
RBVI]D D'ANAI,YSE NUMÉRIQUD ET DE LA THÉORIE
IIB L'APPROXIMATION, Tome 2, lg73' pp. 5-g

ON EXISTENCB OF' DIVIDED DIFFERENCBS
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In a large uumber of problems, the notion of divided difference of
the rnappings in different linear spaces is very important. In the investi-
gation of the dividecl differences many results are known ([6], [3], [1]),
but the question of their existence is still an open problern. In our paper
we state certain theorerns which solve that question.

Let X and. Y be real vector spaces anð. P a mapping defined on X
with values in Y.

Def inition l. A lineay møþþing F,,,, de¡ined, on X uítk aøl,ues
in, Y is cøll,ed, al,gebraic d.iaid,ecl clifferettce of P i,n tke þair of d,ifferent þoints
u, a of X, i,fÍ

(1) F,,,u1tr - u) : P(u) - P(u).

Proposition 7. For euery møþþing P d'efineel on X uith aal'ues

in Y, there exists an ølgebrai.c d,iaid,ed. clifference in euery þair of d,ifferent

þoints u, a of X.
Proof. lior arbitrarily selected different u ard u ol X, let

X, : {x e X I x : a.(u - a), a€R}.

We defiue on the linear subspace X, of X the linear mapping

P,,,,|a(w - a)l : uP(w) - uP(a).
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'W"e know that there is a linear projector fI of X orr X, (see, e.g. [S] p. Zt),

n(lÇ: Xr, and. TI(x): ø for every x in X,
ff we put

rr(*) : h,\: i?,¡(u - u),

and

F*,oK: Pu,, o frx :7:7,|P(u) - P(r)1'

ce of P irt u, a'

d'iaid'ed' d'iff er ence

i;#"! i,i'#î,ii¡'
of
o", locallY conuex sþace X
d'ed' e in all' d'ifferent þoints

the preceeding theorem ', X1 having
ear änd continuous Projector of X
maPPing

P'"': P"'uofI

is a linear and continuotls mapping verifying the condition (i).
E " ã m p t ", l,"t * - l, th; seã of the sequences of the real 'tt'rbers

@

with | (x'o)' < f co, having the usual linear structure and norlu, P mapp-

i"g ti--i; the linear norrnecl space Y.
Defining X. and. P,,,, in the same way as in-the first.example, lve

can consid"i ui vector generating the subspace X., tlte element
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we have

Prr,r: Pu,rofI,

defined on X with values in y, and by defini-
r,t e have a linear mapping
tions of Fu,u, n oni-p,,,-,

F*,"(r-a):p(w)-p(a).
E x a rn o I e- Iret X: s, the set of the seq_uences of real rrumbers

üri trift','åi,:3J ¿*tff i ä'ìiiJå, ,pu"" ",à r . Àappi'g derineá

u: {ut, ü2, ,,,,M", ...} and u : {ut,ü2, ,..,un, ,,.}, q;ta,
then

Xt : {fro€ s | ø* : (u(wr - ur), o(w, - ar), ..., u(ttn _ a,),..., ø€R)}
and

P",,la(u - a)l : aP(u) - ap(u).

Secatrse Ø:,1'a, we-cal1 consider that for io,,tio-a¡o+0. The'we have
;:, ;,.1;'::.:t#¿rin" set or ti"eurrv i"aqiå'ia",'t ;"4";; aL, az, . .. aìo-',

x, : {ur _ ut, n¡e _ u2, , , . , !¿rr_ arr, , , ,}

and eu is the sequellce {ormed w1t\-o,excepting å-th erenrent. Now we candefine the tireai projector n of x-ån xi ii'^ i;ii"äö;anner:
II(r.) : xr, fI(eu) :0, (h:1,2, ..., io _ l, io+ l, ...).

Then for

ll
î

I

i

:l

il

e (*-r)

ilhen for

Ílx : (x, e)e :

æ

) þ,ft - ulù)z

Ø
\ çtt(utt ,- utt)

Ø
) (t/1 -- u1t)2

{x xr ,, fr", .. .), lrte have

(rt, - a),

tt - {xt, frZ, ,.,, frrr, ,,.}
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Pr,, rx -
2 xlt(u,tr - rtt¡

fP(u) - P(a)l@

'r'HrJoRErr 3. Euery lryalrþing p ol ø l,inear nlrm(d, sþace x in ct linear
noymed. sþacc Y hss a dialied ãifferhrce p,,,, uith lhe'n-orwt,

llP,,"l, - 
lleþt) - P(u)ll 

.

llu. - ull

. P1ryf. I,.et X, ?\:I 1",, be as in the prececl ngs, a'cl let be the realvalued lunction l, clefined o;r lhç X, þy .[,("@ _ ri¡': 
".. 

Co,,.iJ"iing'tf,"norm-preserviug extension / of L to X isôe'e.g. fil p. 106l and

Ker (/) : {x e X lf(x) :0},
every_poi*t y_- o1_ ,Y can be expressecl by !: x +"f(y)(u - r), whereø € I(er (/). We clefine

P,,-,y : "f(y) P,,,,(r.t, - a),

for.e'ery y ir x, a'd so we obtain that p,,,, is a divided difference of p,
and

ll P*,,,' - llL'(¿¿) - l'(a)ll 
.

llu - ull

Rems,vhs. l. rn this way we do not obtai' the uniqueness of the divi-ded differe^ces, whicl-r is natural, because there are ,o-ä kro*' exarnpres¡'hen the divicled difference isntt unique.
., 2..This paper gi'es only some piincipial answer to the question ofthe existence of the divided differenôes, ¡irt ttie effective construction ofdivided differe'ces in.every practical case must be solved i" otrr., *"yr.The authors r.vish to-^ elpress their 
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