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$ 1. Inl.roiluction

Let I{ be a compact pointset in the complex plane and F, fr,
complex functions clefined and continuous o11 1(. We
set of generaTizedpolynomials s'ith respect to the system

þ(z) : Þ(f ; z) : ø,f,(z) + ... -f a,,.f ,,(z).

D ef i n i t i o n l.l. A þobtnsnx,iq¿ * e QU) is cølled, juxtøþolynomiøl
F on, I( if there is no þo$,nom.í,at þ e QU):" .1, -t ¡ sx¡çþ ¿¡ol¡

F(r) - nff;z):0, z €1{-¡ þ(f ;r):n(f ;z),

Iì(z) - "(f 
', z) -t 0, z e 1(:¡ lF(r) - þ(Í; ùl < lF(") - "(Í; z)l

J!-e 5t of generalized juxtapolynomials to F on 1l will be denotecl
Ç(K; F; /).

3)

Dß' L

lr,e sha1l omit the word
polynomial" we shall

the

Ír, " ', f*
denote by
Í : (f ,)'t:

,,generalized" and so instead. of saying
sinrply say,,po1ynomia1".



tt(Ï, ù : b,f'(x) + . .. * b,,f*@), (bk : bi + ibL')

(1.2)-(1.3). But from (1'3) rve obtain

lF(x,) - q(f ', xo)l < lF("') - t(Í; xo)l

by continuily of F,f ,,,k:1,2, ..., ø, rve ltave
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$ 2. Itasic properties

GENERALIZED JUXTAPOLYNOMIALS

l-¡roperties of tlie juxtapolyrrotnials
h-ich-r1o not coincide rvith the futtc-

of the Fourier's coefficient
fl.

contradicts the l'ell knorvn property
the fnnction F, Flence I € ÇfiO,il;e

t(Í; x\ : a'f'(x) + . .. i ø*f*(x),

W.e are going to give sorne gerreral
grven continuousJunction oi, K, rvq¡ any point of 1(.
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If Fþ) : s't, ¿y¡d f o:2,,-n, /¿:1,2, ..., n, then

9,,(I{) : {2" - n(z)læ a Ç,,(K; 2,,)}

i:"#f iltlrî1 
infrapolynomials of degree n on r{, definecl in

W(z) : F(z) - n(Í ; z) 10, z e, K,

Lt# " 
is a po11'nsrn of best approximation to F on I{ *,ith respect to

tto4l : ^"" |6;,t,,Þ)t
go

uniform
The polinornial æ = Q(fl of best approxination to F on I( iÅ.uorm, i,e.

T:1I tr(u) - "(Í; ,)t : ,J7Å,,T:i tF(,) _ þ(Í; òt

is a juxtapolynomial to F on I{, too.
fndeed, if lve suqpose that there exists a polynornial þ e e(fl,1,satisfying the conditliðns (1.2) f lA,-ìt en rl,e have

rnax lF(z) _ þ(f ; z)l < max tF(ò _ 
"(f ; z)1,zeK aÇK

i.e. a contradiction.
Sinilarly \\¡e call rrerif). that ;

3" If 2,,,: þ¡\i' and æ e A(fl minirnizes the rveighted mean '

tvhere
l>p¡lF(z¡) - l'(f ; zj)f y,,r à t, 1, e ç(Í),

P¿à0, )t ¿:1, then rÇÇ(2,,,;F;Í)
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,".U111,,ïi 
1et þ a Ç(I{; F ; f) be a fixect juxtapolynonial to _F cln I(,

\\Ie co,rsicle. ,,." ""::;:;i.'j;"j;',o,'o' 
' = o

Z(r) : ',-, '. q('), 

-- 
, q c eU),1r(¡) -- l,(f, :\' '

r'lriclr rua's tlre co'rpact set 1r orto a co'rpact set Ko of trre plane (z)I,et 7q be tlre 
"o,,u"^* hull oi rc, ild"
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verifies de conditions (1.2)-(1.3), because u,e have

lF(,) - q(f t') I : lr _ vU; z) 
l__ lr _ zl < r.

lI(z) - þj; z)l | "U,(4 - þU; ò)l

The 'lheorem 2.1 has the lollolving cot.Lnterpart in lìuc1ic'lia11 space
o1 2'n, - climensions.

l,emma 2.1. Let I( be ø comþøct set øncl'þ erPfl, þU;'4 ='F(r),
z e. ]{. Let E be th,e corresþond,'ing 2n - dintens'ionøI set zuhose þoints ore
exþressed, iu, the n conr,þlex uøltted coorclinates C : (Ç, (r, . . ., (,,), zalr.ere

(.-- I¡þ) , ;e. I(.- I;(:) - l,(l; ¿)

n-hen þ e Ç(I{ ; F ; f) if ønd only 'if th,e or'ig'itr, o.f IÀ'" l,'ies in tlte conaex
hr,ill I of E.

trroof . Using the notation of Theorem 2.1, lve may rn'rite

(2.1) Z----4L9-- -ct(t+... 1c,,(,,.

Nor,v, by'lheorem2.1itfollo'r'r,sthat þ e Ç(K; F; f) if andonly if O" eZ
Tlrtis from (2.1) it follor,vs that þ e Ç(K; F ; f) if ancl only if the origin o

|l2" is contained in the convex htll {, of E.

'ì:r-rnonnl'r 2.2. A þolynomiøl Þ = QU), þ(Í; r) =:. F(z), z e,I{ is a.

juxtnþol,ynom'iø1, to F on I{, i.t. þ aØ(K;F;f),,if and onlyt 'if tkere exist
øn'integer rn u'ith l1m12n | L, a set of þos'it'iue constants 8¡ ancl ø set

of m þoints 2,, - {z¡}T C I{, swch, that

t)L

(2.2) t l, -.- 0, VA c ir,r, ..,, m\.
i-:t I;('¡l - f(I; z:¡)

If 1, eÇ(K;F;f) then þ =Ç'(2,,,;F,.f),
Proof. By l,enma 2.1, þ aQ0, þU:z):/=F'(z), z eK is a juxta-

polynornial to F on I( if and only if the origin O of ldrz" is contained in
l. Ilence the origin O is the centroid o1 rn points C¡ G. E, corresponding
to m points z¡ a I( , witlr rn 12n * i . That is rve may find positir¡e constants
àn such that

Ðj:t t' - !ú4----0, v h e {t, 2, ..., n}." [(zj) - þ(f ;:t)

i.e. (2.2) is satisfied.
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.I. ,4 />ott,nontiol Þ e,./) .0,^|.(I; z) _, I;(z), z e Ji, is ato F, i.c; /, c,J (r{;F';tiiiäìi¿ ii,4 i¡ a contaitts theþtøne (Z).
Proof ' we shal1 Prgve the equivalent statement: there exists a polyrlo*ria1

9,,i,.f,Í{)i T-,'¿,å:.t*ryirrg 
(r-2)-ù Ci, ir "ì; ;;;ry;ïìr,ïÈ'".-; Jl,'i'e"ç(ii

frrcleecl, if such a po15,p6111ial q e rp(f) exists, i.e. th(1.2)-(1.3) are satisfiecl, then for r : Q _ þ, ancl Z(z) :
u'e have

e conditions
t'(f; z)

tì(z) - tU;4

iz-rl- q(-f ; :) - />U;:)
-ttt(:)-þ(f;,)

'I'hc'teTorc -1i,g J- : {2, lz -I l ( Irì arrcl heuce Z,Cl. So it foilorvsthat O, É .K,.

. conversell', iÎ 
lgr 1onre. 

r e QU),7, cloes not contain or, therr thereexrsts ¿r. tine z trougtr O, u.hicli,íoè,r,i.lï i"ã;;;;7;"ä.", urere existsa corrrplcx nurlbcr ø + 0, such thai

lZ - q.i= lal, yz 
= ri.

This inequalit¡' implies that Z :
| : {Z: lZ -, 11:< l}, ancl hence that

q(f ; z) - þ(Í, ,) + ) yff; z)

t,(.f; z\

ai):Q)-þ(f;)ì lies in the clisk



Íó

Tlre last part of rheorem 2.2 follorvs frorn the fact that o, e JIL : O _/Ìlq,

n,here Jlto is the corwex hull of Mr, Ì[:2,,,, ancl so b¡, Tt"or"lrT8.'l' ,,
follon's that þ eÇ(2,:,,;F;Í).

c o r o 11 a r ¡' 2.1. Let It be ¿t, coneþact set conta,ini,g at leøst u, { I
foiryls. ønd f^: (fo)'i is a T systent, ott, I{. Th,en the n,t!,rt,tber nt.,
ùt, T-heoreut. 2.2, sntisJies tlte es.

n + 7 1nt,12n -l 7.

A[orco_ucr,,.t|t, Í - U,)i øre reøl aølued, functions on Ii, th,en, øt, - n, l l.
froof. If m1n, ihen sirrce/is Tcheirl'cheff system ott. I{, u,e can iincl

a polynornial q e rp(f) sncln thãt

q(Í; z) : t;(z),V z e 2,,,,

i;"., g,-satisfies (1.2)-.(1.3) on I{, he'ce j, æ Ç(2,,,, F, .f) ther-efole
'þ É ç(l( ; þ' ; f), contradiction.

il,e 'r!ït'"Y:i'"ii' ,Ì'fJ'ç(ì': ;'l','j:i'ti;:;'i'Ío,:"o,1{,Àr' 
lyilrr'j{'.;trl^ri);"nj11xrapolynornial / Ç ç(K; r¡ ; f),Þ(Ì; z) t;F(z), z e K has at least one finite'cháracterist'ic s.i'a,I but"ítttav be not unique.

Ilrom Definition 2.1 and Theorem 2.Z rt follou,s:

. y^.o^tg11Lty 2.2. Let /^r, br -a clrayacteristic set o-f j, eÇ(I{;1.; f}
::,d. tlL¡z) =t li(z),^.z_Ç.2,u. 'füen, tlrerc exists t,tte þosiilíe irrrìrírì, 8¡ ,'r,,'rí,
Lhal. (2.2) øre sntisfierl.

. -I¡" saw .in $ I that each poly'o'rial þ = e0 of best approximatio'to -I¡ on 1{ is a jrrxtapolynomial to r än I{', iä'o. i,v" .ariihoracterize
the. juxtapol¡'notoiot. to 1i'olr. K which are at the same time a po11,1rorr.u"t
of best approxirnation to F on I(.

'r'r:rEonlr,r 2.3. I. ju.utaþollur,orni.al ,1, e¡"1(!i; F;.t'), þ(f , z) -. It(z),
z e K 'is ø þolynonoial of best aþþroxiutqtiotl. t6'tr on. t('¡ a',ti'onþ, í¡'o'rí
a1U) its cl.tarøcteristic set 2,,, : r¿¡j,i, ue haae

(2.''ù lFtrl - ÞU; z)l - roa* lF(r) - þ(f , z)i, Vr e {1,2, ...,nù.
Proof. If þeÇ(I{: F; Í), þ(f ; ò =,.F(z), 

zeK, then from Theorem 2.2
it_ Êollows.that þ possess at least a characteristic set 2,,,: þ¡ji, (l{rn1
^<3" 

+ 1) orr rvhich .(2.2) are.satisfiecl. Nol' if ,rror"orr"í'o"2,,, iir"'".["riti-i
(2.3) are satisfied, then (2.2) may be *'ritte' u'crer the iörm

(2.4) f \exlto)f ,,þ¡) :0, !/øe{0, t, ..., ro}j:t
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1,2, . . ., 11t. Ilr¡ the rvell-knos'n
's" tirat þ it " Pollinottitl of best

omial of best appr oximation to F'

juxtaPoll'nom to Iì on K, too' Let

Zu,: {z}ï'¡" a characteristic set of 1' We sha11 shot'that

(2.5) lF(z¡) - þ(f ;zt)l : p: ma.x lF('z) - 1'(f ' z)l' Yi ='{t'2""'nx)'

-l,et trs sLlpi)ose o¡ the coutrary that' fol instance' lþ(2"') -F(2"')l < p

\Á/e set 2,,,, ) Zr, - {r,,tJ.
85. Defiilit ion 2.1 of the characteristic set it folloNs that there exists

a po1l,nontial q e @(/) such that

llt(z) - q(f ;zt)l < lF(z¡) - 1,(f ;z¿)1, Y i ={r,"''tn' - t}'

But tl'reu for I € ]0, lt sufficiently snra11 the polynomial

Çt:tþ-l (1 -flqerPff)
satisfies the ineclualitY

lï(z¡) - q,(f ; z¡)l < P, Vj = {t,2" "' nt}

r,lrich coutraclicts the fact fhat þ is a pol1'noniial of best approxim¿rtiorr

to / orr 1(.

5i !ì. ÙIalrix eharacltl'izaticl of lhc iuxlapol¡'nornials

-r\s s'e sal' in Theorer¡r 2'2, ea

functiorr on 1l is characterizecl by a

Def inition 3.1' Let þe
þ' on K. A swbsel' Z,,o: {zi\'i'C K-
í[ on 2,,, tl¿e con'ditions oJ the '1h
- f,et M : (ø¡n) be a matrtx oÏ
that the vectòr 

'i : (rr, ..., À,,)

ùI),', : 0

I. MARU$Clr\C
6
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(strictly positive) if

Vk e {1, 2, . . ., ru} :¡ ),t,*0 (Ào > 0).

Ðef inition 3.2. The ntøtrix Il[ is catl,e¡t H-øcatr.ix (Hp-natrix\.
'if there exists ct aector ), strictllt ctifferent frorn zero (strictly pãriii""¡ 

';rt;;;¿:
nal to M.

I.et 2,,,: þ¡j'i' be an arbitra4, subset of 11. We clenote by

Putting

(3.2) ),..: o1 w,' ,r,'tr r

1\'e are lecl to the further system

l, t,¡f ,,(z¡) : A, Vi¿ e {7, 2, . . ., n}
j.=r

nlrere a,71 ),¡ =,.0. Therefore the rnatrix n[ff;2,,,) is a H -- matrix. From
(3.2) rve obtain

).¡W¡ ) 0, Vi c {1, 2, . . ., *},
f,(2,) ... Í,(z*)

(2,,,)

(2,,)

hence

À'I 
"(f ; Z*) : f ,,('r)

fr(á')
f
T
J1

arg (x¡W,) : û, V/ e {1, 2, . . ., *}.

Suf f ic i ency. Letussupposethatfor Zu,ç I{ the matrix Mff;2,,)
is a 11 - ruatrix, Wo*o, i :1,2, . '., /n, anil there exists a vector À

strictly different frotn zero orthogonal to M(f ;2,,,) stct' that

(B.s) ä^,r,,Ur:0, V,4 = {t,2, ...,n},

. arg (¡¡W¡) - arg ()'.\'[4/r), Vf e {1, 2, . . ., m,).

.f,,(zr)...Í,,(r,,,)

THDoREÌ\{ 3.7. ,zl þolynomi,ø|, " e e(Í) for which

W(z) : F(r) - "(Í; z) :1: Q, 2 ç l{
is a_1 It if ønct onty if there exists ø
C K d,isiinct />oínti, swch, that t
l,s & exists ø uector ),,: (lr, . . .,frouo f ;2,,,) for uhiclr, \'.r' '"'

arg (-t ¡W i) : arg (\rWr), V¡ e {1, 2, . . . , *},

Puttittg

ò,-8,0- arg(xrWr)' l'jl'

we have

),¡ : ì¡fr¡ ex (i0), Vi e {1, 2, . . ', *}

ancl replacing in (3.3) rl'e obtaitr

uhere W¡ : W(zl).
Prgof NecessitSt. I,et æ e e(fl be a juxtapolynoraial to F on K, for

'rvhich lY(z):r.0, z e r(. Then by Theorem 2.2, there exist a sttbset Zoo:: {r¡}'i 6 1l (l l rn <2n -l r) of distinct points, and the positive numbers
t7, such that (2.2) are satisfied.

But the systerr (2.2) is equivalent to the following

Dt(3.1) 
,ì ,æ 

w,¡oçz¡ : o, Yh a {7,2, ..., n}.

I

\\ow¡eto lrþl - o, V/i e, {1,2, . . ., n}

6 - lìevue d'atralyse numórique et de la tlÌéoríe de I'approximation, tome l, 1972'
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är,*,r,rrl : o, v/¿ e !r, 2, . . ., rl

anil b1. Theorem 2.2 it follou,s that ¡i = Ç(K; F ; f).

tlistinct þoi,nts oÍ K. IÍ matyix, then thetie
ex'is,ts ø-continuous functi ) = 0, 

'z 
e I{, ,is a

jwxtøþol,ynomiø|, to F on K.

is î":"?^,1':]t.',"ît',)î'åì,i ;t.'¿t"r:ï.'å i1t"^í#r¿Í",Ì
fr o M(Í; 2,,,) t]ne relations (3.3) hold. We consider
a F : I{ -> C satisfving the conclitions

F(z¡) :13', V, e {1,2. ..., tnl- ),¡

(Sgçh a function, rnay be, for instance, l,agrange's interpolatorl' polyrro-
nrial of degree m, - l), Then the function F and the zeio-polynornial æo
satisfies the conclitions of the Theorem3.I, and therefot" noeÇ(It; F;f)".

_ _-C o r-o77ary 3.2. Lcl, 2,,, (l .nt,12n I I) be øn arbitra.ry subset
of I( and, þ e Q0 a giuen generølized þol,ynonúal. If IUI(f ;2,,,) i; ø H -ytatrix, then tl,tere exisls a continuou,s ftntct'ion F : K -> C suclc th,øt þ €.
eÇ(R;F;Í).

Proof. ff MU;2,,,) is a H - rnatrix then there exists a vector' ). :: (Àr, ..., \,,) strictly different from zero orthogonal to À,1(f ; Zr,). We
consider a continuous function F : I{ -> C satisfying the conclitions :

(s.4) F(rl : þ(f ; z¡) + ll¿1, vr e {r, 2, . . ., nr}

^j

From (3.4), r,r'e have

W¡: FQ¡) - þ(f ;rr):ry:t ,J, V j = {1,2, ...,m}
),j

s'hence

ancl

arg (ì,¡14/¡) : arg (^rl4/), Vf e {1, 2, . , ,, nc}

Therefore the polynomial þ e Q U) and the function F satisfy the
conclitions of Theorem 3.1, hence þ eJUf :F;f),

1 I 
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lHDorìEr\{ 3'2. Let Z,,o: {z¡\'{-(l='m=?n * 1) be a subset of clis-

tinct-1,ã'nli-o¡ x ønd, æ êÇ(R':r;f) such tkat

If ¡ : W(z¡) =!:0, t¡2t G Zn,'

Z^,. ,is a ckøracteristic set for n if ancl otl,ly if ll,t'e tnatr'ix M,(Fn;2,,,\ is
a I-lP""- nmtrix of tloe ranh tm - 7, ukere

Fn: (FL,Fr, .,.,Fu),Fr(r):'W-12¡¡u1z¡, k: l,2, ''''n"

Proof. Nccessil'y. I'et 2,,, bc. a characteristic st't of n eÇ(!<;.F.: 'f)'

Tlrerii-,y;'CorollorV'2.{ t¡"iä exist the positivc rttrnrbcrs ò; suc¡ t¡at rve

have

I. IvIARUSCIAC t)

(3.5) D t,Wo Íu(zi) : 0, V/¿ e {1, 2, ' ' ' , n}
j:1

But tiren rve have also

(3.6)

ny (3.s), (3
is orthogonal to
matrix.

ObviouslY

i t, w,7;6¡ : o, vÞ e {1, 2, . . ., n}.

.6) it is clear that thc positive vector Ð-. (8t, "-:'^8,,)
iú"^-"ttì"-rw"lF*',2,,,). Heuce M,(Fn; 2,,) is a HP -

y : ranl< M,(Fn;2,,,) 
=m - |

en from a LEBDDEV ancl RYZAKoI"-"

' 1\i;','ë2i,? I' T -'2,:'Ïåli iTä;

"^' ï2;' iT':r""î":ï i.,: " i'iiî t'ect o L

þ

Ð t\,,,W,,,.f u@¡,,) : 0, VÞ e {1, 2, ' ' ', n}'
h:1

But from Theorem 2,2 it follows th
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'relr 

corrtLarl' that 2,,, is not a chaLactelistic set of æ,

ts,rt i,í; ;?;ÌJ,ií"¿f',1',1;:i:.ï!,ï:1"',îi:ä *",');.is a

rank IV["(F', Zþ) - þ - I { m, - l,

contradictiorr. Therefore 2,,, is a char.acteristic set of æ.

tn i2n + 1) a ytbset, of rtistirtct
ørctcte'r,istic set for I( if and, onty if ;

clifferent frour. ze,ro À : (À1, . . ., À,,,)

Qn, m.) i1,þe rnøh,ix M(i;'x,'2,',,,) !
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Tlre[efore M(f ',1,',/.,,,) ìs a l]l' - matrix' The rank o[ M(f.;.-]'.i2,,)
is yt, - 1, becausö în;. tiiâtt;* is obtained lront M"(Fn; Z^), multiplyirtg
its colunrns by clifferent fronl zero factors'--- Sufficí"n"y. If the vector À satisfies the conditions of theorem
tlren']rom Corollary'3.1 , it follorvs that there exists a continuous function
i: I{ -n C such t¡ãt n"(f ; î) = 0, : e.I{ is a jlxtapoly'omial to F on /i.-S.ìfl" 

this case, bV tlìàl á"fiuitiou ol the mati-ix X[(f ; x;2,,,) and by the

relations :

fk¡) :,!L, Vi e {1, 2, . ", *}
^j

it {ollos's

M,(Fn; 2,,) : M(li ; 
^: 

2,,).

The con<litions of Theorem 3.1 being satisfied, the subset z-,, is^a

characteristic set of the juxtapolynorniaf æ6 to F on .Il. Therefote 2,,,

is a /-juxtacharacteristic of K.
i"î or 'ext 

consider the poi'tsets of the real axis. Thus, 1et -4 be

u "oÃpá"i-t"ãis"t 
agd F, Í0, h 

= 
7,2,-...., n, cor.'tinuous on zl r-eal r'aluecl

ftrnctiôns. I1 X,,,: {xi}'i' q;""4, then obviously

rank AI"(f ; X,,) : :ank M(f ; X,,).

IIence, by 'Iheorem 3.2, u'e have
Cãt"o T|ary 3.g.' ftt Xuo: {*¡}'l' (l1nr'5=n 1- \ be a su'bsel' of

d,'ist'itoct þo'itcts of A ønd'

"(Í ; x) : a,,fr(x) l- . . . I a,,Í,,(x)

ø j'uxtaþoþtnofiria'l' to Iì on A suck tlt'at

W¡ : F(x¡) - "(f ; x¡) =10, Vi e {1, 2, " ., m'}.

X",, is a cha.ractevistic set of n ê Ç (A; p;Í) iÍ ønd' onl'y il M(F"; X,,,) is

a"ttP - tmøtrix oJ the ranh n+ - 7.

Similarly, by- Theorem 3.3, we obtain
Corollary 9.4. A su,bset 1,,: {*¡}T C All-=ry=1t -l-! is. .ø

¡jrrt*nolitiüÃí¿t set of Aif arLd utoiv ¡ltirt'rnatrix X[(f ; X,,,) js ø H-tnrtlrix
and,

rank Ì[(f ', X,u) : m' - l'

Iì e m a r k 3.1. All results of this paragraph were established- in the

"or" 
ìù"tà ttt" 3u"tulrolynomials r e Q (fl i" F on {, do not coincidç

",ilh tfr" function F-ã" k. This: restrictioi' is not essential' It is possible

fif,{r,,), i: t,2,

It,ørl, i,:ntt,
is a. HP - matrix of the rønl¿ nt. - I.

" 
Pro9t. 

,Neccss,itlt. $p9ume tJtat_(,,,= þ¡ji, g K (l 1m12n ! l) is
a .l - juxtacharacteristic set for 11. Theù 'by nefinition B.s there exista function -F continuolls o11 K ancl a juxtapolyuomial T e Ç (K; i; f)for rvlrich 2,,, is a characteristic set anci il

r(l; zj) -t, F(z¡), Vr e {1, 2, . . ., m}. i

By Tlreoren 3.2, lUI"(Fn;2,,,) is a Hp -'ratrix of the rank tn, _ l.
tsut th.en M(f ;2,,,) is a f1 - nátrix.

I,et us set

),¡: w¡: F(r¡) - r(f ;zj), I :1,2, ...,nt,.

.:.:.,.ì.) be a positive vectoL orthogouai to M,(I¡n; Z,,o). ßromit follorvs that the positive vector d : (dr,". .'.', ¿,,ij", rvhere

dj : SjlØtl ;

is ortlrogonal to AtI(f ; ),; 2,,,)

n

,2n

I,et Ð

(3.s),
: (8.
(3 6)
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ö1"* 
æ coincides rvith the function

i' ,{ '^{{4 fulå, ,?', ai,J' #¿å'"" jå*'3í
"Il" : {w¡}i, the conclitions

(3.7) þ&)(f;LLi) : F(ktþ,t), k: 0, 1, 2, ...,/¿, i : 1,2, ...,s,
*here /7, /2, . . ., rs ate integers satisfying the conditions

1' : lt I rrl ... + /,, I <r I s<n.
Def irritiorr 5.4. Aþoþtnonoial,^þ Ge(f) is calted. rl_s_ brein_tcrþotatory iu,xtøboh,nonùat ti F'o" l< ï¡'þ 

= h (,Í¿ ;Ë ;"ji"";"; ùrr"rorí;r;;;;(3.7) øre- søtisfiàd..'
the set of a71 r f s - preinterpola_

U,; !; fl contains only
to .F on the l<nots Q/^.
system on K, their

agrange's interpolatory

F(z),
aç,
zQ

A¡n,

(3,S) )ì ¡, &-q s '|i

i=r " *r,,1+Ð Ð A"'f!)þto) : o' vn a {t,2, ' ' ', n}

z !r,t,F Q U;1t,) søtisfies (B.B) then þ e, Ç,+,(2,,,i il,; F ; f) ahere'n - 1ø1¡r.
When

the¡efore, a polyuomial þ a rp (f) widn satisfies the conclitions

(3.10) þ(f ; oto) : F(tt¡), Vr e [1, 2, . . .,n]

is a s - preinterpolatory polynomial on 1{ if and. only if there exists a

subset Z,uC 1í such that (3.9) are satisfied.
n'et q e l[ (1 4q 1nr,) be given. Wg say that the vector À -: (Àr, ..'., ).,,) is' a q-- t¡ectot strictly different front zeto (g - vector

positive) if

)'k -'' 0, ()',, > 0), Vl¿ e {l'2' ' ' '' q}'

l)ef inition 3.5. A ttløtt"it; 't of tyþe (n,m) is cølled, Hq - rnatrix
(HP, - rnøtrix) if th,ere exists ø q - aeitor strictllt d,ifferent fronø zero

(q - uector þositiac) orl'lt'ogonøl to M.
Xf we derrote :

I f'(z') .' . fr(z*)fr(rt'r)' .',i'("")\
M(f;2,,,; Ef,) :{ }

\,f,,(",) . . . f,,@,,)f (,tr) . . . .f,,(rt")/

then by Theorem 3.4 l'e ate 1ed to :

'rtHrJoREr{ 3.5. Uncler the conclitions of 3.4, the þolynonoi,al,
þ eP Lf ; '1.¿") is a s - þreinterþol'øtory jux ial to F,on { :l q'¿
'onl1, if ihere"'exists ø swbset Z*C X (t< - s) + l) o.f clistinct
þoints sttclt, that :- 

1o tlrc n¿a.trix M(f ',2,,,1%,) is ø H,,, - møtrix;
2o there exists ø.nc-aector À: (À,V) : (Àr, ...,ì.,,, yr,...,y") strictly

different fron'r, zero orthogonal to X[(f ; Z,n;1(,) swck tloøt

arg (X¡W¡) : arg ()'J'I/r), V/ e {1, 2, ' ' ',n}'

Proof. l{¿ç¿ss'i,[,jt, Ilet n a Ç¡(Ã ;'tL ; F ;/) be a^ s-preinterpolatory
juxtapolynomial tir F on I{ satisfying the conditions of the Theorem 3.4.
Tñ by"thi. th"ot"* it follov¿s thät tlhere exist a subset 2,,, C ,K(l < ry <
<2(n - s) f 1), the numbers à; with )81 : 1, ancl the complex numbers
,4¿, such that (3.9) holds.

Ifence we ltatre

15

rvhete

GENER.ALIZED JUXTAPOLYNOMIALS o1

\l
h

l1
b

rt-lrz +... tr,:0 11, s

(3,8) becomes:

(3,e)

(3.11) D¡¡f,þ¡) + D 1,fu(*,) : 0, V,á e {1,2, ..., rx},
j:l i: t

Ð_,u,ffi *Ð,o,rr @,) : o, vtì a {t,2, ,nj ),¡:\¡lW¡
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that the compa
s a Tchebycheff
on .I( then for
art interPolator

g the conclitions

L(zr, . . ., zui Í; Flz¡) : lì(z¡), Vf e {1, 2, . . ., n'},

arrcl it is unique. This polynomial can be expressed uud.er the form

F(r¡),
(J(zr,zr,....,zt)

Í'(r-')..'f,,(*')

f,(x,,)...Í,(*,)

The rnain result of this paragraph is the foilou'ing'

ilnnorìï)\t 4.1 . Let I( be ø conr'þ

a.l leasl
þoLynot
on, I(,
(n-lt

1'lrerefore, the vector 
^ 

: (¡,, T) : (Àr, . , ., ).n,, At¡ectoL strictly different from zero åîtn"þo,iut t'. 'Å:,1(f

),¡lV¡ : gr ) 0, Vf e {I, 2, . . ., nl
the conclition

Suffic
of Theorern B u subset fol t,hich the conditions
fronr zero ort ,, y) be a nt-vectoÍ strictly different

satisfS'ing 2 o. f,et us clenote br¡

¿, -- P,> o, o - als ().L, tv),
ltv¡l

l'herrce

)r¡ : ¡1,þl/, ex(iO).

1'herr from (3.11) u'e obtain

(3.12) É d¡W¡fo(27) ex (¿0) -t- ,är,Ír þ.t) : r¡, v/¡ e {'1,2, . . ., n}.

ff rve no.n' define 8¡ aucl An by tlle relations

',: Wu, Aj:;ffucx (- io)

1Éj

Bccausc.
73 7 ?n.-

Ð
U ' zj-t' 2' z¡t

(+ 1) L(rr, ..., 2,,',f;Flz) :

whele

U(xr, xr, . . ., x,,; Í)

(3.12) becornes :

(3.13) D:i:1 8i a-Ðo,rr(u,) : s, vA e {r,2, . . ., n},
f¡,þi)
W¡ for øll io fronr' I lo ttt',

tity. Asååtit" that r' e çUi; lì ; Í) 9t-t{ "(l: z,) =t I'.(z)'
Theorem 2.2, there exist"a' set 2,,,: {'¡}'l' C K (y + I <
ancl a s)'stem of positive constants {8j} such that

Jil

(4.8) | tr='A-tø)"- : o, VA e {r,2, ...,n}.
It 1'(,i) - ¡(f ::l

Ilut the eclualities (4.3) can be rvritten uuder the forrn

Ðdjr....tl¡,rlU(z¡t, , z¡,r\lzI-(ziv ..,, ..jn', l; l'lq\,
(4.2) "(Í', z) :

Ðdjr, ..., d¡,,|U(z¡r, . , ,i,,\'

¡S 4. Lincar juxtaoperaúors

usírrg 1'e þrevious resurts we are going to.conslruct a ri'ear oper.atordefincd over tlie set. C(K) of 
"o"ii"l-oås functio's o' -I( a'cl ,rvith valuesor the set of generalizeä iuxtapolyrioÃlnls t.. "äiiî,åì;trnction o' 1f -

f ¿,'(.f ;zi)fh(z):f,o,FQùi,,(r), gÀ € 'r7,2'...,'xj,
¡=t i:l

,ò?.

III/(:¡)12

(4.4)

lvhere
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If Permuting nt @.7) the indexes i,., ...,i, ln all.n!.possible mallners

""¿ ãããi"g tt" resLttiîg equalities, ïe are-iêd. to the further expression

ð,et (Lou) : ; D d¡, . .' el¡,,1(J(z¡r, . .., z¡,,; f)l'

rvhe¡e X is taken for all indexes ju frorn I to ru'

similarly the cleterminant of denominator o1 (4.7) can be put under
the forn

*rntr, ...,fi,,U(z¡r, ..., zi,,;flV(2, zit, .'., z¡*;f ; F),

rvhere 
Ç

"(f ; z) : øtÍ(r) + . .. I ø,,f*(z)

then the systern (a.a) is equivalent to the following

(4.5) ørL6I azLnrI... + a,,,L¡,: gp, h e{1,2,...,n},
rvhere

r -\\"hi - ¿Jj:l
d'¡foþ)fn@),

,11

s,-Ðd¡nQ)foþ).

'l'he s¡.sfgm (4.5) to rvhich ¡,e acld the equality

qrfrk) + .. . + a,,Í,,(z) - "(Í ; z)

permits to eliminate the unknowtL: q, fl2, ..., øn, whence lve get

V(2, xr, . ., %,,; f ; F) :
0 r,þ)

F(x') fr(x,)
. , . Í,,(r)
. ' . f"(x')

F(x,,) f'(x*) ...f"@")

"(f ;z) Í,(z)...f,,(r)
& Lltl ...r,Lh

-0
anð. {J(xt, .,., x,,;/) is tlie imagiuary conjugate of (J(xr, "', x*;f)'

tsut in viel' of (4.1), we have

v(2, xr, ..., K,,;f ;Ð: f t- \hl(xu)(J(2, xt, .., %k-t, Kk+l, '", x^iÍ):

: - É U@t, . ., xh-t, z, xt+t, . '., x*;Í)F(xn) :
o:'- 

ur*r, ..., fr,,;Í)L(xr, ..., xn; r; Fþ).

Replacing the expression of the deterrninants in (4.6), we obtain (4.2).

Sutticiency. Now, assutre that "(Í;z) is,given by (4'2)' First
*," tã*"tt that the numerator of (.2) may be written under the forrn

gu Lrrt "'Lr,

É[ence

o f(z)
8tL*

f(z)
Lrn

ll
Lrr..'Lrn

(4.6) "(f;z):-
gul'*t "' L,n

L,1 " ' L,,,,

But, if u'e denote b)'

L,, Ð dtrluþtu)Ío þ¡u), lU(zr, ..., zîr, ...,2îr, ,.., zî,,,_,r, ..,iÏ)l'x
.then

x L(4, ..., zîr, ...,21r, .",zîr,_u,

where ,,â" points that the i-ndex å is missing'

:f ; Flz).

(4.7) det (Z,o):
Ð,,:rn,, 

... d¡,Ír(r¡r) .'. .f^(r¡,)u(z¡r, ...,2¡,,iÍ)
lt'
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Thus
:1; -d'"'-d'* D(rr,...,2ì,,'. ",f;F) x

,\ /-J d,. ... ft,A ^: ßnt_n(4 B)

F(r) - n(Í;z): iD r:--,|Uk,, ...,21,, ...,ztu 
,,, ...il)f V

x [F(z) - L(rr, ..., zî,, ...,21,,_,, ...,2,,;Í; Flz)],

i,,@r)
j
f ,,(z î,)

i,,{, î,,-,)

:0X
l'here

^:l 
tl' "' d,,

,-t tr,htdo, ur,,-lu(rr,, .,, ztr, . ., ;flt,
f oþ.) i'@*) '" i,@,,)

But u'e have

þ-(z) - L(xr, x", . ., K,,;Í; Flz) :

a

Thus we are led to the further ecluations :

D(2, *,,
U(tr, x", ...., tr; f) Ë u, #4: o, v,ä e {1,2, . . ., n}

¡it ' IV(z¡)

tl'he¡:e

s¡: d¡lW(rìl'.

, a þolYno-
there exist

nts .1\¡,,...,,,

'(4.10) "(Í;z): Z l\¡,,. ,i,,!(zi, "',2i,,;f ;Flz)'

Xncleecl (4.10) follows frorn (4.2) if q'e denote

where

(4.9) D(2, xr, nz, . . ., x,,; f ; F) :
F(z) f,(z)
F (x,) f,(x,)

. Í,,(z)

. Í,,(*r)

I:(x,,) fr(x,,) . . . Í,,(x,,)
From (4.8) and (4.9) u,e obtain

F(z) - r(f; z): ;f ;: -::= u(,,, ..., zî., ... ;Í)x

XD(z, zt, ..., zîr, ...;l;F),
whence

t¡(z) - æ(f ; z¡) : tr
L ¿-1

dr .., dn ^_.1\" ; 
-

di t, d¡,, 1u(z¡r ,.. z¡rr;f)l'

didk"... d¡,,,

X D(zr, ..

(- I)j '(J(r,,, ,21,...,2î",...;/)X >d¡ d¡,, 1U(z¡, '. ' z¡n;fl\'

.,2î,...;f:I'\ because obrriously Liu ...,in> 0 and ) Ä;,,'.',i,, : 1'

T'he operator of the right side of (

oþerøtor is àn inteiesting linear-gperatol
firnction on 1( one of its generalized juxt
is linear becattse it is a linear combinat
tors ,/,.""-- íi i, interesti'g to rote that (4.10) gives us^the possibility to co'struct
casy, a-j--tapolyn?mia1 to a giien_iuiction f continuous on a compact

;Jk. ft is suîtici";i a; choose"an arbitrary subset Zu, C K (n + t { m I

Therefore

D,,o,r,(,,)-n(Í;z¡)]ioQ):*ÐffiD(,,,,'.,Zl,,...;f;t¡)x
1ü

* 
Ð(- 

t)i-' ú(2r, ..., zì, - hz' ..)fr@:
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=2r., T 1) and Þy 14" arbitrary positive co'sta'ts r¡,e construct the poly-
nomial æ as in (4.10).

\Ã/hen tm : n, f 1, the' the juxtaoperator has a simpler form :

I. MARU$CIAC

,,

, 2,,; f; Iì\l

lU(2u, .,.ì, .., :";.f)l L(2,, ..,2i, . ., 2,,;f.;):)z)

'r'rrEoRr)r{ 4.2. Let Qt,CK(l<s5=n) be ø srt'bset of K' F cont'i't1'x't'ot'ts

o" l{-o"A-f : (f ,,) ø Tcheby-chefi sStstem' on K. A þoþtnonoi'al' r¡ e rp(f) satis-

fyt'íng the cottd"itiott's

t1ff; øt') : Þ'(u'n), V, e {1, 2' . ' .' t}

(lU; z) :r. F(z), z e. I{ - Ql"

is a s-þreinterþoløto øl' to F ott I{, 'i.e. q €.J,(!<:O¿x f ;Il
ifanclån1yifihere CK(n sj-1<m{2nr?s+1)
ancl tlre positirte co ,, r'r'ith )l\r', . ..,¡,,-":1, such that

(4.14) q(f ', z): >^i,, ...,iu-"L(rt'r, ' ., LLs,Ziu ...,ri,-,i f :Fþ)'

GENERALIZED JUXTAPOLYNOMIALS

$ 5. Extremal solutions of ¡r diffcrcnlial equations

T,et us consider the linear differential ecluation

(5.1) L(t): Ao@)yto\+ ... -l Ap(*)y:F(*),

r,lrere Ao, Al, ..., A*, F ate continuouS functions on the compact real

set 1{.
ihe problem u,hich will be considered is to find. an approxinate soltl-

tiorr of (S.t) ;rt the set @(/), u'here.fo, h -- 7,2, .-., %, are assumecl to he

75-tinres'clifierentiable liirieãily irrdepörrdent (on 1() htnctious.
If

(5.2) Y:arfr(x) +." la,,f,,(x),

then

fU) : û,.L(Í,) + . . . I ø,,L(Í,,).

Let us clenote by L,(x) : Llfol' h:7' 2' " '' n" lhet the approxi-
,natiJrì priobtg1u is thl fóùo$'ing':-i'ô" oppto"irnate the contirruous fur-rction

F on R by the generalized polynomials

þ(L ; x) : ct[r@) + . . . -l ø,,L,,(x).

Def inition 5.1. A þol,Ynom'ia'l

(5.3) ),,r: þ*(f ', x) : eI Í'@) + ." + o"Íf"(x)

9523

(4.11) "(f ;z):D^, L(ro, ...,2i, ...,2,,;f ;Flz).j:0

By_ corolla\, 2.1 it Tc¡l1o*s that this js the case l'her -F a'd f : Ur)are real valued functions ot I{, i.e. l'e harre.

7' I{ ønd. F,
a. , æ(f ; z) =,,K xist r,t, { |
an, /r, Zt\,: l

By rzirtue of Theorem 2.S and Theorern 4.1 I,e have

Coro 11ar y 4.3: Let I{ be ct c

(4.12) lF(r)-rc(Í;zj)l : p - max lF(e) - n(f ,,z)t, vj e{r,2, ...,nt),

(4.13) "(Í; z) : > 4,, ..,i,,L(zi,, ., zi,; f ; Flz).

This result l'as establishecl b¡, the author in 1g64 [g].
_ \Á/hen tn : vL f 1 the constants Â7 ca' be expressecl explicitly lg],ancl so rve olttain

D(zn, z
o

IJ(zo

"(f 
', z) :

,,

,,?oluk'' " " 
zî' "'' z";'f)l

A at the juxtapol¡'-
nomia This assurnþtión
is not r the preintãrpo-
1ator1.



96 I. MARU$CIAC

is calted, sol'ortí.on of best aþþroxinr,ation of tlte equøtiotr, (5.1) on, K itt'
th,e cl,ass A0 ,f

GENER.\Í-IZED JUXTAPOLYNOMIÀLS 97

rr{EoRÈn'r 5.1. I.f y aJ(I{: L;F;f), L(y)+F(x), x aK, then theve

ex'ist rtt(l1nt,{u.tl) clistínct þoin'ts x¡ QR, þositiae nlttmers 8¡su'ch'
tloq.t

24 25

From our assl1111ption tvith respect to the functions F, A¡ and fo, il
lo11olus that each ecluation (5.1) has at least one solution of best approxi'
rrration on 1( in thè class rp(f). Generally such an approximate solution
may be not uuique

Def initio r 5.2, A þolynoruiøl'y eQ6 it cøl'lecl Cøu,cloy's solor,tion
of best aþþroxim,ation of the eqctøtion (5.1) on I{ in tloe cl'øss rp(f), if '1t." besicle

(5,4) sat'isfies th,e Caor,chy's cond'ition

(5 5) l,\!)(xo) : ),(:), V/¿ e {0, 1, . ..,1, - l}.

{s,4) lF(") -f, øuL,-(x)l : trax l\(x) -f a'fL,,('v)l

^:1 
re¡{ À.=l

inf Í1ax
t e(pu) 'erc (5.6) i l, ----fue'l - 

=: o, VA Q {1, 2, . . ., n}.
i't ' tì(*i)-L(Y(x¡))

IJ' y aJ(I{; L; F :f) th,en, 3t eJ(X,,: L;F ;Í), ulteve y : {x¡}'i'
Ii iurthcrmore (Lo){ is a Tchebycheff system on I(, then the rrumber

r¡¿ jn Thcoreur 5.1 is equal to n * 1.

Eecause Cauchy's conditions (5.5) are linear conditions with respect
to the coefficients (rL, (trz, , . ., Ø,0 b)' virtue of a general result establishecl
by the author for generalized. restrictecl infrapolynomials 112] lve have a
similar character-isation for the Chauch)"s juxtasolutions of a differential
equations (5.1), too.

rHEoREi\,r 5.2.lf 5tqf,r-{x¡, I{;L;F;fl, y(x)=t:F(x) xaI{ - {xo} a'ncl
there exists ø closed subsetC ç I{ - {*o} suclt,that! aÇe-{xo,Ci L;F.;l)
then th,ere exist nr,(lg!?n=n - þ + L) d.istinct þoitr.ts x¡ a I{ - {xo},
þositizte ntnttbers 3¡ uitk, l8i : I atod' real' numbers yo suclt tlca't

1)L-''þ-1

(5 7) 
,Ð 

u, *#h^+ [ v, Íl!)@,) : o'

IÍ y e Jp-t (x¡, K ; L : F ;fl tkert' ! a Çe-{xo, Xn,i L ; F ; f).

\1 LL, Lz, . . . , L,o is a Tchebycheff system on I{, then from Coroll ary 4.2
regarcling the stlucture of the juxtaoperator, it follorvs an interesting struc-
tuie for the juxtasolutions of a linear differential ecluation.

'r'Irnor{urt 5.3. Let I' and f - (fo)'i be such, øwøy lhat (Lu)i fortn's a
Tctrcbyclreff system on I{. A þol,ynomiøl' y aQU), f(ù:tF(x), n qK
is ø juxtaiolntion of tlta equ,øti.on (5,1) on K i'f and, onl'y 'if tkere exist ct' su,bset

X,rt: {*n\ïtt, ønd' the þosi,tiae constøtots Ir¡ uitlt' X A¡: l, swck tha't

1r+-l

(5.8) y(x): 
Ðn, 

L(*,, ..., ni, ...¡ nutt;L;Flx),

ahere L(zr, zz, ..., zn; L; Flx) is the general'ized' Løgrønge's interþolatory
þ0|,yøoøoial, wi,tl'r, resþect to tlte sistem Lr, Lr, . . ., L,, on tlt'e knots zr, zz, . . . , 2,
to tke function F.

ln the case of the linear and homogeneoús differential equation rvith
constant coefficients, approximated. by algebraic polynomial, it is possible
to give an interesting interpretation of the rve1l known Fejér's theorern
about the location of the zeros of algebraic infrapolynomials [1].

Obviousl¡', the problem is not triviaT on11r if þ < n, because others'ise,
if þ>n, either the system (5.5) is incompatible, or it permits to cleternine
thê coefficients an, ctr1, . . ., &,, a7ad, therefore the polynonial tr e QU)
rvhich satisfies Car.Lch1"5 conditions (5.5) is completely cleterminatecl. 'Ihus
\\'e ¿rsst1l11e that þ < rr'.

Uncler our assuluptir-rn it is knorvn that such an approxinration of
Chauchy's solution ah,r'a)'s exists, [11] but it rnay not be unique.

It is clear that lve can consider a similar approximation problem in
the other norlns. 'l'o inclucle all these exttenal solutions we shall consicler
the, juxtasolutions of a linear clifferential equation (5.1).

Def inition 5.3. A þoljrn'ontiøl' ),€QU) is cellctl ;j'ttt;tøsol'tttiort'
(Cartclryis jrt,xtasolu,l'ion) of th,e ec¡r,t'øtion, (5.1) on, I{ i,f L(5,) is a. ju,xtcrþolynomial'
('þ - | -- þreít't'terþolutorlt þollttxç11r¡r¡) to f on I{.

We denote by J(I(; L; F;./) and J(*o; I{; L; F;Í) the set of the
juxtasolutions and resprctir.ely Cauchl"5 juxtasolutions of the eclttation
(5.1) on 1(.

Obviousll' each solution of Cauchy's problem of the equation (5.1)
of the form (5.2) (if such a solution exists) is respectivellz juxtasolution ancl
Cauchy's juxtasolution of the equation (5.1) on e\/er)¡ cornpact set.I{ Ç R.

By virtue of Definition 5.1, it fo11ou's that each best approximatiou
solution of the equation (5.1) on 1( is also a juxtasolution of this equation
or K.

Using the ploperties of the juxtapoll'nomial to a continuous lunctions
o1r â compact I{ of the real axis, given in the previous paragraphs, \!e call
state some properties of thc juxtasolutiorr respectir.eiy Cauchy's j.l*to-
solutions of ecluation (5.1) ou l(.

First, by 'lheorem 2.2 x'e are lec1 to the :

7 - ,lifIo cl'anaL1,ss nurnôriqttc eL de la théorie de l'aPproximation, tomè 1, 1972'
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Thus, 1et us consicler the ecluation

(5.9) L(1,) : AoyØ) I A, yt, ') + .. . * Ap)) - 0,

s'here Ao, Ar, ..., Aþ are constants and l, 
=t¡,.No$' \\'e consicler algebraic juxtasolutions of the ecluation (5.9) of

the form

(5.10) )) : atx"-l l &rx" '+ .. l au.

Obviously, iT ør, ar, ..., a, are independent then the single juxta-
polynomial of (5.9) ir y : 0, obtained for a, - ûz : a,,,: 0.

Thtrs it is natural to assume tltat ø, - l.
Furtlrermore, because in the case A¡ - ,4¡ t : Ap-t, - 0

A.p-tt-t:." 0, each polynomial of degree at urost À is a solution i.e. a juxta-
solution, of the ecluation (5.9), on every compact set 11, lve assume that
Ap =!, Q. Thus the equation (5.9) can be l'-,-itten under de form

(5.11) L(:,): AoyØ) )- Aryrt'' t) + .. . I At 1J,' + !:0.

We denote by Q, the set o1 a17 tt, - th, degree po1¡rns1rti.1s r.vith leacling
coefficient one:

(5,12) P,,(*) : x" I a.,vu-r + ... + e,,.

I1 Y-P,,(x),then
(5.13) L(y) : x" ! c'x,,-1+ ... + c,,,

llhere

cn: a*+ (n - h' t l)An tcln-t * (n- l, I l)(tø - h+2)Ae-zøt,-z|-

+ ,.. , h - 1,2, ..., n.

D e f i n i t i o u 5.4. l8l A þoþtnom.ial, P,, e fp,,is call,ecl infraþolX,no-
nLíû.I on I{ if there is no þol,ynom,ial Q,, ÇQu scttisfying the conclitions

l' P,(x) :0, x e 1( :¡ Q,,þ) : 0

2' P,,(x) 40, x € 1l -¡ lQ,,@)l < lP,,(r)i.

In [11] uras shown the follorving assertion

'r'rrrloRrll\I 5,4. The þolynomiøl ! : x" * &tv"-t -l- . . . I a,, is a jrtxl'ø-
solution.of theeqwation,(5.11) orcl{if an'd'on'\t if L(y): x"IcTxtt-t * ... Ic,
is atr, infrøþolynom,ial' on K.

Froil this theorem as a consecllletlce r.r'e obtain the follorving lesult,

l.frEoRErr 5.5. Eøclt, algebric juxtasol,ution , ! a Q_, of the- e-quø!i'2y'

6.ll\ àn I{ 'is exaet solution on n þoittl,s xi oÍ the closed, conaex hull' of I{.
' Þroof. rr y: xf I a1x,, 1+ ': ' | .a,o is a juxtasolution of the eqtra-

tion (5.1i) on K, then bY Theorem 5.4,

L(Y): P*(x) : x" I c'1'')'t * "' I c"

rvhcre ct. aÍe given by (5.13), is an infrapolynomial of degree n on K. ßttt
tfr"r,, ti "ittü" of Fäjér's theorenr l1], ã11 zeros o!.!" must be in 1he

closecl óon.r"" hull oi ,I(, i'e' the points x¡ for rvhich

LIY@¡)I : o, Vi e {1, 2, ' ' ', tc\'

belong to the closecl convex hull of K.
Iïsing a Marden's result L7l it is possible to give a converse th.eorern

"¡"ri"tüiring 
the algebric pol5,'o*iutsìf degree ø u'hich are juxtasolutions

of the equation (5.11) on 11.

,r.r{EoRrllvr 5.6. Let K be ø real, cornþact set contaiyiy,g at I'eøst n I I
lrol,nls ltlalÃ, gl the sm,all,est interaal containing I{. IÍ the þol'ynomial

j : x" 1- ûrx"-t + .,. + ß"

is erøct solution of the equation (5'll) on n d!'si!øc! þoints x,b a lA., Bl,
¿ : l, z, : . ., n, *k'id, ørä separatòA 4í ¡oints of I{, then y is a juxtasol'tt'tion

of thc er¡ualion (5.11) on' I{'" Pr,íof . We èay ihtt th" points x1, xz, . . ., x,, are separatecl by points
of 1l if

1x,,, xru+t) î I{ +Ø, Vh e' {7,2, . . ., n - l}'

Now, iÎ y:x"l0,r%n-t+."*g,, [a¡the property that tþ"]-"
existls'ã iv$"tá of ¿istinct poirrts x¡ e lÁ, Bl separãted by points of 11,

such that

LIY@,)] : o, Vv € {1, 2, ' ' ', n'}

then from the ecluality

L(Y) : P,(x) : x" I c'v'n-t + "' + c*

it follorvs th¿ t all the zeros oI P* belong to lA, B] and are separatecl by
p"itri. "ilr.-Bni iu vierv of a ¡,mnbnn's ñsgl!-!ll, then P,,is an infra.p-olv-

äornial otr K' an by Theorem 
-5'4' y: P"(xl ié a juxtasolution of (5'11)

on y'(.--- -sirnilar 
results can be established for cauchy's juxtasolution, too

using sorne of our results about restricted algebraic infrapolynomials [11]'

27 GENERALIZED JUXTAPOLYNOMIALS 09
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sS 6. Dxfrcmal soltttion oI a linear sysfem.

To find. an approximate solutiou of an incompatible linear system
\\re use freqr.entll' the last squares methocl. An other methocl, called the
best approximation methocl, rvas given by npir'r4z, rt. r, 115]. Obviously,
these two methods correspond to the t*'o consiclered metrics. It is natttal
to study all such, ,,extte?nal" solution of an inconrpatible linear system,
introducing the notion of the juxtasolution of such a s)'stem.

I,et us considel a systen

(6.1) ),;(z) - û¿z: b,, i - 7,2, ..., %,

lr'11et'e

il¡: (an,Øiz, ,,,a.in), b': (hr,br, .,.,b,r) z': (2,,22,...,2,)

are complex rrectors. Some tinres this systen u,i11 be deno-ted:

(G.2) Az : b.

29 GENERALIZED JUXTAPoLYNoMIALS 101

Let us consider a s)rstem of positive numbers p : (p)i' with )¡lt : 1'

ancl þ )-, I a given real nurnber'

Def inition 6.4. An øþþro:imate sol'ution z* QC of the sy2tln

16.ll fs callerl to be a soùitriott. of ítesL aþþroximation inueiglúeel meøn of thc

òrAtr 7', of (6.1) if :

(6,4) (å *,,,,,* - å,1')/'' = 
,':1, 

(P *,t',' - br)

\Ãi'ecanverifyimrnediatelytlratrvelravethefollowirrg:
6,l,Ifzoand,z*qrcsolulionsofbestø!þroxilnationof(6'L)

in Altttäty ii'"*i¡Siitr¿ meøn of "t'he ord'eì þ, ltoltns, then zÐ,

- 
heorem tve have in Particular

z* o/ (6'1) obtø'ined' by th'a løst sgt'ta'res

I the extremal solutions of the systetn

ystem are the sPecial cases

function over a finite set,
be forrnulated for the juxta-

Thus, let us denote bY A,,i ' {øt}''i:r, i: l'2' "'")1" B"': {Ói}i"

ont t t--A,,-: {C}l', be arbitrary finiìe'pointset in the complex plalre'
'We considór thè âPPlications:

Íj i M,,,'-+ A*i, i : 1,2, " ', n

FiM,,,-B*

satisfying the conclitions

(6.5) Í¡(C,):ø¡¡, F((¡):b;, i:1,2' ""ffi'

Def inition 6.1. Letzr: (zr,zz, , .,2,,)beøn øþþrox'imøtesolottion
of (6.1). . Ltr : (,ur,utr, ,. ,, LL,) ¿s cal'led, otnd,ersol,wtion of z (øbbreuiated
u e QI(A, þ; z)) iÍ t/+e folloai'ng concli'tions are satisfied':

l" Au, :/. Az;

2' IÍ j e{1,2, ...,nc} and n¡.2: b:; cI¡l'L -b¡,
3" If I e, {7,2, . . .,nx} ancl ø¡z :t þ :¡la¡lr- btl < la¡z - b¡1.

Def i,nition 6.2. An aþþroxiwtøtc solution z o/ (6.1) is call,ed,
juxtasol,ott'ion of th,e system (6.1) (øbbreuiøted. z e, g (A, b)), iÎ Af(A ; b ; z) - Ø,

fn other words, z ê,C" is juxtasolution of the system (6.1) if z has no
unclersolution of this system,

Obviously that each exact solution of the system (6.1) (if such a solu-
tion there exists) is a juxtasolution, too.

^A.mong the inost important juxtasolutions are those rvhich rnirimize
certain norms. We e going to give, for instance, two of the most frequarently
nret of them,

Def inition 6.3. An øþþrox'ímate soh,ttion z0 €C" "Í (6.1) i,s

call,erl the best øþþroxim,a.tion solu,tio'tt, of tke Vrtem (6.1), or ø Tchebycheff þoínt
of the slstetn (6.1) if. ' i

(6.3) tn?i lct¡z' - b,l ::!ir,,,max lanz - bl. :

Then it is clear that the aPProximation of the solutions

of the system is ecluivalen ttothea tion problem to the

function F on set Mn, by the polynomials
(6.1
the

(6.6) Pþ;C):2,f,(C) +"'lz,,f,(()'
R e m a r k 6. l. As functions /¿, F, rve can take.Lagrang'e's interpola-

totrrìot.,o"onial of degÏee nc - | ä ttt" knots (,'(''^" " -C"'"'' i;;;';ü"î.iiriii"î of t¡e juxtapolynomial to .a function on a coln-

p""t 
^fr*i<l-îiViüi"- ãt 

-n"tl''ii 
ion 6.2,- it follorvs immediatelv
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rHÞoREr\{ (6.5).The nþþrox'inr. '(-6.íi
rl ancl onltt if

As a 
"cons 

ately
THEoREM 6.3. An øþþroxitnate sol,ution zo of the system (6.1), for wlticlt,

y¡(zo) 
=¿ 

b¿, Vi a {1, 2, . . . , m}

is ø fut,xtasolution of (6.1), if ønd, onty if there exist þ(l<þ<2n * l\ar¡,nt,ions )r¡,,J)¡,, ...,!tn, ønd p þosilíae"numbers t¡, skìh:tnirt:-' ' ^/

þ(6.7) Dù yd,ò-J!!:q: o, yta e {1,2, . . ., n}.

z0 is r¿ jwxtøsol,wtion of the systern

!4@):b,, ,!rrÞ)-biþ,
too,

i o rr 6.5. We søu that the linear forms, gt, !2, . . ., lno ale
:t:i deÞend,ent of.-the^órd,er m - r [rs, i"s:-iáii'íj *,rií"'rritrtthe +0, Yi Q {1,2, . .., rn} suck-thøt- -

qylz) +...1c*y*(z):Q
ønd, there is no simil,ar relation between the rineør forms of ø subsystem0Í {y;}r.

It is knou'n that.yr,yz, .,..,.y,t are strictly linearly depend.e't of theorder rn - I if and. onli'ïfrank A": m - lrrrd if there'exists a sub_matrixc of the type (m, n - l) whose all minors of the ota.r- ii- I are differentIrom zefo

D ef initi o n 6.6. Letr be øn integer (r <r !m) ønd, þ¡\í:rc {i}'i'.A swbsystem

Á - 8,,
uhere

Tlce

R e m a r k 6.2. By Theorerr 6.3 it follorvs that each sy_stem -(6.1)
t as at least one juxtaóharacteristic subsystem of .zo e,J(.A, ó) a'cl, the
nunrber þ oT the" ecluatious of a juxtacharacteristic subsystem of (6'l)
satisfies the inequalities

1<þ12ntl.

If moreover, the S)¡stem (6.1) is rea1, then by corollary 2.1, it follows

l-<þlnll

D e f i n i t i o n 6.7. A swbsystetn A,z : B, o.f (6.1) øs cctl,l,ed, elenr,entaryt

sr,rbsystent, o-f (6.1) if th,e l,ineør-forms, ))4, !¿r, ..., !i, are strictly lin'early

cleþendent.

Def inition 6.8. We søy t',at tlt'e system' (6.1) høs ('l) þroþerty
{Tch,ebycheff's þroþertjt) if tlrc rønk of eaerlt subtnøtrix of A of th,e titþe (n, n')

is equøtr to n.
From Definitions 6.7-6.8, it folloq's

C o r o 11 a r y 6.2. Ttte systern (6.1) høs (T) þrcþert-tf if antl q"!y ,it
eøclt its swbsystern of n. I I eqíta,tions'is an el'àtn'entary sø,t'bsystem, o/ (6.1).

Pyoof. The necessaryandsufficient condition for a subsystem of t * |
equationð of (6.1) to be ân elementary subsystem.of (6.1) is that the rank
of' the matrix nf thls subsystem ts n, anð, each its ninor of the otr\er n'

must be clifferent from zero, becattse there is a single matrix of the type
(n * l, ø). Therefore, a system (6.1) has (T) propertf if ancl onlv if cYef)'
i¡5 .ut.ylteru of ,n + l 

-equatiorrs'is 
arr'elementary subsystetrr of (6.1).

'We can verify immediatel¡'that the system (6.1) has (l) property

if and only if the system f : u)i satisfying- the conditions (6.5) is a

Tchebycheff system on IVI,,. So by Corollary 2.1, rve have

c o r o 11 a r y 6.3. If the system (6.1) høs (T)-þroþerty, th,en th,e nutnber

þ in Th,eoretn' 6.3. sat'isfies th,e inequal'i,ty

m*l<þ<2n*7

If moreotter (6.1) is real' then 1r: n I l.
using our results about matrix characterization of the ^juxtapoly-

nomials ão a given function on a colxpact set {-, given it S g, we call
characterize tñe submatrix of A satisf)'ing the Theorem 6'3'

A matrix -4 of th.eorern (6.7) lvill be called a J-m,øtyix o1 (A, ó) if the
corrditions of the 'Iheorem 6,3 are satisfied'

aJ(A,; B,)
A^;:-'n,,,ti' a. of A,z: B, tken zoÉ J(A,', B,)
is cølled iuxta tic of zo.

a) zo

b) if
rnøtrix A,

(6.8) A, B
ui'

b¿-ødr\Øìrz'.,Ø¡rn

is cølled, juxtøehørøcteristic subsystem. o/ (6.1) ønd, zo a g(A, b) if
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THDoREM 6.4. Att' øþþroxinr.ate sohttion zo of the y,stent, Az: l¡, foy
uhich,

y¡(zr) =lb¡, Vl e {1,2, . . .,nt}

is its jct,xtasolution ,if ancl only ,if there exists ø su,bnmtyix A,p of A
(l<þ<2n { l) uhich, is a H-rnallix ønrl there ex.ísts n uector \ strictly
different from zero orth,ogonal lo Ap su,ch tl,tat

(6.9) arg(),¡Y¡) :arg(1,Y,), Yj e{I,2, ...,Þ},
wltere

Y¡:yt¡(zo)-bi.

Proof. Necessi,t5,. I,et us suppose that zo e. g (A, å) such that jtnþo) J. bo,
i:1,2, ..., m,. l}'e:n by Theorem 6.3 there exist a subnatrix Ap ol tl
(l 

=þ 
{2rø { I) ancl positive numbers ò7 such that (6.7) holds. Ilut

then if ive put

(6.10) t¡ : å* Yr.- 
lY¡l'

(6.7) can be written under the fronr

t: 2
ei.- J- |

Becatrse l.¡;t, Q,Yj e. {1,2,
From (6.10) we obtain

l¡Y¡ ) 0, V/ € {I, 2, ..., þ}

hence arg (ÀrYr) :0, V/ € {1, 2, ...,1r}.
Suf f iciency. Let us srlppose that for the matrix Aø(11þ-<

{2n { I) and z0 eCn the conditions of theorem hold, i.e. ,4 is a H-matrix
and there exists a r¡ector I strictly different from zero orthogonal to A*
such that (6.9) ho1d. Putting

¡r:9, 0.-arg (r,Y,)
lr tl

i.e. ),¡: 3¡Y¡ ex(i9), and replacing in (6.11), we obtain

þ

| ùi7¡ex(i0)an,,,:0. V/¿ e {1,2, . . ', n},
i-t

óo
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s'hence

å 
t, U û¡jt, -- o, V/¿ e {1,2, . . ', u'}

ancl b-v 'I'heorem 6.3 it follovs lltat zo e J(A' b)'

Sirrlilarll-, b), Tlreorems 3.2' 6'2, arrcl 6.3 \\,e call cleclrrce tlre follorvirrg

'r'I{r,ì()r{rilt 6-5. Let A, (l:< þ 12n } 1) bc a vtbmalrix of A atltl

z0 =.J(A,lt) vrlt lltøt

Y,:yt,(xo) - br=t'Q, !l e {1, 2, " ', tì¡'

A, is a cltaradeyistic jot,xtanmtrix of zo e.J.(,4, tt) r.i atttl only i,f tlte tttatrix

l¿i B,\
M*(Ar,Bp) -l _'l,\r; B,l

uhere

!"'':'.
Y,7,n.'p,,

(6.1l) V,åe{1,2,...,n}.

.,Jtj, (6.11) sho's,s that Anis a l1-rnatrix-
i,s ø HP-tnut'r'ìr of the rønh þ - 1.

Finalh-, using the structure of the gensr-alizccl juxtapolynomials in

S 4, ...;;¿'go;ng'to girrå. *r explicite forni of the iuxtasolution of a given

rÌ"Áär- s¡,stenr. I,'õr siäplicity s." suppose that (6.1) is a real systetn pos-

sessir-Lg ('l')-ProPertl'.

Tgrlolìlllr 6.6' Let

(6.12) Ax : h

( T\-'hrobertv. .4tt aþ'l>ro xintqLe
A, b),' ii aníL onLu 'iJ-l'here cxisl'
\',(x):0, i: 1,2, " ',n -l t)

l

l

ir

1r 1'l
A, . . . dî . . , dnt-lD (1, . . . ' î' , ' n 'l- 1 ; A)D¡"(t ' ' ' ' , î ' ' ' ' tt -l 1 ; A ' t't)

n-0 : :i.-L

(6.13)
?r+l
2 d,,j:r

d.¡, ...,d,1,t iÐ(1, ..,î,, .' n'l t' A))'z
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So we have the following interesting result:

Corollary 6.4' Let Ax:b
)-þroþcr15'' Tlt'en' enclt' j
oJ tlr.e Crømeria'tt solutio
that evely solution of

11or111 of last squares nofm are juxt
the form (6.13) of the juxtasolutions
that for càrtain choise-of the constants d¡ in (6.11) s'e can obtain both
of r¡.entioned solution of best approximation of (6.12).

a) First .o,e begin rvith lasf ìquar"s- approximate solution. Thus for
obtaiá the solution õf last squafes niethod of the system (6.12) it is neces-

sary to minimize the function

D(7, ...,j, ...,1x + l; A) : "'l L ctî¡ aî,

&n j-t,t

att

' Ø¡tlt,i

' (h, h,t br

&n¡7, u

&t, h.Ft At ,,

Do(|, ...,i, ...,11+L; A): eî t . . . øi, n__t b¡ nj,tt rr ai 
',

út-ll,I , (trttl-l,n,tbl+tãt!t,trl 1 ... A¡ft,tr F(x) : D Y?(%)

^ ^ .Proof . rf lhg s)'stem (Q.13) is real and has (T)-property ilren by Theorem
6.3 in vierv of corollary 6.9, it follows that'fu-eùØ'; b) In aícl onll, if
there.exists a subsysten of (6.12) of n f 1 equationà (asjume that these
are the firsl n, -l- 1 equations) ancl n + | positive nuÀbers d¡ sadn that

,t 11

(6.14) l, A,volxo¡ø¡n:0, Vå q {t,2, ..., n}.
j:1

Putting

.e. it is necessary to solve the system

{6.17)
ðF 

-oðrn
lV.çx\aou:0, k : 1,2,
j:t

n.

1L+l

But (6.17) coincicles s'ith (6.14) for 1n : n f 1 and dr: clz
) 

-1- 
Lvb+l 

- 
L.

Therefore rve have

Coroliarl' 6.5. A jrt,xtøsol,u'tion of ø real system (6.11) þqsse.ssil+^g
(T)-þroþerty is ø iøst squarcî.sol'tttion of tkis Ð's!,em if and' onlv if in (6.13)
¿t: Ar: .., : dn+t: l, 'i.e.

I cl¡ a¡r a¡r, : D n¡

il.1 |

I d,¡ b¡ ø¡o
j:t

Dk

the system (6.14) beconees

(6.15) D¿, xl., I D¿, xg + ... -f D¿, xI : D¿,'i : 7,2,

il+1

j:1
D(1, ...,î, ..,n, { r; A)DhÍ, ...,î,,..,n + t; A;b)

,.

(6.18) xok :
1r+l
> D"(1,n

î' "'"t )- l' A)

which permits to determine rfl, x$, . . ., rfl. Using the same methocl as in
[9], the solution of the system (6.15) can be put under the forru (6.13).

If we denote by
ions of a system (6'12) which is at

the solution of (6'12) in uniform norm,
we h, a juxtasolution of a system is at
the olutin of this system if and only if
for each juxtacharacteristic subsystem of (6.12):

Yto@) :0, j : r,2, ...,'n + |

L¡: dr du+t lD(r, ..., î, ..., n + 1; A\),
,ù+l

¡?rd'' d;' d"1-JD(1" "' î" "' n ! t ; All'

tlren (6.12) cat be s'ritten und.er the form

(6.16) 'f :i 
nDo(t"' "i'""nr1'A:b)

" i'" t)(1 , .,î,...,n)-I;A)

tt,e have

(6.1e) lYo,(xo)l : lYo,(to)l : . . : lY ¿u,,(ro)l
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Using thc conditions 16.Ig) it 
^.irr (6.16) and so, the solutìor, óf b r,r

"i'1^t9.""1,*;;'.1 ;ipii"'tiiil"tii! :ilof (6.12). .i'i
R e rn a r k 6.3' All our results ca' be ça¡ily extencrecl' t'o ,trre càse*'here the svstem (G.I) ìs a' infiniie i,,"or'i,åiibÉ ;l;ì;; i".-*i;"-,, ïhànratrix A : (n,,,) is'of 'the type (oc, n). 
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