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A DEFECT-CORRECTION NODAL FINITE ELEMENT METHOD
FOR TIME-DEPENDENT MAXWELL’S EQUATIONS ON
POLYGONAL DOMAINS
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Abstract. This paper develops a nodal finite element Crank-Nicolson method of
lines to solve the time-dependent Maxwell’s equations on polygonal domains with
re-entrant corners. Nodal Finite Element methods are used to solve Maxwell’s
equations with an optimal convergence rate when the domain is convex or has
a smooth boundary, but may fail to converge if the domain has a re-entrant
corner. The Defect-Correction method presented is based on a decomposition of
the solution in terms of Fourier and Bessel’s series, an extraction of the singular
function and an approximation of the regular part of the solution. Optimal
convergence results are recovered using the method in both the energy norm and
the L2-norm.
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1. INTRODUCTION

Electromagnetic waves are of particular importance in applied physics, en-
gineering, and materials science, for example, in radars, antennas, and the
detection of cracks in metals. Electromagnetic phenomena are modeled by
a particular system of partial differential equations (PDEs) called Maxwell’s
equations or equations of electromagnetism. Maxwell’s equations involve a
couple of vector functions (u,b) called electromagnetic field, where u is the
electric field and b is the magnetic field.

A general result of numerical methods for PDEs is that the accuracy of
approximation depends on the regularity of the unknown solution, see [1, 2,
3, 4]. It is well known that solutions of boundary value problems in domains
with corners, cracks, edges and conic vertices may entail singularities, even if
the data are smooth. Moreover, the asymptotic behavior of the solution near
these geometric singularities has been well studied and the results are now well
known, see, for example, [5, 6, 7, 8]. However, unlike general elliptic boundary
value problems, the solution of Maxwell’s equations in domains with geometric
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singularities exhibits some regularity properties that make its approximation
particularly difficult.

In the case of time-harmonic Maxwell’s equations in a two-dimensional do-
main §2 with corners and for a given right hand side function in the Hilbert
space L2(Q)?, it has been shown that the solution belongs to the Sobolev space
H™(Q)? (m = 1,2) only if the value of the largest angle is smaller than 7 /m,
see, for example, [9, 10, 11, 12]. It follows that the solution belongs to the space
H'(Q)? only if Q is convex and to the space H%(Q2)? only if the largest angle at
the corners is less than 7/2. We would say that the solution of the boundary
value problem has geometric singularities if for a given right-hand side func-
tion in L?(2)? the solution belongs only to the Sobolev space H*(£2)? with
s < 2. It follows that on non-convex domains, the standard H'-conforming
FEM cannot be employed for the solution of Maxwell’s equations.

The work of Costabel [13] in 2002 combined with the bilinear form intro-
duced in [14] has allowed the scientific community to renew the nodal FEM
for Maxwell’s equations, and some new finite element schemes have been de-
veloped in order to recover the convergence rate on non-convex domains. We
mention in particular:

- The singular field method (SFM) introduced by Hazard and Lenoir [15],
Hazard et al. [16, 17]. This method consists in splitting the solution
u into two parts u = u, + vysus, with a "regular part” u, that lies in
the usual Sobolev space H! and a singular part u, that lies in a known
finite dimensional space and a constant 7, to be determined from the finite
element linear system. The constant s is known as the coefficient of
singularity. With this method one can approximate the solution in non-
convex polygonal domains with nodal FEM but the rate of convergence
is still lower than the one on smooth domains because the splitting is not
optimal.

- The Orthogonal Singular Field Method (OSFM) introduced by Assous et
al. [17], where the solution u is again split into two parts u = u, + (u. +
YsUs), a regular part u, that lies in a subspace of H' and the second part
(ul.+uy) is in a subspace of the space of solutions orthogonal to the regular
space. The OSFM and the SFM have the same rate of convergence but the
OSFM is more stable due to the omission of the use of cut-off functions
present in the SFM for the instabilities due to the use of cut-off functions.

- The ”A-approach” for two-dimensional vector problems developed by Jamelot
in 2004 [18], where the splitting u = u, + vsu, is done but 7, is given by
a formula and depends only on the domain and the initial data. This
method ameliorates the rate of convergence of the SFM and the OSFM
but the rate is still not optimal (of order O(h?"/“~1=¢) in the energy norm
and O(h*"/“=27¢) in the L?-norm, w being the greatest value of the angles
of the domain).
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- The weighted regularization developed by Costabel and Dauge [13], where
the boundary conditions are multiplied by a weight that depends on the
distance to the geometric singularities. In this method each singularity re-
quires the construction of a new weight. It is stated in [19] that this method
requires the approximation space to contain the gradient of C'-scalar func-
tions, which excludes low order finite element spaces (C'-finite element
spaces for example). This restriction is removed in the work of Buffa et
al. [20] by considering a mixed form of the weighted L2-stabilization tech-
nique on special meshes. This method has also been simplified by Otin in
[21, 22] where the method is performed by using a weight equal to zero in
the elements near the singularity and equal to one in the other elements.

- The mixed methods with natural boundary conditions developed by Ciarlet
Jr. et al. [4]. These methods consist in the dualisation of the equation on
the divergence and the relation on the tangential or normal trace of the
field with some Lagrange multipliers. Several authors have also contributed
to the development of these methods. We highlight the works of Codina
et al. [23, 24, 25] where a novel augmented formulation is produced by
adding the Laplacian of the Lagrange multiplier multiplied by a mesh
dependent stabilizing term to the equation resulting from the dualisation
of the divergence equation.

- The L2-projection methods developed by Duan and al. [26, 27]. In these
methods, L?-projectors are applied to both curl and div formulations and
linear continuous finite elements enriched with some higher order bub-
ble functions are employed in order to approximate low regular functions.
These methods do not impose information on the geometric singularities
of the domain boundary but are still limited to linear continuous elements.

- The interior penalty method [19, 28], where the idea consists of control-
ling the divergence of the electric field in a Sobolev space with fractional
negative exponent. The optimal rate of convergence is recovered with this
method.

- The Predictor-Corrector nodal FEM that makes use of the explicit extrac-
tion formulas for the coefficients of the singularities of the solution near the
corners ( see [9, 11, 12, 29, 30]). The optimal convergence rate is recovered
by the method. The method can be applied with high order finite element
polynomials but faces the problem of logarithmic singularities that may
easily happen in the case of Maxwell’s equations.

This paper extends the Predictor-Corrector nodal FEM developed for the 2D
time-harmonic Maxwell’s equations on convex and non-convex polygonal do-
mains with exactly one re-entrant angle Q) centered at the origin O(0,0). The
method is based on a Fourier decomposition of the solution and a defect-
correction algorithm to recover the optimal convergence known for Maxwell’s
equations on convex polygonal domains or on domains with a C2-boundary.
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This paper is organized as follows, Section 2 presents the Maxwell’s equa-
tions on polygonal domains, Section 3 develops a local decomposition of the
solution around the singular corner, Section 4 proposes a Defect-Correction
FEM with the error estimates in L?- and the energy norm and Section 5
concludes the paper.

2. THE MODEL PROBLEM

Given a vector function v = (v1,v2)7, define the divergence of v by

: _ 81)1 81;2
divv =ter T u>
__Ovy _ Ovy
curlv = e~ Da

Given a scalar function v, define curlv by

—(Ov _ 9v
curlv—(aw, 6:v1)'

Define L%(Q) to be the space of classes of measurable and square integrable
1/2

functions over Q equipped with the norm ||u|lg = (/ lu(z1, zo)|? dx> that

Q

will also denote the norm in the Cartesian product space L?(Q)?, dx = dx1 das
being the Lebesgue measure.

Hy(curl; Q) := {V € L*(Q)?: curlv € L*(Q) and vAn =0 on 89}

H(div; Q) = {v € LA(Q)*: divv e L}(Q)}
H(div"; )

Hy(curldiv; ©

{VELQ(Q 2. divv=01in Q}

)=
Q) :
) := Hop(curl; Q)N H(div; Q)
() :

= {U aaa11+aa2avz S L2(Q), 1,09 € N, a1 +ag < m}
{VEHl V/\II—OOIIF}

H}(Q) := {uEHl(Q): u=0on F}

equipped with the norms

1/2
¥llewn == (1IVII3 + [l curl v]3)
) 1/2
[llas = (IVI1§ + div V)
. 1/2
[¥llea = (V113 + | cunl v]}3 + [|div vI}3)
o\ 1/2
2 o +a
ol i= (103 + ¥ [ &55],)

ai,ae<m

IVl Ey @ = VIl =2 [1VIlm @
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where || - ||, denotes the norm in H™(2) and also the norm in the cartesian
product space H™(Q)2. The quantity defined by

. 1/2
[Vlea := ([ curl v[[§ + [|div v]3)

is the semi-norm in Hy(curl,div; §2).

Given an interval I C R and a Hilbert space X, C¥(I; X) will denote the
space of bounded k-continuously differentiable functions v on I of the form
t — u(-,t) € X equipped with the norm

[ullee = sup [|0%u(-, 1) x-
tel,|o|<k

The space Ck(I; X)) will denote the space of functions u := (uy,ug), u,uz €
C*(I; X) equipped with the norm

luller = (lurllEe + luzlZe)'/.

The space L?(I; X) is the completion of C°(I; X') with respect to the norm

1/2
Il = ([ 1ol ae)

The space L?(I; X) is the space of functions u := (uy,us), u1,us € L*(I; X)
equipped with the norm
1/2
lullez iy = (e + luslag)

The space H™(I; X), m € N, m > 0 is the space of functions ¢ — u(-,t) € X
such that £L72u ¢ L?(I;9) with the norm

ote1tez
2 1/2
[ull grm 1) = (/ > 7?%;1@; th) :
a1tas<m
The space H™(I; X) is the space of functions u := (u1,u2), uj,ug €

H™(I; X) equipped with the norm

1/
[ullam (r.x) (H’ulHHm rx) T HUZHHm(I X)) :

Given a simply connected polygonal domain Q C R? with boundary 99, a
function f:= (f1, f2)T € HY([0,T]; L*(Q)?) such that divf = 0, two functions
ul = (u?,uQ) € Hoy(curl,div; Q) N H(div%; Q)N H2(Q)? and u' := (u},u})” €

H(div"; Q), find u := (u1,u2)T € L?(0,T; Ho(curl,div; Q)) such that
(1) /@2%%‘ + curlcurlu =f, in Q x (0,7,

divu =0, inQ x (0,7),
uAn=0, ondQx(0,7),
u('¢0) :uo(')a in 0,

G (,0),=u'(:), in
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where n = (nq,ng) is the unit outward normal to Q, 7' > 0 and « € R.

Using the formula curl curlu = —Au + V(div u) one obtains the system
52%275‘ —Au=f, inQx(0,7),
divu=0, inQx (0,7),
(2) uAn=0, ondQx(0,T),

u(-,0) :uo(')a n 0,

%(70) :ul(')’ in €,
Problem (2) is equivalent to an initial boundary value problem useful for the
Lagrange nodal finite element investigation due to the continuity of the finite

element functions along the tangential and the normal components. That
result is given by the following proposition.

PROPOSITION 1. If k2 is not an eigenvalue of the Laplace operator —A(-),
Problem (2) is equivalent to the following problem:

find u € L?(0,T; Ho(curl, div; ) such that
HQ% —Au=f, inQx(0,T),
div u =0, on 092 x (0,7T),
(3) uAn=0, ondQx(0,T),
u(-,0) =u’(), in Q,
2u(.,0) =ul(), in 9,
Proof. A solution of Problem (2) is obviously a solution of Problem (3).
Suppose u is a solution of Problem (3) and let ¢ = div u, taking the diver-

gence in the first equation of (3), one obtains that ¢ € L%(0,T; H}(2)) is the
unique solution of the Problem

R2%27g20 —Ap=0, inQx(0,7),

(4) =0, ondQx(0,7T),
¢(-,0) =divu’(:) =0, inQ,
92(.,0) = divu'() =0, inQ,
But Problem (4) has the unique null solution provided that x? is not an eigen-

value of the Laplace operator —A(+), then ¢ =0 in Q x (0,7") and u is also a
solution of Problem (2). O

Taking the inner product of the first, fourth and the fifth equation of Prob-
lem (3) with v € Hy(curl,div; 2), the integral over Q and using integration by
parts lead to the variational problem: find u € L?(0,T; Ho(curl,div; 2)) such
that

’12%22 u-vdx +a(u,v) :/ f-vdx, Vve Hy(curl,div;Q)
Q Q
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(5) / u(-,0)-vdx :/ uw’-vdx, Vv e Hy(curldiv; Q)
Q Q

/Q%(_’O),dez/ﬂul.vdx, Vv € Hy(curl,div; Q)

where a(u,v) := / curl ucurl v+ divudivv dx. The following results prove
Q

the existence and uniqueness of the solution of the variational problem (5).
To prove it, one can apply Theorem 8.1, page 287 of [31].

PROPOSITION 2. If f € H'(0,T; Ho(curl,div?)), u’ € Ho(curl,div; Q) N
H(div"; Q) N H2(Q)? and u' € H(div’;Q), then the variational problem (5)
has a unique solution w € C°([0,T]; Ho(curl,div; Q)) such that %? belongs to
C°([0,T]; H(div®; Q)). Furthermore the solution depends continuously on the
data.

3. DECOMPOSITION OF THE SOLUTION

An approximation of the solution of the variational problem (5) involves
a particular study of the relation between Hy(€2) and Hop(curl,div;2). From
[16] page 2033, Hy(curl,div; Q) = Hy(Q) & VXs where

XS:{weHaQMHfGNT—iévawdx:lgwdxw¢eHﬂQ%,

N being the orthogonal of A(H?(Q) N HL(2)) in L3(9).

This introduction allows the decomposition of the solution into a space
regular and a space singular part. The geometric singularity being a local
problem see [8, p. 71]it is judicious to study the problem in a circular sector.

For sake of simplicity, it is assumed that the domain 2 has only one corner
centered at the origin O(0,0) in the (z1,x2)-plane with angle w > 7/2, w # 7.
Introduce the polar coordinates (r, ) with 1 = rcosf, o = rsinf, 0 < 0 < w.
Let Rg > 0, consider the restriction on a circular sector Gy with

Gy = {(rcos@,rsin@) :0<f0<w, 0<r< RO}v

and the cut-off function

1, if 0§T<R0/3
nr):=:0<n(r)<1, if Ry/3<r<2Ry/3.
0, if r > 2Ro/3

Set u,, := nu, u, describes the solution u around the corner O(0,0) and u,, is
the unique solution of the problem: find u, € L2(0, T; Hy(curl,div; Gg)) such
that

(6) K290 _ Au, =f,, in Gy x (0,T),
(7) div u, =0, on 0Gy x (0,7),
(8) u, An=0, on dGgyx (0,T),
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(9) un(~,()) 277“0(')7 in GOa
(10) % (-,0) =nu'(-), in Gy,
where

£ nfi1 —u1An —2Vn - Vuy
1T \nfy — ugAn — 2V - Vug)

The one-to-one mapping (z1,z2) — (r,6) transforms Gy into a rectangle G :=
{(r,0) : 0 <r < Ry, 0 <60 <w} and we can pass through polar coordinates by
setting u(r, 0,t) = u, (21, x2,t) and f(r 0,t) =f,(x1, x2,1)

U\ ( uy1cosl 4 uysind fn1cosO + fpasin
up) \—upsin® + u,pcosh)’ —fmsin@ + f,2cosd
ud [ nufcosf + nufsinf i [ nuicosf+nuisind
ugg) ~ \—nulsin® +nudcosf)’ \up) ~ \—nulsinf+ nudcosd)’
Problem (6) becomes

(11)

2 8%u, &%u, 1 82%u,

1 Jug 1 ‘A
ot2 or2 2 902 r + 90 ng fr, m Go X (O,T)
20%u &%u, 1 0%u0 1 8 duy 1 s A
R o8 — o~ o T r d — 295 e =fo,  in Gox (0,7)
1 Oug __ . _
+ - %5¢ =0,u, =0, if0=0

a“T—|— ur—|—%%:0,ur:0, if=w

|ur(0,0,t)] < oo, |ug(0,0,t)] <co, 0<t<T
ur(Ro,0,t) = ug(Rp,0,t) =0, 0 < <w0<t<T
u?‘('70) = U?()» u@('70) :Ug()
r — 0 _
G (-,0) = up(-), G2 (-5 0) =ug(-),
The derivatives are interpreted in the sense of distributions. The boundary

conditions at § = 0 and § = w allow us to consider the following Fourier
decompositions for u, and ug,

2
r2
2

up(r,0,t) = Z Up (7, 1) Sin A0, ug(r,0,t) = Z g (1, t) cos A0

k=1 k=1

fr(r,0,t) Z fri(rt) sin A\, fo(r,0,t) = Z for(r,t) cos A0
k=1 k=1

0 1 (r,0) Z urk ) sin Ag0, Z “ek ) cos Ax0,

where \, = ]CT['/W, k €N, k> 0. The system (11) becomes

(12)

2 0%u, 9?2 ur 1 Ju, 2\
gk Dlph My — L0k Py 4 Loy = frp
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262 0? 19 2\
ug DUk 4 Moy — L0k By 4 gy = fo

au”“ + urk—A ugr =0, Uy, =0, if0=00rf =w
|urr(0,8)] < 00, |ugr(0,t)] <oo, 0<t<T
urk(Ro,t) = ugr(Ro,t) =0, 0<t<T
Ui, (r, 0) = 0(r)upy(r), uer(r,0) = nugy,(r), 0<r <Ry

Ak (1, 0) = n(r)ulp(r), 25 (r,0) = nug,(r), 0<r < Ro.

Setting usp = Upg + ugr and ugg, = upp — ugg the first and the second equations
of Problem (12) become

29?2 92 i+l 10 2 .
Kk a?i% 8’!;§k =+ 1;2 Ugk — gﬁk - T2ku3k - frk + f@ka
(13)
28 U 9u +1 1 0u 2\ _
S — gt + ’“ Ugy — gt — Fuak = fre — Jor

The homogeneous equations associated to the equations (13) can be solved by
separation of Variables by setting uzk(r t) = pi(t)ik(r), i = 3,4 to obtain
A 1
the equality (P”“ = (w’/ Qe wz zk)’ 1= 3,4.
Due to the mixed boundary condltlons at t = 0 from the two last equalities

of (12) and the smoothness of the solution u in time, the operator — dt(g) has
positive and discrete eigenvalues ay,,,,2, m € Nym > 1 arranged in an increasing

11
. o1 I (/\k 1 _ 2 .
sequence. One writes o= g ( e ¢z = —ag,,, t = 3,4,

m € N, so, the equations v + 7,// (M K akm> P; =0,1=3,4 lead

to Y(r Z CrimJIn,—1(Kgmr) + Coim Y, —1(Koem), i = 3,4 where Cljp,
m=1
Coim are constants and the ag,,, m € N, m > 1 form an increasing sequence

of positive numbers such that Jy, _1(kagmRo) = Y, —1(kogmRo) = 0, Jy, -1
and Y), 1 are the Bessel functions of the first and second kind respectively.

The boundary conditions |u,;(0,t)| < oo and |ugg(0,t)] < oo in Problem
(12) imply that Co, = 0,3 = 3,4, m € N, m > 1. Then

[e.9]

Ui (1, t) Z Urkom (E) a1 (Fem ) g (1, 8) = D Ugrm () Ix, 1 (K ),
m=1 m=1

(0]
fri(r,t) Z Frkm (8) Ing—1 (K1), for (1, 1) Z okm (1) Ix,—1(KagmT),

U?k Z UrkaAk 1(KagmT), Uek Z UekaAk 1(KagmT),
m=1 m=1
o o0

U}nk( Z urkm‘]/\k 1(kQgmT), Uek Z UekaAk 1(kQkmT),

m=1 m=1
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where
1 Ro
frim () = oy iraem I Jrie(r 1) In,—1(Kagmr)rdr
9 w rRo
:W”J)\kfl(’ﬂakm')”g /O 0 fr (T‘, 9’ t)‘]Ak—l(ﬁaka) Sin(Ake)TdeH,
1 Ro
Jorm (1) ~ e mamm I3 o Jor(ryt) Iy, —1(KQgmr)rdr

w Ry
- 2 . / ’ Jo(r,0,t) I\, —1(Kamr) cos(A,0)rdrdd,
0

WIIJ)\k—l(K'O‘k:'m')IIO 0

Ro
0 0
Urkm, :“J)\kil(iakm,)”g /0 N(r)tpg (1) I, —1 (Kogmr)rdr

Ry
=Sl 1(mkm ”0/ / (1r,0)Jx,—1 (K, r) sin(Ag0)rdrdd,

Ro
Urkm :m/o 1(r) g (1) In—1 (K )rdr

Ry
=Sl 1(mkm ”0/ / (1r,0) 5, —1 (K, r) sin(Ag0)rdrdd.

Replacing u,, and ugy by their decompositions in Problem (12) leads to

t
Urkm (1) = (1u7{km+ m/o frim/(7) cos(aka)dT) sin(agmt)

Xpm

t
+ (ngm — m/o Friem(T) sin(akmr)dv') cos(agmt),
t

(14)
Ugkm (1) = (aim ékm—l—m/o Jorm (7T) cos(agm7)dT | sin(agmt)

t
+ <ugkm - n%ltkm/o fokm (T) sin(ozka)dT) cos(agmt).

Then

[e.9]

up(r,0,t) = Z Uplem (8) Ing—1 (KQpm ) sin A0,
k,m=1

UQ(’I“, (9, t) = Z uekm(t)J,\k_l(ﬁakmr) COS )\kG,
k,m=1
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where U, and ugg, are defined in (14). Using the fact that

oo

—1)™ 2n+Ap—1

JAk_l(’{akmr) = Z n'l'(‘(n—?-)\k) (Kagmr) A ’
n=0

the solution @ := (u,,ug)” has the decomposition

[e.@] o0
u(r,0,t) = Z Zsk7m7n(r,9,t)
k,m=1n=0
o

(15) = w(r,0,t) + i > Sk (,0,1)

k;m=1n=0,2n+A;—1<2

[e's) [e'e) M
= wu(r00+>. > Y Skma(r6,1),

k=1n=0,.2n+Ap—1<2m=1
where M e N, M > 1,

= _ (=1 KT\ 2n+Ap—1 Upkn (1) SiD A0
Sk,m,n(""; 07 t) = Al (n+rg) ( g ) (Uka(t) COS >\k6 ’

and w € C*(0,T; H*(Q)?).

REMARK 3. In cartesian coordinates, w, has the decomposition

[%S) [e%S) M
(16) (w1, wa,t) := wlwy, w2, 1) + > > Skman(r,0,1),

k=1n=02n+X\p—1<2m=1

where

=" KOy T\ 210 — rmtS')\*lg
Sk,mn(T1,2,1) = n!r((;}w\k) (g 2n 21 <u km (t) sin( A — 1) )

2 Ugrem (1) cos(A, — 1)0
LEMMA 4.
17 S S (=n~ K \ 20 A —1
(17) Z Z INCES (== Uppen (8) | < 00
k;m=1n=0.2n+A—1<2
and
o s (=nm KOt \ 2+ —1
(18) Z Z nIT'(n+\g) ( 2 ) U’@km(t) < o0
k;m=1n=02n+Ap—1<2
Proof.

3 S (=1) 2n+A—1
— n n —
> > e C8) 7T e (8)| <
km=1n=02n+A,—1<2

00 0o | 2
KO,
< D 2w

km=1n=02n+\—1<2

u?km Cos (akmt)
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t
—i—@u}nkm sin (agmt) + m/o friem (7) sin(agm7)dT

(19)
The fact that rJy, —1(kogmr) = mlkm (—)\kJ,\k(/-eakmr) + Td‘;%(ﬁakmr)) im-
plies that

R
/ ’ ud(r) sin(Ag0) Jx, —1 (Kagmr)dr =
0

Ro
= i [ ) sinOw0) T, ()

KQm T

1 Ro o0y dJx
/ . (1) sin(Ap0) =75 (Ko ) rdr
0

Ry
_ _/\7k/ uo(r)sin()\ke)r)"fl (Tli)\kj)\de‘(/iOéka)) dr
0

ROEkm T
R,
+ [mzm u(r) sin(A\p0) Jy, (nakmr)} . ’

Ro
e [ (0 + 14200 s 0 (ko

Ry
= —mA}’:m /0 ud(r) Sin(AkQ)TAk71% (Tli)\kj)\k_l(liaka)> dr

Ro
+ i / (ug(r) + 7“%9) sin()\kG)r’\k_l (—/ﬁakmrl_)‘k J)\k(/{aka)) dr
0

Ry
— 71:;?;’:;)"“ /0 u?(r) Sin()\kﬂ)r)‘kfld% (Tli)\kJ)\k_l(liOéka)) dr

K akm

1 Ro guo e d (1A
+272/0 7= sin(Apf)re o (7“ kJ)\k_l(/iOéka)) dr

= [ = remul 4 152 Ty ()]

R Qm,

akm T

Ro 2 0 2,,0
1 KQgm A —1 0 du,, d“u;. .
I /0 (—7( Ak —1) Uy + gF g2 ) sin(Ai0) I, —1 (KO )dr

Ro
mA—1)2 dul | d?u0\ .
= _7’42% /0 (—7(“”“ ok D70 + 1% 4 28 )sm()\kG)J,\k,l(/sakm)rdr
S C||Jxk71(ﬁakm')||o Hu0”27 if uO c HZ(G0)2.

|'{C‘5k:'m|2

One also has

Ro
/ ul(r,0) sin(A0)Jn, _1 (KQgmr)rdr =
0

Ro
:/{alkm A U’Tl'(T) Sin()\ke)g])\kfl(K)Oéka):‘iCkkadT'
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Koem Ro
v / Uy ( I 79> sin(Ag0)J,—1(R)RdR where R = Ka,r
0

T KQpm KOl

KagmRo
< 1
- |I€akm| 0

<O Ixp—1 (Km0 [[a'fo.

s \Z
JAk_l(R)RW‘ dR)

KOy,

u%( R 9) Rl/Q‘QdR /Omkao

In the same way, one can show that

Ro
Frem (1) sin(Ag0)Jy, —1 (kKogmr)dr < C||JIx,—1(Kokm-)|lo]|f]o-

Hence, (19) becomes

[e.9] o0

_ (=D ko \2ntAp—1
> > AT () Urkn (£) | <
kym=1n=02n+\,—1<2
1
o0 o0 (||u0||2+ ||uluo)
RCOpem
<
< 0 ) > pTRETININ (7S VY 11 W A ey

k,m=1n=0,2n+A,—1<2

t
TR /O sin(akmr)dTHfHo]

= - -H" KO, \ 2N+ —1
Z Z n!lg‘(nlJ)r/\k)( 2k ) A Urkm(t)

<
km=1n=0,2n+A—1<2
1 T |fllo
S S € (1 o+ gy 0o+ iz )
— Z Z 2wnl[T'(n+Ap)[ I3, —1 (kakm ) llo
km=1n=0.2n+N\—1<2
- — C(Ro,T,u,ul f)
T,u”,u
< 0,4,4-,u",
— Z Z 2wl [D(n+Ag)| | Ix, -1 (Kokm)llo
km=1n=02n+A,—1<2
< 0.
o . 0 .1
Similar methods can be used with uy, uy and fgg, to show (18). O

A truncation of the summation on the integer m can be done and the
following error estimate is obtained.

LEMMA 5. Let M € N, M > 1, and let {am }m>1 be an increasing sequence
of positive numbers such that Jx,_1(kogmRo) = 0 where A\, = kn/w, Ry > 0
is fizred and k € R is defined as in (1). Let

oo o
—1)" o\ 204 Ap—1
arl(t)= ) > n!I(‘(n—?—)\k) (5 ) T g (8),
km=1n=02n+\—1<2
- = 1 2n+Ap—1
— n m + —
co(t) = > > ey () g (2),

k,m=1n=0.2n+A\p—1<2
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M oo
car®=3 0 D gy () e (1),

m=1k=1n=0.2n+N\p—1<2

[e.9]

M oo
on® =33 3 ey ()N g (8).

m=1k=1n=02n+X\p—1<2

Then
— < —Ak
(20) er(®) —ep () <O imax {Jagu]
and
_ < =k |
(21) eo(t) —con(® <C | max L]}
Proof.

o) =@ =] X D D e (C%m) N g (1)

Z Z Z 2wn!|T(n+Ag)| Hct'b\k—l(“akm')HO.

m=M+41k=12n+X\—1<2

IN

But

KO, T Ap—1 KO, T 2 KO T 4
In (o) = GRE (1= S5 + s — )

then
00 o) oo =TT (A)
) —en@] < CR) DY Y e o
m=M+1 k=1 n=0.2n+X—1<2
< C Ak
= Bt
The inequality (21) can be deduced in the same manner. g

REMARK 6. oy — 00 as M — oo but since A\, > 0, |agy|™™ — 0 as
M — oo.
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4. THE DEFECT-CORRECTION FINITE ELEMENT METHOD

Algorithm 1 Defect-Correction Algorithm

1) Solve Problem (23) in V}, and obtain the solution ugo)'
2) Compute the slgozn ,, using formula (16), replacing u with u,(lo), k,m,n €N,
E>1,1<m< M, MeN,2n+ A —1<2 that is

(0) .
(0) (=D kg 2nF k=1 [ U, (B) sin(Ax — 1)0
S T1,T2,t

k,m,n( 1,42 ) nIT(n+Ag) ( 2 ) (Ué(l?m(t) COS()\k B 1)9

where

uf«?c)m(t) = (alinug,?é + Ngakm / frkm( )cos(akmr)d7'> sin(agmt)

+ <ufq?€)rg - NQQW / kam( )Sin(aka)dT> cos(agmt),

i) = (b e [0 () con(amrir ) st

t
+ @%ﬂ — /0 F(0) g (7) sin(aka)dT> cos(Qtmt),

© () = 2 Y 00 in(\.0)rdrdo
frkm() w”JAk_l(,mkm.)”g o Jo fr (7“, 7) Ak—l(liaka)Sln( k )T rav,

w rRo
fakm() . 2/0 A féO)(ﬁe,t)J)\kfl(/fOéka)COS()\kH)TdeQ,

Wl -1 (o)1

f,go) B fé(l)) cos 0 + f,gg) sin 0
fe(o) —f((l)) sin @ + f,gg) cosf)’

n

£0) . (fé?) <77f1 u1 An 2Vn - VuP)
! fqu) nf ug A77 2Vn - Vug)

ul? B usiol) cos 0 + ufﬂ) sin 6
uéo) —uQsing + ' coso)’

nl n2
L0 Ho
Uy :W”J/\k = ”0/ / (r,0) I, —1(KQgmr) sin(A,0)rdrdd,
LO1 Ho
Upp) :W”J)\k - mkm ”0/ / (r,0) )y, —1(Kagmr) sin(A,0)rdrdd,

ulo — 2 o (ruy(r,0)J (kagmr) cos(Ag0)rdrdf
Okm _W”J/\k—l("fakm')”g 0 0 77 AN )\k_l km k )

Ro
0)1
uék)m :W||JAk—1?5akm‘)|lgA /0 n(r)ug(r, 0)Jx,—1(Kagmr) cos(Ag0)rdrdd.
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3) Find WS& solution of

(22)
HQZQQ/W -vpdx + a(w (ll\lf,vh):
= /Q (f— e knfmﬁ 82581%%") vy dx — k;na (s,(covznm,vh) , Vv €Wy,
() (. S O
QWhM(~,O)-vhdx—/Q (u —k77§:1sk7m7n(-,0)) cvpdx, Vv eV,

BW;Lllef 1 al asgcolnn
/QT(’O)'VthZ/Q u — Z 2 (4,0) | -vpdx, Vv €V,

knm=1
where a(u,v) = / curlucurl v + divu div v dx.
Q

4) Compute u(l) W;LIJ\)/I + Z skmn

knm=1

4.1. A Semi-discrete Approximation. This section presents a space dis-
cretization of the solution by a Galerkin approximation with H'-conforming
finite element methods. The Galerkin method considers a quasi-uniform and
shape-regular triangulation 7, of  with diameter h, and finds a semi-discrete
approximation uy, € L?(0,T;V},) of the solution u € L2(0, T; H(curl, div; Q)
of Problem (5) satisfying

/<;2jt2 / uy, - v dx + a(up, vy) = / f- vy, dx, Vvy, € Vi,
Q Q

(23) / up(+,0) - vpdx = / u - vy, dx, Vvy, € Vi,
Q Q

/Q 85?(,’0) cvpdx = /Qu1 - v, dx, Vvy € Vi,

where V}, := {Vh € C(Q)?: vyx € PHK)? and v, An =0 on 8Q} C Hy(Q)
is a finite dimensional space.

The following result presents the standard error estimates for regular so-
lutions u € L%(0,T; H?(2)?) which happens when  is convex or has a C%-
boundary. A proof can be adapted from the one in [32, Theorem 4.1, p. 575],

THEOREM 7. If Q is a convex polygonal domain with all its angles less
than or equal to m/2, u(-,t) the solution of Problem (5) and wup(-,t) the so-
lution of Problem (23), t € (0,T), if uw € L>®(0,T; H(curl, div;Q)) and % €

L?(0,T; H(curl, div; Q)) and gtg € L*(0,T; L*(Q)?), k = 3,4, then

Ju(-,t) = un(:,t)llea < Ch,
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|u(-,t) — up(-t)]o < Oh2.

When the domain € is convex with an angle greater than /2 the solution
may converge slowly and if §2 is not convex, the solution may fail to converge.
The following algorithm based on the decomposition (16) proposes a way to
recover the optimal convergence as in Theorem 7.

Error Estimates. From the decomposition (16) and the Defect-correction
Algorithm 1, one can derive the following error estimates.

LEMMA 8. Let Ty be a quasi-uniform and shape-regular triangulation of €2
and let I}, be the usual Lagrange interpolation operator over the triangulation
Tn. Then forksmn e N k>1, m>1,2n4+ X\, —1 <2, \p = k7 /w,

(24) I8k m0 (o) = Wpsomon (- 8)]|, < CHAL,

(25) ||Sk7m7n(, ) Hhskzmn , HO < Ch M.

Proof. Let us divide the triangulation 7; of the domain ) into two parts
Mi ={K € T,:(0,0) € K} and M? :{KEE:(O 0) ¢ K}, one has

Hsk,m,n(y ) Hhskmn ) HO < Z Hskmn 7 Hhskmn ) HO
KeTy
S Z Hsk,m,n('at)_Hhsk,m,n('yt)’|2
KeM;j
+ Z lISkmn (- t) — ISk mn (- ||0
KeM?

By the Cauchy-Schwartz inequality

Z Hsk,m,n(y) Hhskmn ) H0<C Z ‘Skmn ) ||O+HHhskmn ) HO
KeM; KeM;

2n + A\ — 1 < 2 happens when n = 0,1, then for K € M},

hk
c / (2t 2580 ([t (8)[2 + [t (8)]2)

< Cmax{h3* K312}
Ch*
11,8k m.n (-, ) being a polynomial of degree 1 then for K € M;,

IN

Hsk,m,n('vt>||(2)

IN

C' max { Sk, m,n (21, 22, 7, (x1,20) € K} meas(K)
Ch* R
Ch*.

Hence Y [[Stmn(+t) — MySkmn(-8)g < CHM.
KeM;,

||Hhsk m n ) ||0

IN AN IA
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For K € M2, s (- t) € H*(K)? then
> lskimn (o t) = MiSpmn (- 1)|g < ChE.

KeM3
Then [[sg,mn (1) = IpSkmn (-, Ho < Cmax{h®*, h*} < Ch?* and
Skamn (+1) = MaSkamn (1) ]|, < ChM.
Using the same method as above, one can prove that
8k () = TS mn (8|, < CRA

0

LEMMA 9. Let T;, be a quasi-uniform and shape-regular triangulation of §
and let I}, be the usual Lagrange interpolation operator over the triangulation
Tn. Then for Min,k e Ny m>1,k>1,n>0,2n+ M\ — 1 <2, \y = kr/w,
there exist C' > 0 such that

(26)
M 00
Z (Skmn ’ Hhskmn( ,t)) + Z sk,m,n('at) S th)\k‘OZkM|_/\lc
m= m=M+1 0
and
( 7)
M 00
> (Sk,m,n('at) _Hhsk,m,n('at)) + Y Skma(H )| < CRM T agy| M
m=1 m=M+1 cd

Proof. Let us divide the triangulation 7; of the domain ) into two parts
M ={KcT,:(0,0)€ K} and M? ={K €T, :(0,0) ¢ K}.

M 00 2
Z (Skmn ) Hhskmn< 7t>) + Z Sk,m,n('yt) S
m=1 m=M+1 0
M 0o 2
< Z Z (Sk,m,n('v t) - Hhsk,m,n('a t)) + Z Sk,m,n('7 t)
KGM}L m=1 m=M+1
M 0o 2
+ Z Z (Sk,m,n('a t) - Hhsk,m,n('a t)) + Z Sk,m,n('y t)
KEM% m=1 m=M+1 0

For K € M}, one can use the inequalities (20), (21) and (24) to obtain

M
Z(Sk,m,n(,) Iy Spmon (5t )+ Z Skomn( 1)

m=1 m=M++1

<

0

(g 2021 <<urkm<t> —ulp) (1)) sin w)
n!T'(n
F “k 2 (tgrm () — ul) () cos Axf
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+ Chyt |

<C (h?é max = ||~ + h??|04kM\_A’“>
. a

) )

< ChM|agpy| ™.

For K € M?,
M [e'S)
> (stmn( ) = Tisemn( )+ D5 skmal)]| < Chlagar]
m=1 m=M+1 0
Then
M . 2
‘ > (Sk,m,n(‘at) —Hhsk,m,n(wt)) + > Skmn(50)|| < OPM |agar| ™M
m=1 m=M+1 0

This shows (26).
The inequality (27) can be shown using the same way as previous.
O

THEOREM 10. Let Ty be a quasi-uniform and shape-regular triangulation
of Q, let M € N, M > 1, let uw € L*(0,T; Ho(curl,div;Q)) be the solution

of Problem (5), and u%b be the solution of Problem (23) using the Defect-
Correction Algorithm 1, then for any t € (0,T),

9 H L) —al) (. < Ap—1 Xk
) Jul) - w0 <0, max (B g M
(D) ‘ < 2 3 A—1 —Ak
(29) |uC ) = w0 < C’2n+1§\133<1<2{h N a7
Proof.
(1) o (1) (0)
Uu—upy = W-— Z Skmn = Wryr — Z Sk.m.n
k,n,m=1 k,n,m=1
(1) ud (0)
= W—W, T Z [Sk,m,n — Hhsk,m,n + (Hhsk,m,n — Sk,m,n)}
knm=1
[o@)
+ Z Sk,m,n
knm=M+1
then

Ju—wiie]., <

M
1) (0)
SHW —Wumr . + Z Skm,n — Hhsk,m,n . + Hhsk,m,n ~ Spmn

,n,m=

.
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(0)
Hsk mmn Hhslc,m,nH d + HHhSk,mﬂl ~ Skmn d
c ¢

1/2 R
+ ‘akMr k

>

k,nm=M+41

m+cmk1KAwu_u9Mm)

<C (HW_WESJ\ZHCd—*_h)\k_lHu_ug]\)/[HO—i_hAk 1|05le Ak>

(1)

S G R R

M
Ap—1 Ap—1
+ A Z Hsk’,m,n B Hhsk,m,nH + ho* Z HSkmnH
0

+ h)\kilyakMr/\k)
1 - 0
(380) <C (IIw = Whilyllea + 27w = Wi lea +h¥ 712 + W) aar| )
1 - 0
<C (|lw = whdgllea + 22w = Wil lea + B agar| )
The next step consists to find an appropriate bound of ||w w(11\)4||cd.
M
Set I[Ipw = wp, s = Z Sk,m,n and s(0) Z s,(c?znm, one has
k,m,n k,n,m=1

(31)
_ 20 S) v dx —
K52 ) vhdx—a(s,vp) Vv € V.

H dt2 / Wp - Vp dx+a(wh,vh) /Q (f
Taking the difference of (31) with the first equation of (23) leads to

2 1 1
/{257 / (wp, — Wg]\)/[) vy dx + a(wy, — wgz\)/[,vh) =
2(g—g(0)
:—/Iﬁ;Q%'V]1 dX—CL(S—S(O),Vh).
Q
f Vj. Then f _ Plwnwyy) Vi, i ion by parts
or any v € Vj,. Then for vj,(1) = ——5z14(,t) € V},, integration by parts
gives
1d a(wn—wi)) 1d 1 1
3@ |5 ||t 3E (G(Wh — Wiy, Wi — ww)) =
0
(1) )
8(Wh5;’vhljw) dX —a <S _ S(D) , 8(Wh5:V§L1M))

(s—s(®
:/H2d(saj )
Q

Taking the integral between 0 and ¢ and the Inequality (27) give

ORI
’ HQW + G(Wh — Wg]\)p Wh — Wgzll\)/l)
" ; (1)
Wh—W, ) dx dr — / a <S — S(O) 8(Wh6tW)) dT}
0

23 (s— 5(0) o(
) ot
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—w®
_ [/ / (s— S(O) a(what i) dxdr —a(s — S(O),Wh Wgu\)/l)

()
+/0 a (S _ g0 , a(whatth)) dr — 1-622 /Q 3(5(*9?(0)) . 3(5*5(0)) dx

t (1)
—Za(s — s s —s0) /0 a <s —sO 8(wh5tth)) dT}

B(s—s(®) ga(wrw(” ) 0 1
< H s ot LM +2||S_S( )Hcd|wh _WgL]\)Acd
0
O(s—s 2 9(s—s(0)) + _ <(0))2
+ ot ot s — s
< 29(

C [h’\’ﬂ_1|ozk;1\ﬂ_hc < 5

+|W WhM|o>+h2(Ak_1)|akM|_2Ak]-

Since a(wp, — wglj\)/‘,, W, — ng\)/[) = |wp, — th\Qd one deduces that

@

2
2 O(wn—wi}))

1/2 12
+ |wp, — wg]\)ﬂ%) < ( B2k o |22 )
c =

ot 0 1=Ch e ag |~k
< Ch)\k_l‘akM’_)‘k.
The semi-norm | - |4 being equivalent to the norm || - ||.q in Hp(curl,div; )
(see [18]), one has

(32)

1/2
1 9 1 - -
v = il < (220w — il ) < O |

Using (32) in (30) leads to

o= ]
1 M 00
<Cllw=willat | 30 Gt~ Wistna) + > St |
knm=1 knm=M+1 cd

<C(Ilw = wiilllea + 12 agif 1)
< (W = Willea + [[wn = Wiiagllea + B> a3 1)
<C(h+ M agit)

<C max {h, M agpr| M }
2nAp—1<2

Hence, inequality (28) is proved.
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Following the same steps used to establish inequality (30) replacing the
norm || - ||cq¢ by the norm || - ||o one has

o =i, <

M 00
1

< C {HW - Wgu\)4||0 + z (Sk,m,n - Hhsk,m,n) + Z Sk,m,n ]

k,n,m=1 knm=M+1 0
<C _ (1) h/\k—l Ak
<C([lw —wjllo + s

1 _ —
<O (Iw — willo + l[wn — il o + P g )
<C(h* + W oyt
< h2 h)\kfl — Ak
_C2n+r§\l;?3{1<2{ ’ vk | }
and (29) is proved. O

REMARK 11. If M € N is chosen so that b |app | < h2, the error
estimates (28) and (29) are optimal.
4.2. A Crank-Nicolson full discretization.

Considering a quasi-uniform and shape-regular triangulation 7}, of the polyg-
onal domain € and a Galerkin solution uy, of the variational problem (23), let

N
{¢jn}t1<j<n be a basis of the space V},, one has up(-,t) = Zujh(t)qﬁjh(-) =
j=1

U}r{(t)q)h(-) where Up(t) = (ujh(t))clrngN and ¢;, = (gbjh)lSjSN, satisfies the
variational system

H2Mhd2gh + AUy, = Fh(t), tc (O,T),

T
MpUx(0) = </ u’ - i dX> :
Q 1<I<N
T
M, % (0) = (/ u'- ¢lhdx> ,
0 1<I<N
where M), = (/ bin - Pin dX) s Ap = (a(@jh, Pin)) < jy< v 20d
Q 1<j,I<N ==

T

Fy(t) = </Q £(-,1) - dun dX>1<l<N-

The full discretization consists to subdivide the interval [0, 7] into L subin-
tervals [tj_1,t;] of size 7 = t; —t;_1 = %, j =1,--+,L such that [0,T] =
L

[ti—1,tj], 0 =1ty <ty <--- <ty =T. The o-schemes (0 < o < 1) consists
=1

J
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of approximating Uy, (t;) = (ujh(tl))TSjSN’ 0 <! < L such that
(33) 5 My (Un(ti1) — 2Un(t) + Un (i) +
+ 0 AU (ti41) + (1 — 20) ApUL(t) + 0 ApUp(t1-1)

=0 Fy(tir1) + (1 = 20) Fy(ty) + o Fy(ti-1),

T
MpUL(0) = (/ u® - i dX> ,
Q 1<I<N
d T
Mhﬂ(o) = (/ u - oy, dX)
dt Q 1<I<N

So if we set up,(+,t) be an interpolation of the solution (U (t;))1<i<r, that is,
upr (-, t) = Up(t;)®(-) with a Crank-Nicolson scheme (o = 1/2), one has the
following error estimates from Theorem 7

() = (s t)lea < C(A+T2),
(s t) = wpr ()0 < C(h? +72),

for I = 1,...,L if Q is a convex polygonal domain and if u belongs to
L°°(0,T; H(curl, div; Q)), %—;‘ is in L2(0,T; H(curl, div; Q)) and %kT,‘j belongs

to L2(0,T; L2(Q)?), k = 3, 4.
The following algorithm is developed to recover the convergence rate of the
Crank-Nicolson scheme when the domain €2 is not convex.

Algorithm 2 Defect-Correction Algorithm

1) Solve Problem (33) and obtain the solution ugoT)
2) Compute the s,(fzn,n using formula (16), replacing u with u,(lOT)7 k,m,n €N,

k>1,1<m<M,MeN, M>1,2n+\—1<2.
3) Find W;}T)M solution of

2 1 1
K G /Q Wgw—)M vy dx+ G(WJST)M, Vi) =
(34) 525®
= / f— K2 Z sa’“t;"” - vpdx — Z a (S](S?)n’n , Vh) , Vv €V,
Q k,mmn k,m,n

/Qwi(le)M(‘vo)'VthZA u’ — Z s,(c?zmn(~,0)) -vpdx, Vv €V,

k,m.n

8“’21)1»1 1 Bsioln N
/Q Az (-,O)-vhdx:/Q u — Z 2 (4,0) | - vpdx, Vv, € Vy.

k,m,n

4 Compute uELlT)M = WST)M + Z Sl(c(]?)nn

k,m,n
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Error Estimates of the Crank-Nicolson FEM.
THEOREM 12. Let Ty be a quasi-uniform and shape-reqular triangulation
of Q, let M € N, M > 1, let u € L*(0,T; Hy(curl,div;Q)) be the solution of

Problem (5), and ugllT)M be the interpolation of the solution of Problem (33) us-
ing the Defect-Correction Algorithm 2 in a subdivision of the interval [0,T] in
L

sub-interval [t;_1,t;] of size T = %, l=1,---,L such that [0,T] = U[tl,l,tl],

=1
0—t0<t1< <t =T. Then for any 1 <1< L,

t H <C max {h hML o _Ak}+7'2
H ( ) ed E>1,n>0,2nd+ A, —1<2 L vk | ’

(36)
0 0], 2 (o o) ).
Proof.
Hu(-,tl) - ugf)M('atl)Hcd <
< Jutm) - ‘1211\)4(',tz)Hcd + bt = i () .
< C (2533?-1 {h,h)‘k”akM’)\k}) + Huh(',tz) — ugllf)M(’,tz)Hcd.
But

M
ul(zj\)4( tl) Wgzlj\)J("tl) + Z Sl(gognn and ugzlr)M('vtl) = Wl(le)M("tl) +

kn,m=1
- (0)
+ Z sk,m,n,’r’
knm=1
0 . . . o
where s, _is the interpolation of the s, (-,%),0 <1< L.
Then

[l o) =iy )| <

< HWS]\Z(-,U)_WST)M t HC + Z Hskmn kmmncd
knm=1
= ngllf\)/f("tl) - Wgle)M('atl)Hcd + C ( max  {PM Haga| MY + 72> '

k., 2n+ A —1<2
Also, using (32)

<

cd

nglj\)/[(v tl) - Wl(le)M(v tl)
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SHW&\Z('JD - Wh(',tz)Hcd + Hwh('vtl) —wi (1) y
<[wide () = w1

+ [[wilot) = wi (1)

1
+ HWhT('v tl) - Wl(rr)M(a tl)
cd cd

Sc(k,n,2£%§—1<2 {hkk_llakm_& }+h +72—|—Hth(-, 1) = Wi (- tl)Hcd) '

But one can use a similar method as the one in Theorem 10 to show that

[wir o) = widh )| < () max {nagag T+ 7).

2n+Ap—1<2
Hence
(1) H { Ae—1 —,\k} 2
1) — ot < h,h .
Hu(’ 1) = Wiy (1) ed ¢ kzl,nzo%%}ixrkz ’ vk | T
One can use the same method as above to show (36). O

REMARK 13. One can remark that if M is chosen such that

h)‘k_l Ak < h2
kzl,nzor,%%)ixk—lo{ || } <5

then the optimal convergence of a linear Crank-Nicolson FEM is obtained, that
is

Hu(.,tl) = ugl_r)M(.,tl)HCd <C(h+72),
Hu("tl) - uﬁM('Jz)HO < O(h2 +72).

5. CONCLUSION

This paper presents a finite element method to solve the time-dependent
Maxwell’s equations on non-convex polygonal domains. The nodal FEM is
coupled with a Fourier decomposition that extracts the singular behavior of
the solution and recovers the optimal linear convergence. The extension to
polygonal domains with multiple re-entrant corners can be handled by the
method through the use of local cut-off functions near the corners and adding
the different singular parts to the final solution. However, the method assumes
that the solution is sufficiently regular in time, and the initial data are also
sufficiently smooth, so time-singularities and singularities due to the smooth-
ness of the initial data or the change of boundary conditions are not handled
by the method.
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