Up(t1) + Up(ti—1))

+0 ApUn(tiv1) + (1 = 20) ApUn(tr)
+O’AhUh(tl_1)

|
~—~

oFy(tie1) + (1 — 20)Fy(t) + o Fr(ti—1)
MpUL(0) = ( /Q u’ - gy dx

)%nggN
U
h?:(o) = (/ u' - gun dX)
0 1<I<N

So if we set up,(+,t) be an interpolation of the solution (Up(t;))1<i<r, that is,
upr(+,t1) = Up(t;)®(-) with a Crank-Nicolson scheme (¢ = 1/2), one has the
following error estimates from Theorem 7

lu(-, 1) = wpe (- 8)lea < ClA+72)
lu(, 1) = wpr (-, 1) [Jo < C(R* +72)

for I = 1,---,L if Q is a convex polygonal domain and if u belongs to

9 u

0
L°°(0,T; H(curl, div; Q)), 871151 is in L2(0,T; H(curl, div; 2)) and Sk belongs
to L2(0,T; L2(Q)?), k = 3, 4.

The following algorithm is developed to recover the convergence rate of the
Crank-Nicolson scheme when the domain €2 is not convex.
Defect-Correction Algorithm 2.

(1) Solve Problem (31) and obtain the solution uEZOT)

(2) Compute the s,(ggn’n using formula (16), replacing u with u,(lOT)7 k,m,n €
NE>1,1<m<M MeNM>1,2n+ X —1<2.

(3) Find WST)M solution of

(32)
(0)
d2 4 1 OZSk,m,n
w2 iy i ol v = /Q(f‘“:% | v
> a (Si(c(,?n,n,Vh> Vvy €V

/QWST)M(-,O)-vh dx :/Q (uo — Z s,(fzn’n(-,())) -vpdx Vv, €V,

o) mn
/Qwa%("o)'vhdxzfg u' - ) gt’ (,0) ] - vpdx Vv, €V
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(4) Compute ué)M WhT + Z ©

km,n'
k,m,n

Error Estimates of the Crank-Nicolson FEM.

THEOREM 12. Let Ty be a quasi-uniform and shape-reqular triangulation
of Q, let M € N, M > 1, let u € L*(0,T; Hy(curl,div;Q)) be the solution of
Problem (5), and ung)M be the interpolation of the solution of Problem (31) us-
ing the Defect-Correction Algorithm 2 in a subdivision of the interval [0,T] in

L

sub-interval [t;—1,t;] of size T = %, l=1,---,L such that [0,T] = U[tl,l,tl],
=1
0—t0<t1< <ty =T. Then forany 1 <[ < L,

H 1) = (1) (o a4 7).

<C max
cd k>1,n>0,2n+A—1<2

< 2 -1 Ak 2)
H —up )y (- tz)HO <C (k217n20{gg§k_1<2{h T o [T 4T
Proof.

H“("“)‘“ST)M("“)HM < H y=ull) (6 H +HuhM ) —u tz)Hcd
< Ar—1 Ak
< C <2nr_{1§ux {h h |O[k]\/[‘ })

JrHuh('atl)*UELT)M('JZ)H .
1) 1) O 1) (1)
But u;, (-, t) = wy5,(,t) + Z Spomn a0d w2 () = wy () +
k,n,m=1

M
Z S/E:(?Zn,n,f where s\ is the interpolation of the s (,t),0<I<L.

kmmn,T k,m,n
kn,m=1
Then

Hugj\)/[(-,tl)—uST)M(.,tl)Hcd < ngll\)/l("tl)_Wgzlr)M(”tl)Hcd

M
2 s — Skl
knm=1
< il = wil o),

C h)\kfl — Ak 2)'
0, pmax 0 o)+ 7
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Also, using (30)

1 1 1 1
HWELJ\Z('HU)—WEW)M('JI) = HWEL]\)/[('7tl)_W}L('7tl) d+Hwh(wtl)—wif)z\/[('atﬂ )

< |lw® M

< |wirar(Gst) = wa(t)|| + [ walst) —wi (5 60)
cd cd
. _wboq.
+ | Whr (5 t) —wy (1)
cd
< C( max (R Hagar| T} + b4 72
kn,2n+X,—1<2

+Hth(~,t1)—wS)M<-,tl) d).

But one can use a similar method as the one in Theorem 10 to show that

[wir (s t0) = Wiy (|| < OO max (0% agar| 4} +72).

24 A —1<2
Hence
. _ M H < Ap—1 X 2
[t —wly G| <O, x| )
One can use the same method as above to show (34). O

REMARK 13. One can remark that if M is chosen such that

ma {h)"“_lloszr’\’“} < h?,

X
k>1,n>0, 2n+ A —1<2
then the optimal convergence of a linear Crank-Nicolson FEM is obtained,
that is

Hu(-ﬁ) —u](llT)M(.’tl)HCd < Clh+72)
Hu('°tl) - ung‘r)M('vtl)HO < C(h? + 2

5. CONCLUSION

This paper presents a finite element method to solve the time-dependent
Maxwell’s equations on non-convex polygonal domains. The nodal FEM is
coupled with a Fourier decomposition that extracts the singular behavior of
the solution and recovers the optimal linear convergence. The extension to
polygonal domains with multiple re-entrant corners can be handled by the
method through the use of local cut-off functions near the corners and adding
the different singular parts to the final solution. However, the method assumes
that the solution is sufficiently regular in time, and the initial data are also
sufficiently smooth, so time-singularities and singularities due to the smooth-
ness of the initial data or the change of boundary conditions are not handled
by the method.
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