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Let I be the set of real closed intervals A : lat, ørl. In I are defined

the binary operations:

A o B - {ot,oa'.xt, eA&.u eB} . €{*, -,., l}

where o É B for division. In the lactorization problem [2] is treated the
interval equation

AX:8.

The solution of the interval equation

AX+B:C

ìs given in [1]." 
The objäci of this papeï is the study of the interval ecluation

(1) AX+B:CX+D

irr sorne particular cases.
. Notølions. ø, b, c, ... aÍe positive numbers, s, l, .,. a,r-e positiv-e llum;
bcrs q I and nr, or,... are räal nurnbers. The itrterval [0, 1] is d"erroted'
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For the case (ø) the follorving subcases are considerecl:

(ø.1) 0<A<C, (n.2) 0<A-)C, (".s) 0<C=¿.

IlSqe,n{i1g on the fo¡m of the unknou,n interval the followirig subcases
of. (a) follow:

(ø, i) if X is a positive inten,al,
(*, -) if X is a negatir.'e interval,

(o, - +) if X is a mixed interval,

ase i zY positive interval, (a.1, -) - X
c1. Similarly are defined subcases:
)-), (o.3, -) + (ø.5, - -t).
f papef on15r 1¡" studl' sf subcase
the present paper.

For case (/, - +) (the other cases (/) are also ornittecl) first we

live the "o*p"iitou 
o{'thc quantitics :
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by U, If r is a real number then we write z : Lr, rl, hence R C I. Walso define the binary interval relations:

r.: {(4, B): a, { br} r, : {(A, B): ør> br}

r-: {(A, B): b, < a1< ø, { br}, r_: {(A, B): ø, ( å, ( br.i øz}

r.: {(A, B): ø' < ó1 < a, { br}, rr: {(A, B): b, < ar < br 1 er}

rvhere A: Lar, ørl and B: lbL, ór]. \À/e d.enote A < B rtf (A, B) er.
A -l B 111 (A, B) e r__, etc.

with the above 
'otations for an interval, the represe'tations

q]- >lz q=¡ ø, 10 & ø,2 - &t ç:¡1!' 1o4 ,

løt., qt I a'l ot ø, | ø(J az (tr az &L

are r¡alid. orie of the fo1lowil1g cases occllrs:

.The.cløssifi.cation of, tlt1 erymtions of t1,þe (l). \Aze ha'e 6 cases deperdin¡on tlre form åf intervâls A and C: 
J -r'(" \-t' 

Lf, - +, 1) er)O &.ør1- er&cr { 0 &cr<"t'
Q,L

(o) 0<¿1,0<C (ð) 0< A,OCC (r) 0< A, C <0 (f,- +,2) er)0&.ar1-er&cr{0 æTacz1-ct
ar

(d) A <0, C<0 (t) 0CA,C<0 (/) 0C tt, 0CC.
(f, - +,3) er)0 €uør1 - Ør&c, {0 &- cr<tr1%

llz

úr cL

&z cz
(2)

Since

and

?! < þ ç:¡ ø, ) 0 & a, I - 6tz ç> ?9 >q4
d,2 (\ a'z Qr

(f, - +,4) &r)o &'ar1- er&c' {0 &cr>T
û2

(/, - +, 5) ø, {0 &ar} - h & c, { 0 &c, <1!-'
4,2

(/, - +,6) erlo &.ør) - qr&c, {o g?L' .--cz--- ct
q2

(f, - +,7) ør10 &ar) - et&c, (0 & - c, <tr<Vi

(/, - +, B) ør10 &ør) - at&cr10 &,cr>nt''
tll

For cluantities (2) in the above cases follorvs that:

(,t - +, 1), 'r <! <þ < 9!, (f, - 1,2), ! <!. <'-z <þ,
cz az QL cr ûz oz cL a'r
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Ín cases (Í, - +,1) - (f, - +,4), for fixed. a1: - & - b,

tz : a, c1 : - c the following representation holds :

("t - *, 3). ?a2 <-1s<þ, (f,-*,4), þ<t<a,<a',
qz cr c2 at aL q,z a,L cE

(,f, - +, 5)t ? a?< -1 < þ, (.f,- *, 6), þ <t <c, <",C2 al az cL at Cz cr az
(Í, - 1- , t) (Í, - +,2) (Í, - +,3) (f, - +,4)

a

c

a -- Cz

(f, - t,7), Qz 
-Cz -Ct -&t tl\-1-<--, \f, -*,8), þ<ø'<''<''

&L ct cz a2 a7 øt a,2 cz

0
a,c .bec+-

a,a1-b

In this wa)¡ the followiug lemnra is proved: rndfor cases (/ - +,5) - (l - +,8), for fixedør: - û,fl2: e I b,.

Lemma L IÍ A: løt,arlønd,c:¡cr,crløremixed, interuars onir: - c the representation

" : [n'in (i"' :')' max (î,' :,)]
^¡ : frnin (i, i), max (i, i)]

(l' - +, s) (.f, - +,6) (Í, - +,7) (/ - +, S¡
c2a a

0
ac (ø | b)c

c
alb a,

then From the symmetrical form of eçI

",f, 
- +, l) (Ð ffi - +,2), (r, -(-X,f, -f,6) and (Í, -+,7)<->(Í, -

cases of (Í, - +) are to be considered:
and (/ - +,7).In each of thesecase

{(", y) : (o., ^ò e Ir} : r-l)r-

In the above cases the following parametrical forms (for the intervalCepending on the interval in which A is contained. For example in the,A and C) hold: uL
case (/, - +, 4) we have one on the situations

(f, - +,1)" A : l- ø - b,ø1, C : acs

-c a -l- I¡

(Í,- +,2), A : l- e - b, al, C :
þ <'r, þ <!, <!t, o, <þ <þ, þ <þ <ct or þ> t_t

X,t Cr Cr llr Az A,z :!t ør At Ir ôz Att Cz

(f, - +,3), A : l- &-b, a), C : - C, C +,;] and we have the cases

ff, - +,4,1), (Í, - +, 4,2), (f, - +, 4,9), (f, - +,4,4) respectively-
u; - + 4,5).

Fronr case (/) rve give in this paper only the study of subcases
("/, - +, 4,3) and (f, - +,4,5).

(1, - +, 4), A: L- Ø - b, ø1, C:[_ r,, + a +b:]

(.f, - +,5), A : L- û,, a.+ bl, C :f acs 1

-t'tlul
(Í, - +,6), A : l- a, ø +bl, C : -c,

(ø I bs)c

a*b
$ t. Thc study of the equation (1) in caso (a. l)

fn case (ø.1) the study of the sets

Mt: {(A, B, C, D, X):0 < A < C &X > 0 &(l)}
Mz: {(4, B, C, D, X):O < A < C &X < 0 & (1)}

(f,-+,7), A:l-a,albl, C: . bcsl
-C,C+-l al

be-c,c+ø+-a

(l - +,8), A: l_-&,a+bf, C:
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.ânc1

A[, - {(A, B, C, D, X) | 0 <A< C & XrO & (1)} +
ì\3lr'ql i
t:

++
' 3l-

li
*l I
''l s-

la-

It
-l-

1lîllc
-I 

L

al -ll+
=läÈl+-l lø6 = À19

I r 1lc oon:

: " bl¿ I +
! \l v ! q

15 glven.
'I'''EoREM l. The fol'louing reþresentations of sets Mr, M, ancr a[

.are þoss,ibl,e :

5
I

I

+
ñ

-t

-L

l-
€

Mt : Ur{(ri,u ! u¡,U) r,-t"s}

¿t*
1l 'r

Jl "
+

Mz : Uu{Øti,o I a¡,nU)t,=t s}

+
sMs: {(ur¡ I a¿tU)t,.ç}

f

wkere qu,øntities u¡,rr rr.ntl u¡¡t tLle giuett, by tke fol,l,ouing tøbl,es t-
<a

rA\ \
øør)-e

aør!elf
ølb{c

ølb!c

q7

cl'l

a.r

clL

Q.r

etle

q*e*f

atle

c

b-lc
e*f

øø,le{w!t ø-lblclct
b

t1-"1
c(b )- c)ds

-l

l-
q
-t-

\
_a

t_
ê
€

a.a.rlelf øtclds
b(btc!d)
elf

Çl .
+l +:l'

-l
ò4

+

Þn

+
-t

ÈÕ

{u¡,0): øør+e+f+*y.+b+c+d
c -l tls

e

f
\
-t,I

a&t

&øt

aût

ølb{c

a{b-lc

alb)-c

?,

-l

c{d \\+-+
.s^o.Õ\s

(e -r f)f
(b ! c)es -l (ós 1-

c1-d
ll

è

a.nd,

? - Iìevuc cl'anaL1'se nurnétiqtle et de lô tlì¿:orie de I'a¡rproxitnolion' tome 2' 1973'
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Proof. For set ll[, we have the representation:
Bg ON THE INTERVAL EQUATION 19

whereMt : {(o, + (o, - or)U,b, _f (b, _ br)U, 
", I (r, _ rr)U, d,. I (,t, _ ¿r)U"rr I (x, - xr)(J) :

(ür,r, Ur,r, ur,r, lrr,n) : (a, a1 I e, ø t b I c, ør)

0 < q1 1 ø, < ct { cz & d,, { bt { b, & d, < d, { b, _ -d) and
&ct-&t&n'-+:,&x'-T:,]

For parameters år, br, dr, d,, we have the partially ordered graph

(ur,r, or,r, ar,r, ar,n) : (b' f f S -l-
(c * d,)e

blc
, d,eJ-Í)

,/b
-þr-or)

sinrilarly, the case (ø.1.2) is equivalent u'ith the s1'stem of relations:

Olet<ø,2<c't-1cz & drldrlb, & brlUr+È!4e
ct- at

(a,1.2)' &xr:d'- b' &x.r:d'-b'
&t-Ct &Z-02

b1 (b, - d')

d2

ct-4t

d1
hence

hence, one of the following subcases are possible: A : L[zt * ar,r(J, B : Llr,, I ar,r(J, C : xtr," i a','(J' D :'ttz'a I a''nU

where

(ur,r,Ltr,r, 1,[z,",Lrz,t) - (o,a, I e lÍ, alb I c,at).

For the stud.y of case (ø.1.3) first we give the representation of the
interval-coefficients :

A: a )-bU, B: ãtl e +Í + gU,C: ø + ó + c I elU,
(ø.1.3)' D: úrl e(J.

(a.1.1) rh { bt { d, { b, - 
þz - a")(b, - ¿,,

ct-ãt {b,
(ø.1.2) d, { clr( år ( þ, - 

(cz - az)(b, - dr)

ct-ãt {b,
and

(ø.1.3) dr{drtbr- (¿2 
- øz)(4 - ,lr)

ct-Qt {h{bz.
case (ø'1'I) is equivarent rvith the system of relations: The condition

(ø.1.1),
t { c, & d, < bt { dz &br} d,, ¡ (c" - a,)(b, - ¿,) *
!6' : d' - b" "'- o'

az-cz

d, 1 b, - 
þ" - n'\(l¡t - dt) a O,

ct- ãt

1.e,

hence for the inter
ratton is valid. val_coefficients l,

A - ur,, 1- ur,r(J, B : xtu I ar,r(I ,

B, C, D the paranetrical repïesen_

(ø.1.8), þ t-d)((-t l) - {.- " <tPllJ
b-l-c r \ò - blc

is necessary for case (a.1.3) and the equivalence:

(ø.r.3) (=) (ø. 1 .3)' & (a.1.3),

follows
C:,Ltt,s]_ar,3(J, D:rrr,n*ur,n(tr
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From equir-alenccr

;TrrAN N, UEtìTr ll

a,.d itt 
this u'aJ' the partially orcierecl graph ¡ollou's

b, )-
(r, ør)(d, Ö,)

öz - oz
(a,1.3) (-) (ø.1.8.1) v (ø,1.5.2) v (ø.t.B.B)

dr'vYhefc

b1

(a.1.3.1) <:>(o.1.S)1 & b>¡t &f a(c i tt)¿ &ç I (t)þ | f) _ ,f<g<
thelclìol.c olle tll the cascs is possible:

@J.a) br< d, 1l)t { d" <b, I 9'---4-914, 0 < &t { az { ct 1 cz

I'i,l b1c

a(ci¿)(ttDhl¿

or

and
(n.1.5) ltr<lt, 1i1,, 1tl"<b, t'(c'--"')('t', bl , g a (17<(t2{ct{cz

cz - az

Ily a sinrple ctrrrrpr-rtatiolr rvc obt¿rin the 6' and 7" line of (r.t,¡, ¡,) a:.l<1 (u¡, ¡,).
liol. sct t'll" u.e have thc ltararnetrical repr-esentation :

on,:l(" I bLi, o, t(c-l f )-s)LI, a I blc I itU,a,-l , l.fU,

r 

"-,j,rj\The-proof is siltrilar with thc above consiclerations aricl may be left to the
reader.

Thus the 'Iheoreni 1 is provecl.

(a.1.3.3) (=) (ø.1.3), &Õ > rt ckf >(t i'rt)t.t0 { s..y_!!)(,,\j).lt , rl - -Ò \ 
1,,,

lrolcis tlrat irt (ø.1.8), wc ca1Ì 
'rake the srbstitutiols

(a.1.3.7)2 b -u b 1- d,, f * 9ïb, r -* (c I d.)c(b(l - sr) l (¿ i rl)s(l -¿))
b(blcld)

(a.7.3.2), b -.> cls, s -,L:#)O - ¡,
.respectirrell.

(a.1.3.3), b .-+ b l- tt, -f -, ¡
(c l. d)t

b

(, ¿ l)r)s)^
lt(b I cj rt) s\ 2. Thc sf.utlv o[ lh¡r i¡rlcrval cr8ralion (l) in casc (I, --l-r lrril]

Irt case U, - -t' ,4,3) rve h.ave the systenr of conclitions:
With tlie abo'e s'.bstitutiorrs, tlie 8", 4" attcl S" lirc ol ((u¡, ¡,) ate obtainecl.

Ïl:,_- " ¡3]unyr,(i.c. the cornPonents of X) for.the first 5 tirrceaSlllz comltutccl.
For set X/I , wc harre the representation

tt,, t,) and

c LllT be
e")0,a, ---az, c.t<0, cr ;'!!',.n'a,lz--Jl ,

Q2 Q2 .Vt nL

IIz - l(t' I (,t" - ar)Lr, b, i (b, - br)U, cr -l- (c, c,)fl, tl, i (dr-(tr)U,
xt -l (:v, - x,r)(l) :

tl,<rlr&Õ,< d¿{l)zI ("'9!!'-bl&r,: _d,-t¡, &r..._ !.}lc2 Q2 cz-a¿ Lt--dr)

(/, -- -l-, 4,3), ar(l, 'b^\ (d, --' hr\ cr(d, -. 1t"\ - c,(d., 0,)

a2c2 _'arcr

!. a .crkl, - br) - cr(rt, -- l¡r) a, 
,0z at(dz - br) _- ar(I, _ br) a,

azcz otct
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therefore we can obtain the parametrical form (on1y necessary)

A : l- Ø - b,ø1, B : Lbr,br{ ef, C : -c,c+d+Y ,D:Ldr,dr),f)
$ 3. TIrc study of cquation (1) il casc (1' -i' 4, l')

In case (f, - +,4,5) one of the follorving subcases holds

where !3<rr<o
(tr

1-¿ç
bc

aldt- (d,- br+ f - e) ! a(d.r- b,) lÍ, - +, 4,5,l)

&, )> 0, at. - 1 a,2, br Q R, dL > br,

cz)ã2, l+!]-jt>0,
oz- dza, ã

a,-1- bCL - (ø -l b)(d, - lt, + Í - e) - a(cl, - b,\ brlbr* kt''-ct)(ú-bt)
cz - &z

dz:bz*@'-c')(d'-b')
az-cz

hence

s,- u,¡(zc + d + Y) + u -, (" *, * i)
ar) 0, øt 1- az, bt. € fÈ, dr ) br, 4 { cr { 0,

Q.L

a <1+b {/, - +, 4,5,2) cz) &2, | + ot- "t <0,
ôz- ãz

tat -'ct)(tlt - bt)br) bt, dz: bz + tä
a+ b (d,-b,)(2alb) + (f- e)(atb)

Therefore we consider one of the cases:

d,

dr)br+9j9]í;J) ot ¿, 1b,*@''4k-f)2øl b 2u+b

with the parametrical forms

ù:hf g* @+-b)(e:f) respectively ù:bt-g+ (a rb)(e-f).
2u-lb o I 

2a)-b

fn this way we have one of the following situations:

o< "dÍ <1+ b * ad'c

(2a l- b)rg a. (2a + b\rg 2a t b a

o )- arle 
- 

d 
-. <a+b (2atb)zg 2ct. Ib a -(2a!b)zg &'(2a+b)rg 2al-b u

("f, - +, 4,5,3)

Ør)r 0, at 1 - ar, br. aÍ1, dr) br, c, 14, ,r2 o'c' 
,

ct1 &2

l¡9--9s9,
cz-az

br> cl, * þt - ct)(4 - bt), 
dz : b2 )- Vtt - cr\(ù - bt)

cz- dz &z- cz

(/, - +, 4,5,4)

eù>0, et1 -ør,br€ I|.,dr)b1,c, 14, rrSo"',
4r tlz

I¡n'-c'aO,
cz-ûz

t,tt * c.\(clt b,)br) br, dz: bz + -ff

lø,>o' 
ø,<

(,f, - l-, 4, 5, 5)t t * 71,,
lu,=r,+t"

-ør, brãIÀ, d,

<0,
(a, - c,\(cl, -br\

1br

dz:

!å <cL <0,o", 1cz 1Ø2,
[1r &2

0< odf <- *
(2alb)'zg a.+b (2a!b)rg 2a-lb o (1. (2u lblrg cz-az

(ør-cr)(dr-bt\
az - cz

tdtc-adIta,ade,d,c
- 2" + b- ; - e" I b)k- " I b- 1r, *rn-r'2a + t)-T - \nr, 0, ,q 1 - &.2, b, e trL, dr < bL,

I

{.f, - +, 4, s,6)i;. cz 4 ã2, t r ffir r,

Ior, ur, dz : bz * @' - c')(d'- b')'
I øz-cz

t <rr<0
al

which give some parametrical forms for the interval coefficients and also
the solution of the equation (l). For some details see for example case
(f, - +, 4,5,1,2).
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The new subcases (in detail) r,t'e give only for case (/, - f , 4, 5, 1) :

ørlO, et l - &r, br=, 11, ù>b,,, ü <ct1at, cz1&2,
a,I

For the proof of the above de:omposition itt the subcases of case

(Í, - +,4, 5)-we use the systern of conãitions rvhich gives (/, - l-, 4, 5)

and the following temarks:
a) In case (Í, - -l',4,5) the equation (1) is ecluivalent u'ith the

system:

orx, I b1 : c2x1 -l d'r, arxt * b, - crx, I dr,
U,- +,4,5, 1, l)

br) d, n@'- 
ct)('l' b') 

, dr: b, ) 
(¿t - c')(d' - z,')

cz-&z úz-cz
hence the solution of (1) (if exists) is X : lxr, xrf rvhere

x, : !t--b' rvith the condition d": bz I
az cz

x, --'L:-b'a'd 0 { :v¡ { t'(d' - b') 
-

a t ct îz\dz (zl

b) From d, ) dt lor b, follorvs

(a, -- cr\(d., - br), 
since also

az-bz arlO, rltl - ar, brÇ,1ì, dr > br, t <c, ( 0, cz) ctl ar- qr,
Q.t

f, - )-,4,5 ,1,2)

br) d, * @' - c')('l' - b'), dz: b. -l- 
(a'' c')(d''- b') 

'
c2 a2 dZ-oZ

br2 b,& ó, ) A, ¡ @'-- =l@tÐ
cz - &z I.'or case (/, - +, 4,5,1,2)

form of the interval coefficients
\\¡e also give the general parametrical.

hence one of the cases is liossible

A:l-ø-b,&1, B:

(Í, - +, 4, 5, 1,2)r

ar!c!e,

ol
C l#-,2ø) t'+d-t+l D: lh-l-c, ql c i el.

b, 1 d, -, 
(at c')(¿t - b') 

(
î2- (12 \

1.e (d,,-b,)l rft,l >o) ii
and irr case (/, - +, 4,5,7,2) u'e also give the solutions of (l)b")d,aff'

c) Since xr, 10, we also have conclitiou : (d't - br)(ø, ,r) { G.

Combining the aborre rertarks, lve have the subcases (/, - +, 4, 5, 1) -
- (f , - -l-, 4, 5, 6). To obtain the parametrical lorms of the intervatr
coefficients A, 13, C, 1) r,r'e also have thc following results :

u, - -r, 4, 5, 1,2), X - Xt -
(a ! blc

(a )- b)(a ! It -l- d) - a2s

az(a. I b)cst _l
-l((a!b)(2a-l b td)-a2s)((a) b)(a lb I d)-a2sl

I ¡ot-c' > 0(=) (rr > o.,,cz) ctl ar- ør) Y (cr. 1at,cz) ør) V
cz - Qz

V (cr ) e.r, c.,l ar) Y (cr { Øt, cz{ cr -1 a"1 - ør)

I it-L < o (:) (cr 1 ør, ct * ez - et 1c, < ar) Y
cz-az

V (c, ) ût, (tz < cz < ct Ï a, - øt)'

rvhere0<l<1.
From the above relations (parametricalfornrs oT A, B, C, D, X) ít

follows:

U, - +, 4,5,7,2)3 AX + B : CX -l D :

ør- a(a I b)c (hl_cl-etffil
(a * b) (ø l- b* ct) - azs
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S /l. Somc observations

verv particular cases for the solution
(ltH' 0, 

-1-o, u' iqtl*lv d *1i:
, ábo,,"' The solutiou of (1)iu auother
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g retation'

{(A, B, c, D, x)lo < c > A, O < X, AX I B : cx + D) :
: !(o+ Ö + c(J, ø, I e(J, øt' -l (b ! c I d')U'
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o, + h+ e0 - s)tu,;h*'J#')l'' b' c' rt' e ela.+'

arG,R,0 < s, 
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A very particular case of the above general case is the equation

l2,3lx + tl, 9l : Lr,Alx -l- [3,6]

''n'ith the solution

X: lz,gl

DUAI,ITÄT BEI OPTIMIERUNGSAUFGABEN
IN HAI-,B GEORDNETBN TOPOLOGISCHEN

VEKTORRÄUMEN (II)
von

WOI,FGANG -w. BRÞCKNER
(cluj)

In dieser Arbeit geben wir einige Anwendungen der allgemeinen, im
$ 3 d.er Arbeit l2l des Verfassers entwickelten, Dualitätstheorie. \Mir
zeigen, dass man aus dieser Theorie durch Spezialisierung sowohl eine
Dualitätstheorie für konvexe Optimierungsaufgaben mit Nebenbedin-
'gungen, als auch eine Dualitätstheorie für die verallgemeinerte Fenchelsche
Aufgabe erhalten kann. Die benutzten Bezeichnungen sind clabei die glei-
chen wie in l2l.*"

In this case:
1. Ilualität bei honvexen Optimierungsaufgallen mit

Nebenbedingungen

Gegeben seien:
_ At) eine nichtleere konvexe Teilmenge U eines reellen oder komplexen
Vektorraumes X,

Øt:A':b:C:d':1, C:8' S:1and t:+
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B')
C')

ein halbgeord.neter topologischer Vektorraum Y,
ein gerichteter halbgeordneter topologischer Vektorraurn ,F' + {0"}
+Ø,
eine konvexe Abbildung g : U -, F,
eine konkave Abbildung 7c : U *" Y,
ein Element yo ats Y.
Raum X bilden wir die Menge

Z:{raU:./o(æ(e)}.
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