
ON RESTRICTIVE UNIFORM APPROXIMATION

Several authors have dealt rvith the problems of monotone approxitla-
:o. sHrsHA [13], ¡. A. RouLrDR [12], c. G. r,oR-ENlz and r<. L. zEI,T,ER

l7l, c. c. r,oRENTz [B], n. a. r,onuNrz [9]. :

: the paper [10] presents the problem of positive approxim.ation, a
combination of the theory of monolone approximation and the theor¡' of
approximation with positive convex const?ãints of ¡. n. RrcE [11].
- The aim of this paprr is ttvofold: to indicate a new generaTizatiorr of

'the problem of uniforir äl proximation by functions har.ingf'estricted ranges
and to give a result in a^ inore general ptoblem of positiie approximatiõn.

2. Basic ilelinitions and notations
'^- 

I,et^l.be a compact Hausdorff space and let C(T) d.enote.the Banach
space of all real-valîred. continuous iunctions defirìeá otfl T rvith norm:

ll,fll :ma*{l/(ú)1, teT}, f eC(T).
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Recall that an ø-dimensional subspace fI of c(") is called. a ËIaar
subspace if every function in Ir - l0Ì lùs at most n'-'r zeros i' i.

we shall fix arva¡' a couple (w', i) o1 extendecl real-r,alued functions :

ot,:T -> R and u:T -+ R

subject to the following restrìctions ;

{i) {t eT :øt(t) : -*} :Ø but

{t eT : u(1,) : ]--} : 7'r * may be nonemptl,,

{ii) fter:aþ):I*}:Ø but

{1, a T: a(t) : -*} : 'f-, may be 'o'e'rpty
(iii) T-1.and T - are operì subsets of I,

(iv) ø¿ is contin[ous o11 T - T-t.. and. u is continuotls o11 | -'f _*,

(..) {t e'r: ør,(t) > a(t)} : T.

Now let co be a linear operator:

o :C(T) -> C(T)

arrcl if f e CQ) r¡'e denote /. : .(/).
Then define the set of appro-riurating functions:

H : {þ e H : v(t) 
=lr.þ) <u(t), t e T}.

Def inition L A fotnction, þo eÉ is said, to be ø best restr'ictiue
nþþroxirnation, to f e C(Tl þroa,id,ed, :

llÍ - tll: inf {ll/ _ þll, þ e H}.

The follou,ing terminology rvill be used iu the statement of the results
on l¡est restrictive approximation,

Def inition 2. T'he oþerator a is se.id, to be monoton i,f it søtisfies
the condition:

(1) If f(t) t g(t), t e T then f",(t) { g^(t), t e, T.

ON RESTRICTTVE UNIFOR¡vI APPROXIMATION

Now fix / c c(r). I,et l>o e H and define the following critical point
sets

y,j : {l e T : f(t) - 1'"(t) : lf - þ"ll}

y; : {l e r :f(t) - l,"U) : - ll/-rr"ll}
y';: {t a T:þo^(t) : u,(t))

yu: {l eT: þo^(t):u(t)}

yo : yoF U yl; vJ: yi U yå, fou : yo+ U yå,

l., :Vo UVä; fo:lJ-UI;

3. Rcsults on best restrictive approximation

nn this section rve shall ascertain that there is a complete analogy
between our problern and the problem of approximating a continuous func-
tion by functions having restricted ranges. By this we mean that for each
result which is valid for the Taylor problem, there is a corresponding result
r.alid for the neu' firore general problem. In particular all our results recluce
to i,veil knou,n ones in the case lvhen the operator <o is the identity urap
lt4 _1.

TrrEoRËi\I l. If H is nonemþty Jor the couþl,e (u, u) then lh,ere e:vísts

at leøst one elenoent of best restríctile aþþroxintøtion þo a H to f eCQ).
nt follows immediately from the facts that H is a closed, subset of a

Jinit dimensional subspace of C(1) and:

iirf {ll/ -tll, þ etr:}:inf {lif -1,11, þ eH and llþll <2lllll}.
r'rrpoRpt{ 2. IÍ f e CQ) tlren th.e set of tl're el,etnents of best restrictíae

aþþroxirnatíon in H to f is a conuex set,

nt is easy to prove:

Iremrna l, ryl;' n $ +Ø ønd a is ø monotone oþerøtor then þ" a
e.It 'is ø best rcstrictiaa aþþroximation to f eC(T).

Fo¡ the remaincler of this section \ye âssume that the function/ e C(î)
is taken such that lrt n f; :@ lor allþ" aH.

X¡-emma 2. If for øfunction þ" aH there exists øfunction þ eH
søl,isJyi,ng

(2) t, (t) > O for att, , ç ro'

GH. CIMOCA 39J2
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(3)

(4)

(5)

then

þ(t)<0 forail /eyo

lr"(t)>0 forail t=r,o

Ir^(t) < 0 for ail, t 
=, 

y'í

1>" is tr,ot øn e ae øþþroxitnation to f e. C(T).
Th^e proof of 

"recílãte ¡S¡.A first charac a corolaiui Tlr"nr"rl B frorl fi]
lHEoREn,r 3. TIte elerøent It' e.H is ø best restrict,iae aþþroxiwtation

oo f .e_c(T) if ønd' onl'y if for an5t elettcerot þ e H th,ere ex'ísts a þoint /' = 
.r0-

sotclo tltøt :

(6) þ(t) 
=1,"U')

or ø þoínt t" e, \l suck th,at:

(7) 1rþ") > lr"U")

R e m a r k. rf <¡ is a monotone operator the theorem 3 ho1c1s bi r-epla-
cir¡g of yo+ by loF and respectively yo by I'o .

pnce again referring to the techniques of [5] u'e immecliately ç6¡uitt
the following:

tnÐonEu 4. ose tleat:
(B) <r øs ntonotone øtor
(9) Tlr,ere exists ø t one þ e H suclt tloat :

a(t) <þ"(t) <u(t), t e'f . i,

The H is a best restrictiue aþþroximation to f e C(T) if antl
ontry k,þoints (h1n * 1) lr, ....,th inlo @tleøst onein yo)
and, of tlte form:

o(þ) : D ", þ(t,) I Ð ", þ",(t,), þ ec('t),
tieto tnetf,

suclt, thøt :

(10) a(Ð:0 í,f þ =H
(11) a.¡2 0 iÍ tr elf and, u.n 10 'if to ell

If 1 is a compact subset of. la., b) containing at least n + 7 poirits rve
find an analogous result with Theorem 3,2 from [14].

ON RESTRICTIVE TINIFORM APPIìOXIN4ATION 4l

THrioREnr 5. Let f ec(T), þ" eH øncl sr1,þþose tlca,t c¡ is a rnonotone

oþerator. Then the fol,louing statencents øre equ,'iaalent:

(12) þ" 'is a. best restrictiue øþþroxitnøt'ion to f'
(13) Th,e origin of EtrcI'iclen n-sþace belongs to the conuex lu'rll' of

{1(t)î, t €l'o}, zøhere\(t): + 1 if t e.t{ t(t): -lilt elo and

î : @r(t), ..' e,,(t)).

(I4) Tltere exists n, * | d,ist'ittct þoints t, 1 . '.. <

1(t,) : (-1¡'n' 1U,), i:2, ...., n, | 1.

There may be get easy a uniqueness theoreÚr ancl a strong unicity
theorem [2]:

TFrDoREilr 6. IÍ þ" e, H is ø best restrict,iae øþþroxim,atiott' to Í Q c(T)
th,en þe 'is uniqote.

TI{DOREM 7. Let þ" aH be thebest yestrictiue øþþroximøt'ion"to f ec(T).
'l'l'ten tl'tere exists ct. constant I > 0 sttch, thøt for any þ e, H :

llf - þll > ll/ - 1,"11 + 8111" - þll.

R e rn a r k s 1o, An exemple of problem of restrictive uniform approxi-
mation is treated in [4].

2" ,Ihe problem õf-restrictive uniform approximation may be statecl
more general using the idea of l3].

4.. Statement of the problerne of partitional positirre approximation

I'et T,l)r, Or, ..., O,,be closed subsets not necessarily disjoint, of
a compact Haussorff space S and 1et C(X) denote again the linear sPac^g

of all leal-valued continuous functions defined on a compact Hausclorff
space X.

Let û)r, (Ð2, ...., ou, be linear not necessaril¡' þo,ttt¿"d operators:

co,: C(O,) -' C(O'), i :1, ..... tlr

ancl let H he a finit dimensional subspace of C(S).
Denote Hç.,.the set of restrictioni of all fûnctions / e H to the sub-

set An(i:1,....,*) and

¡¡n,: U, e Hn,: 2.n(s) Þ 0, s g OoÌ.

GH, CIMOCA
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Then define the set of approxirnatirrg functions:

H : ä.Hn,.
i:l

l,et

ll/ll : nrax {l/(s)1, s ç 7}, for / e C(S).

Def inition S. I'hc fimclion þ" qH is søid, to be au, eleuoetú ofbest, þartitionat þosítiae aþþroxinmtiori tu]-e C1il"¡: "'

llÍ-þ'll :inf {il/_ þll, þ €a}.
:-Qp: S we obtain the problern
ll0l.

ts slrou' that: if H +Ø, for each
partitional positive approxirna-

,"r.I"*t 
rve clefiue for þ" e 11 and / e C1S¡ the foilou,ing critical point

RIIFI:)RBNCIlS

tn : {s e z: l/(r) _ 1"(s)l : llf _ þ.|}.
vå : {s e (),: lr'.r(s) : o}, i : l, ...., nt,,

atd rve say that þ" is a co'strai't i^terior eleme't of ¡/ it alrd orrl5. ir yi istronempty for some zi.

'rlre following characteization theorem, of the Kohnogoroff type,nay be provecl only if \\¡e assllnle trtat H has a constraint interio, porrrt.
_'rHEoRÞM ' €.4 uüh llf - þ"ll +0. Then, þ" eG.i'l is øn el,et

if ttrere is no l:rt.':" 
aþþroximøtiott' to f if øtt'd on't1t

(15) rnax {(/(s) - þ"(s)).þ(r), s e r.o} ( 0

ønd,
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