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ON THE INTERVAIL EQUATION A4X 4+ B=CX + D

by
STEFAN N. BERTI
(Cluj)

Let I be the set of real closed intervals 4 = [ay, 4,]. In I are defined
the binary operations:

AOB:{MO'I}'.HEA&'UGB} °G{+:_;-:/}

where O & B for division. In the factorization problem [2] is treated the
interval equation

AX = B.
The solution of the interval equation
AX +B=C

is given in [1].
The object of this paper is the study of the interval equation

J-(l) AX +B=CX+D

|11 some particular cases.

Notations. a, b, ¢, ... are positive numbers, s, ¢, ... are positive num-

bers < 1 gnd 4y, @, ... are real numbers. The interval [0, 1] is denoted
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by U. If 7 is a real number then we write » — [, 7], hence RC I W
also define the binary interval relations :

zive the
r.={4, B):a, <b}r_ ={(4, B):a, > by} 2)
7o = {4, B): by <ay <a, <b}, v_ = {(4, B)ia, < b < by, < ay}
Y4 =A(4, B)ray < by < ay, < by}, "e = {4, B): by < a, < by <ay} Since
where 4 = [a;, a,] and B = [b,, b,). We denote 4 < B iff (4, B) & 7. N
A~ Bilf (4, B) &7 ete. ;
and
With the above notations for an interval, the representations
ay
(a1, ay + a] or a; + aU “

are valid.

The classification of the equations of type (1). We have 6 cases depending
on the form of intervals A4 and C:

(f —-+ 1

@ 0<4,0<C (B)0<A4,0CC ()0<A, C<0 f—+2
(d) 4 <0, C<0 (0C4,C<0 (HOCA 0CC.
(f: e +: 3)
For the case (a) the following subcases are considered :
(f; f— +J 4)
(@l) 0< A4 <C, (a2) 0< 4 -+C, (@3) 0<CDA.
(f: h— +; 5)
Depending on the form of the unknown interval the following subcases
of (a) follow: (fihar ot 6)
(a, +) if X is a positive interval, (f, — +, 7
(@, —) if X is a negative interval,
(@, — +) if X is a mixed interval. (i — 4. 8)

For the subcase (a.1), (a.1, -}) is the case : X positive interval, (a.1, —) — X
is negative, (@.1, — +) — X is mixed. Similarly are defined subcasesi_
(@2, +), (a.2, —), (a2, — +), (a3, +), (2.3, —) + (2.3, — +). I

From case (a) we give in our paper only the study of subcase]
(a.1). Cases (b)—(e) are omitted in the present paper. |

For quantities

(f: T +; 1)1

<

>

2B (f—+, 2
Co
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For case (f, — ) (the other cases (f) are also omitted) first we
comparison of the quantities:

a4 O z  Ca
T T T
a1

as €y 6y

one of the following cases occurs:

a.
“_2(=>az>0 &a1<_a2<=>'§1_01>2_61
ay @2 @y
101 Ay
ai(=>a1<0&a2>—a1<=)a‘—c<—:
ay ay y
0& =
a,>0&a < —a, &ey < 02<Z
a,>0&a, < —a,&e; <0 &%<02<—cl
1
@16,
az>0&a1<—a2&01<0&—01<c2<;2—
1€
a2>0&a1<—a2&cl<0&cz>aa—l
2
@6,
a1<0&a2>~—a1&cl<0&02<7
2
a1<0&a2.>—al&cl<08z'—:—c‘<cz<——c1
2
aye
a1<0&az>——al&cl<0&—cl<02<a—1
901
a1<0&a2>—a1&cl<0&02>a—-

1

(2) in the above cases follows that:

a [ Co @y
. < hds < = < —
ag Ca 21 @

a, a, ¢y
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| L6 b B 1Y € _ 8 a4y _ ¢ In cases (f,— +,1) —(f, — +,4), for {fixed a = —a—b,
(= +. 3 ay < ¢ B ¢y . a’ (fy =+ 4h o " 2 s a =S 0_: ", =a ¢ = —c the following representation holds:
- N e S B e I W L
b8 O=p<iss bt Z<tctct, M) (=D (-8 =)
=+ 7 Z<2cach 8), 4l b 0 = : et
3 ] 1 N C<:< r(f¥_+) )1'—<_<—<’*’ a4b a
1 1 2 Cy @y [Z2 Co
In this way the following lemma is proved: md for cai"ileS (i — "fjc: t) (f, — +,8), for fixeda, = —a,a, =a + 0,
Lemma 1. If A = [a,, a,] and C = [c,, ¢,] are mized intervals ani* =  © the epresemation
o = min (2, 2), max (=, )] =45 G—+8 =hD) (—+8
ay a a, a, ° a (@ —}‘: b)e ?
Y 1 [lnill (—6—1 ﬁ) max (ﬁ iﬁ) a + b a
Cq ! 2 ! Cy ’ cy
then From the symmetrical form of equation (1) follow the equivalences:
v — )<—>(f—+ 2, (f—=—+39(—+5, (f—+49&
=)(f +, 8) and (f, —4, 7) & (f, —+, 8), therefore the following 4 sub-

{(c, V)i (&, y) €} =ro U 7.

In the above cases the following parametrical forms
A and C) hold:

(for the intervaldepending on the interval in which 22

cases of (f, — +-) are to beconsidered: (f, — +, 1), (f, — +, 3), (f, — +,4)
and (f, — 4, 7). In each of thesecases we have 5 subcases tobe cons1dered

‘ is contained. For example in the:
¥

case (f, — +, 4) we have one on the situations
(=D 4=[—a—ba] C=[-c =
.l T D P P P - g P3N P!
(fi—+.2, A=[—a—5b4a], C= [ 6; (“+bs}s] T T T T U T T 1o G
a4 b
- bes and we have the cases
=t 8 d=[-a—ba) C=[—0c+] s T4nm-+A@4wmaMLM—+Ammmmmy
(fi—+. 4, A=[—a—ba], C= [_ ¢, ¢+ d+ bi} From case (f) we gue m this paper only the study of subcases
a (f, — +, 4,3) and (f, — +, 4
(h=+8 A=l-aatb) C=[—c 2]
a4 b
(fi—+,6) A=1[—a,a+1b] C~= [_ ¢, {a + bS)cJ § 1. The study of the equation (1) in case (a. 1)
a b
(i — +7Rph de=sl o gz it :[_ e 4 lic_s] In case (a.1) the study of the sets
AL moe g : o ~{(4, B, C,D,X):0<Ad<C&X>0& (1)}
’ » O *—[-ﬂ,a*l‘ ],C=[~—CC+6Z+;J :{(A,B,C,D,X)0<A<C&X<O&(1)}
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and 7
, D, X): < C & XD0 & (1)} = RE3
o +oh | =4
1S given. ~ © =
THEOREM 1. The follows +o| T =&
WAL otbowing rvepres , 2l =3 NI
are possible : g representations of sels My, M, and M, Sl R i
‘f SR S @]t e
™oy W . ) i + o o+ S |t
[l T T 4
B 4+ = — e e
Itilw ) T T I o - E- S [
5
M, = : = ol I
1 ,-L=J1 {(at;, + Vi U)reist I %
=| +
; Py
7 ,:A\ S} :5 ’.i
M = . PRI B g ’I’
2 ;‘l;je LW + vip U)reis) < l“ = S
n 4ol
M; = {(us,k + vS,kU)kEl,_s} N N © © © e~ S S,
@
5 S
wney 173 , ! T gt
¢ quanibies iy and viy, are given by the following tables : e
__}_
ra a + O T, e 8
1 € a—+b-c¢ a, e i o e
a Sl T & v
@tetf atbto a et f =R -
— o -
b 4 6] = o] IR
(c+d)es =le 0
dater =T atbtetd a et gts_ gl I S
b + o+ d) o & Tl |
—| o (&3
. aa+etf a--c+ds a e f ith“a;ﬂ_l =
Ujk)= ¢ +ds e 2+ ezl T2
(6+d e 5 = =|3 5 = an
@ttt a4 b fotd g - e e ! i
f vy = % S RS RN “~
a a S - -
1 a+bec 4, + e e 3: j; i A 1 N i
a ¢-td ES A
a
. a--b+c a e f — (e + Nf + +
4 (b + c)es + (bs 4 e)f]| S o~ = 3 o =~ o o
T atbte mte ot n
“Y /A =
and =
9 — Revue d'analyse numérique el de la théorie de l'approximation, tome 2, 1973.
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Proof. For set M, we have the Tepresentation :
M, = {(a, -+ (@3 — a,)U, by + (b, — b)U, ¢, + (2 —¢))U, 4y + (dy — @)U,
HA (% — %) U)

s — @) (by — dy) &

¢y — a,

O<a1<a2<c1<c2&dl<bl<bz&d1<d2<bz—(

_d, -_bzl

llz——czj

& 2, b= & x

a — ¢,

For parameters by, by, dy, d, we have the partially ordered graph.

by
b/ N (o = a) (b, — ay)
] / ’ €1 — &
dy

hence, one of the following subcases are possible :

(a.1.1) d<b <dy<bp, <62‘“2)(b1*d1)<62.
cy — ay
(¢.1.2) d1<d2<b1<62-%<62
6 — a,
and
(2.1.3) dy < dy < b, — (——7“-2-)—(%:_@<bl<b.
Case (a.1.1) is equivalent with the system of relations :
0<al<ag<c1 <y &dy < b, <d2&bz>dz+%(b;_dﬂ&
(a.1.1), T
& % = L&y = Bl
@& — ¢, Ay — ¢y

hence for the interval- ~coefficients 4, B, C, D the parametrical represen-
tation is valid -
4 = %1+ v, U, B

__Mlz—,“vle C—u13+7)13U D_M14+7)14U

where
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= e,a+b+c, a)
(thy,1, U190, U3 #y,4) = (@, a1 + e,

and

C+de g ¢4 ).
(v1,1) V1,2 V1,3 U10) = (0, f+ & +

1 1 l y I:he case (4. .2 1S e(] uivalen t W 1t11 l,lle S 5 Stelll ()f Ielathl’lS
( 1 ) . . 1
Slnl la > ( )( )

0<ay<a, <o, <0 & dy<dy <by & by <by + =7
1
b
dy — by 4 — b
(d.l.Z)l &,’\71: (:1_61&.%2 s

hence | -
= Mgy + VseU, C = thy5 + VogU, D = thy, + Vg4
| A =ty + 02,U, B =ty )

where e
(2,1 Uy gy Uog, Uoa) = (@, ay + ¢+ f, &+ b 1 .
’ the
i ive the representation o
a.1.3) first we give
For the study of case (

interval-coefficients :

| =a+ b4 ¢+ aU,
I A=a+bU B=a +e+f+gU C

(@.1.8), D =a, + eU.

The condition

(6 — ag)(by — dy) b
H d2<b2———c—01t—z——< 1
ie.
-+ (6 +a) 1 /)
(C’I-d)(6|f)_f<g< i

(a'1.3>2 b-¢

uivalence :
1S necessary for case (2.1.3) and the eq
(.1.3) & (a.1.3); & (a.1.3),

follows
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the partially ordered graph follows

20 STEFAN N. BERTI (al im t‘l‘l‘.st way
. . e I (¢, — a)(dr — by)
From equivalence by + =T
J I Gy = (g
(@.1.3) @ (a.1.3.1) V (a.1.3.2) V (4.1.3.3) PEON
bz dl
where N\ b /
1
. (¢ - d)e (e -1 d),(iﬂi_' f) f L . : )
(a.1.3.1) (@.13), & b>d & /< = & T o, —f<g< eﬁ‘é one of the cases is possible:
€+ de i ) ' 6y = @) (dy — by) , < 6 < 0,
<b\+c; b1<dl<:b.:<d2<?)z—|*_“—ﬁ:fﬂ2—J O0<a, <a, < ¢y 2

(@.1.3.2) @ (a.1.3), &b < d & Mfiﬂﬁf«g ~ Lot de 4 )

be b e

plazaldi7b) g -y g, <o <

Cy — Uy

and by << b, < dy < dy << by

s de - p Bl i . : e e d 7¢ line of (/H,‘ R) and ('Uj, /\v)-
1.3.3) & (a.1.3 b>d&f~ e €+t 0, , simple computation we obtain the_G an o {uy
(a ) & (@.1.3), &b > &f> b d &0 <g< b4 ¢ 15y %}flget M, ]we have the parametrical representation :

holds that in (a.1.3), we can make the substitutions

(@18.0); b > b 4 d, [ LD g, 0T DB 4 (et D1sti 1) 3
4 b - ¢+ d)

@1.3.2), b —>ds, g » A D 4
g

ds |- ¢

{Ehe proof is similar with the above considerations and may be left to the
rcader,

respectively \
[ v , (¢ - d)e e+ a)lfe + ) + ¢ 4 De)s | . ) y .
(@.1.38), b >0+ d, f =/ % T, 87 s Lot a) 2 The study of the interval equation (1) in case (f, —--, 4,3)
With the above substitutions, the 3% 4° and 5° line of (uj ;) and SBcase (f, — -, 4,3) we have the system of conditions :

(v, 1) are obtained.
The 5¢ column (i.e. the components of X) for the first 5 line can
easily computed.

For set M, we have the representation

( a.c, a ¥y aq
a4 >0, a, < —a,, ¢, <0, ¢y >, Dol

@y ay Xy 7y

L 3) X — aldy - be) — ag(dy — b)) cy(dy — by} — ¢y(dy — by)
) » 1 = S »

Ayly -~ Ay04 gy — 10y
{144 Caldy — by) — cy(dy — by) G2 ,
| 2 aldy — by) — ayld; — b)) @,

M, = {(al + (@, — a)U, b, + (by — 8)U, ¢y + (o — ) U, dy 4~ (dy — {Z})
¥1 - (0 — x)U)

a’l<dz&Z)2<clz<bz—l—(c¥fﬂl;b‘>&xl:—u&xz’:*

Cy — Qy Cg — dy 28 -

d, — byl
24
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therefore we can obtain the parametrical form (only necessary)

Azﬂ—mwwlB:MMﬁwlC:Pﬁc+d+ﬂJkﬁ%@+ﬂ

where
be
(64 0+ ) vt s =0+ g, — b
12 <« a _ e,
a —(a+b)dy — by +f— ) — ald, — by) a-+b
hence
be be
i (dl—bl)(20+d+;)+(f—9)(0+d+—) 5
<14 =
a+b (di—b)(2a+b) + (f—e)(a+D) @

Therefore we consider one of the cases:

N ) @t B —p
h > b+ 2a + b oy i birrt 2a + b

with the parametrical forms

dy=0b, +¢g+ fatble—J respectively d, = b, — g + @+t =1,
2a - b 2a - b

In this way we have one of the following situations:

adf b ade d ¢

M 14l _ .

(2a -+ b)%g <1+ a - (¢ + b)2g  Z2a+4+ D a
a ade . d ¢ < _f_ o PR + o d __c
a+b (2a 4+ b)2g  2a 40 a (2a + b)2g (2w + b) 2a 4 b a

adf a " ade ade
— < — — 1 — = S
(Za + b)Y a+b+(2a—|—b)2g+2a |—b-_|_—a< a+(2u+b)2g+
4+ a K adf a ade _d °

2a + b a (2a+b)2g+a+b (2a—|—b)2g+2a+b

which give some parametrical forms for the interval coefficients and also
the solution of the equation (1). For some details see for example case

(f —+.4,51,2).
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§ 3. The study of equation (1) in ease (i, —+, 4, 5)

In case (f, — +, 4, 5) one of the following subcases holds:

a, >0, a; — < a,, by &R, dy > by, ——<cl<0,

9
=+ 45, D]e > 0 14252 >0, s
(@) — c1)(dy — by) - 4 — G)d —
b2>b1_|_ Co — Ay ,d b_l— Ay — Cy
a, >0, a; < — a,, by &R, d, > by, %<cl<0,
R O

by > by, dzzszrLMfLﬁ

Gy — Cq

r 2
ay >0, a, < —ay, by SR, dy > by, ¢, < 2, ¢, > 44,

(51 [

0 —+ 4531+ 2=2>0

bz>dl+—l—M, 4y = b, f Gzl —b)

\ Cy — Gy 4 — G

a, >0, a, < — @y, bha R, d1>bl;01<%§, 62>a;61:
' 0,
(f =+ 4,541 + 7= <0,

by > by, dy = by + =l —b)

L

Ay — Cq

as

a,>0, o, < —a,, e R, d,<b, 2 <, <O, fh <Cy <y,

ay @y
M~Aum&ml+c ;<0 |
i
_ba>bl+w, d, — el —b)
\ Cy — Gy @y — Cy

2
%>Qm<_amMGRdﬁﬁh?<q<Q
@y 6y )

<‘52<a2’ ]-

ay

m—+A@m

€3 — g 5
ay — &) (dy — by
by > by, dy = b, _}_LLL

a4y — 6y
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Tor the proof of the above decomposition in the subcases of case
(f, — -+, 4, 5) we use the system of conditions which gives (f, — 4+, 4, 5)
and the following remarks:

a) In case (f, — -+, 4,5) the equation (I) is equivalent with the
system :

ayxy -F by = %y + dy, ayxy A+ by = iy  dy,

hence the solution of (1) (if exists) is X = [#,;, x,] where

d, — b . . —e)dy, — b .
g, = =+~ with the condition d, = b, + @ = o)l = b) since also
1 N B 2 2 a f]
2~ ba 2 7 Y
1, — b 2 (dy — b
¥ =2 and 0 < %y < ald = b,
a — 0 co{ay — €)

b) From d, > d, for b, follows

by > by &by > dy | = b

Cy — Qy

hence one of the cases is possible:

b1>d1+(“—‘"—M—bﬁti.e. (dy — by) (1 +‘“—“ﬁ)<o) it by < by

Co = dg Cy — Qg

or

by < d, L @)= (i,e_ (dy — D) (1 = ) > 0) if

Coy — Qg Cy —

by > d, -+ (6 — ) [d— b))

Cy — Qg
¢) Since x, <0, we also have condition: (dy — b;)(a2 — ¢;) < 0.
Combining the above remarks, we have the subcases (f, — +, 4,5, 1) —

—(f, — +,4,5,8). To obtain the parametrical forms of the interval
coefficients A4, B, C, D we also have the following results:

14+ 2705060 (0> a1, 6> ¢+ ay — ay) V (60 < ay, 63> ap) V

€y — Ay
V(Cl>41:02<a2)\/(01<a1: Cy < € + ay < — ay)

1%_“_‘_:ﬁ<0<=)(c1<a1,cl—|—a2—(l1<Cz<“2)V

Co — dy

Ve, > ay, @y < €y < €y + Gy — ay).
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The new subcases (in detail) we give only for case (f, — +, 4,5, 1):
2
a, >0, a; << — a,, by R, 4y > by, B, < ay, Cy < ay,
ay

(f, I +: 4) 5) 1: 1)

b, > dy + (@ — e)(dy — b)) , dy = by 1 (a1 — c)(dy — by)

€y — Ay Gy — Cg

a2
2o, <0, ¢g >0t ay— ay,

a

612>0, 01<—“z, blel{, d1>b1)
f}———{-l4)5)1J2)

bz 5= dl -+ (@ — c)(dy — b1)’ dz _ b2 £ (ay — e1){ds — by) y

Gy — Uy a, — by

For case (f, — +, 4,5, 1,2) we also give the general parametrical
form of the interval coefficients:

e Kl e e B:[“1+c+e, ola®s — (@ + b)) ]

(a +b)la+ b+ d —a'
(f) i +: 4) 5: 1; 2)1

a?s

2 4 b4 d— -2

a--b’ a +

cz[_ b].D:[al—r-c, a; 4 ¢ + ¢l

and in case (f, — -, 4,5, 1, 2) we also give the solutions of (1):

L. (@ + bic
— +,4,5 1,2), X =X,=|— ’
(fr Fo4,5, 1, 2), ! l (a + b)(a + b - d) — a%

a(a -+ D)est
(@ + B)(2a - b | d) — a®)((ea + b)(a + b + d) — a’s

]

where 0 < ¢ < 1.

From the above relations (parametricalforms of A, B, C, D, X} it
follows :

(f—+,4,51,2; AX + B=CX + D =

o - afa + b)c atsc :
[al @+ b) (@bt d) — azs’ Gibetet @+ b){a+ b+ d) _azSE
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§ 4. Some observalions

Above we have given only some very particular cases for the solution
of the interval equation (1). Cases: (1) has 0, 1 or an infinity of solu-
tions, are considered in some examples above. The solution of (1) in another

cases can be similarly considered.
We give in this finally part of the present paper the following relation,
which gives the parametrical representation of a new case:

(4, B,C, D X)0<C>4,0<X, AX+ B=CX+D}=
:{(a+b+cU, o, 4 eU, ay, + (b4 ¢+ d)U,

bes es e(l — s)(1 —¥)
. R+
@+ Bt U, ; U)la,b,c,d,ee ,

alell,0<s,t<1}.

A very particular case of the above general case is the equation
~with the solution

X = [2, 3]
Tn this case:

4, —a=b=c=d=1, r—8 s—=-Landi=2
2 4
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