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morphisms since /{(g) is a congruence

ir. A lE' .

kem,ark. The final results can be transposed lor the simple ite,ratir¡e

ryst"Àt.--Ái.o, th" most of above results are indepe'dent of the kirtd of

,álotlorrn, and they m.ay be formulated for n-ary relations.
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SUPPORTING SPHERES trOR FAMII_.IES
OF SETS IN PRODUCT SPACBS

l)y

HORSl'KRAX'IER

(c1nj)

In.sLitttt ttl cle I zotttþ'i Stab'ili,
Clt'tj

I.et fuI be a given set in the n-dimensional Ëuclidean space R". We
slrall clenote by conv IVI tlne convex hull of Il[, i.e, the intersection of aii
corl\/ex sets in R" which colltain the set M. Itt the following we lleecl the
llotion of convexly conllected sets introduced by o. r{aNNErt ancl rr. RÀD-

srnÖu iu tsl
Def iiritio n l. A set M in R"'is callecl clnüexl,y connectecl,'íf there

'is no hyþerþLøne If such tlxat H À M : Ø and' M contøitt,s þoints it't botlt'

tl,r,e oþen lcøl'fsþøces deterntinetl by H.
Retnørh. The notion of convexly connected sets is used in [B] also u'ith

all other meaninS.
It is easy to verify that a collllected set is also convexly collnectecl a1ld

that the union of convexll¡ connectecl sets having a point in commotl ís
con\/exly connected.

Def initio n.2. Let M be ø set in R". A mãxinl,;LlconueriycotLtLec'
ted, sttbset of fuI uill' be cølled ø clnuexly connected col'lxþltxent of Ìl'L

O. Ifanner and H. Radströrr harre showt'chat there is a 1lllicll1e de-
composition of a set M itfto convexly collnected cc1xpone11ts. îhe1' [1¿1rs

also provecl the following resúlt ([5], corollary 1) | I1 M ( 1i" is compact
ancl haS almost ø convexiy connected cornponents, then for each point
1ô in conrr AtI there exist ø (or fer,r'er) points a.1, ct2, ..., ct,, of r4zl such',-hat þ
belongs to conv {or., or, ... ø,,).

I-I. KRAr{rìR a1ld A B. NrtlrETH have given in [6] bhe follorving two
clefinitions :

Def inition 3. Tl't'ere uilL be saicl tl'tat tl'te føtnil5t F of sets'in a
tnett'ic sþøce E l.tas a srl'þþorti'ng sþh,ere, i'f th,ere is a sþltere S in L ltøttilog

4 - Relue clanalyse numórìc1uc et de la théorie de l'apProximatior, tome 2, 197:ì.
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colnmon þoints uitlo eøch ncerubev

HORST KRAMER 2

of tloe fam,ily F ønd the interior of S con-
F.
F of sets 'in R" 'is søid to be 'indeþenelent
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ta'ins no þoint of
Definiti

øtty nt,ernber of
on 4. A førnily

bers Kr, Kr, . . ., Kn)-r of F any set
K¿, 'i:1,2, ..., n + 7, determines
tly the uectors þ, - þt, þ" - þr, . . . ,

Kn*S,rindition'ís 
: þ,, 1)2, . . ., þn+t

if and. only if there is no hyperplane
which intersects to -l | (or more) members of .Zì.

rrrqoRnrr l. Let F : {Kn: i e. I} be ø fam'ily of indeþen'dent comþøct
conaexly connected, sets ito R". Tlt'en

F"o,,r: {conv I{o:ieI}

is ø føntily of indeþendent conr'þøct sets'

Proof. The sets Kn are compact by the theorem of. Mazttt (see for
instance [7], theorem 3.2.18) . Suppose norv that the lamily F"o,.' is ltot
independ.ent, Then there exist 'n + | members of -F"oo', say conv 

. 
K¿,

i:1, 2, ..., ,n + 1, which are not inclependent. I,et be H a. hyperpiane
for which,Fllconv K¡:!.@,'i:1,2, ..., n+1. I,et be aieH(\corlYK¿,
i:1,2, ,.., n -l 1.'Because /{, is convexly connected and ø, is in conv
I{0, by the theorem of O. Hanner ancl H. Radström there a:'e n points-

øtil, ØY\, . . ., n::) in I{¿ such that

(1) a'i = conv {nf' , i : l, 2, ' ' ., "}.
We have aTso ø, c. H.I.et us now stlppose H (\ Ko:Ø. The hyperplane'
11 determines in .R" two open halfspaces H' and H". By (1) and by
our supposition I'I f\ Iç : Ø follows then H' ) Kr -t Ø atd' H" ) K¡ -!'
=! Ø.

Tlris contradicts the property of Ko to be convexly connected.
Therefore H À R,=t-Ø, i:7, 2, ..., n -l l. This is in contradiction,
with the indepenclence of the fermily F. That completes the proof of our
Theoren.

Renoarh. The hypothesis that the sets I{o are convexly connected is
essential. l,et be doiã:7,2, ..., t1',rr lineariy independent points i:n.R*

ed. by these n points. Choose 2 points

;'{"rlÏ i?: : ": f '¿;.li } ;,' n7 ^l,fü o,
said about the family {conv Kr, . . .,'

conv K,,11).
In the proof of theorem 1 it is not necessary to use the theorem of

Ilanner-Raditr<;m. The proof can be macle also with the well-known theo-
rem of Caratheodory on the convex hull of a compact set (see [1])"

conuex sets in

col1v {or,ør, ..t &rtr}l conv {br,br, ..,,br+r}:Ø.

By the theorem on the separation of polyhedra (see [7], p. 68 theorem
2.12.9)the Ø2, ...,.øntt\ arìd conv {6r,br, ..., b*+t}
can be sep e ,?. Froln the convexity of I{,, frori
ao, þo e, Ko ø, and bo are on opposite sides felative
!o Ë1, f911ou's 11 O Ko:t'g¡, in contradiction with the independence of the
fanily {I{r., . . ., K,, rr} This completes the proof of the lemrna.

I,e m ma 2. Let .be -Çr, i - 1, 2, n,+ | ,ind,eþend,ent comþacl,
conuexly connected, sets in Iì . IÍ ar, b¿ e coflv C¿, i : l, 2, : . . , n ! I tlien :
conrr {ør,. az, ..., &n-rt} (-) conv {br, b", ...,b,¡1}:,r-Ø.

By theorem l fo11ou,s the independence of the sets conv Ci, i : 7,2, . . ,

. . ., n f 1. Then lemma 2 follows immediately from lemma l,
The follor,ving theorem was proved in [6] by n. KRAMER and. e. n.

NET{B'TH:

THtroREr,r 2. Let^be I{r, $r, . . ., comþøct
sels ito R". Then tkis fømi.ly ad,nc,its one

Let irorv_,Ðr, Er_be trvo rnetric , on E,
respectirrely Er, In E, x E, can be 7 in the
follorving r¡ay : For any pair of points x : (xr, xr) , ! : (yr, y") let :

cl'(x, jt) : dr(xr, -l,r) * dr(xr, y")
au.d

d"(*, y) : ((dr(*r, l,)), I (dr(xr, !r))r)ttr.

Denote by E' respectively E" the corresponding metric spaces.

Ij and, Fr: {B¡: j a J} be fanoities

"f
r*

ry, 
only in the case when F, is consi-

o" -li J,'.n:i Ë:",få"- ï":ñ11i$"i;
rm 3.20.16).

. Necessity. Suppose that .F,, has a supporting sphere ifl 8,,, i.e. there
ts a pci.nt (or, ør) in E, X .Ersuch that

d"((or, ar), A¡ x B¡) : d"((or, ar), Ao x Bo)

i Lemma l. Let be Kr, Kr, ..., Kn_tl ind,eþend,ent
I R", cr.nd, let be ao, b, e.K¡,,i:1,2, ..., n + 1. Then

c_onv {ør, ør, . . ., &r+t} | conv {br, br, . . ., b*+r} + Ø
Proof . let us srlppose



5 SUPPORTNG SPHERES 53
52 HORST KRAMER 4
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(2) d"((nr, ø2), A,r x B) : d"((or, ar), A, X B¡)

f or a fixed j in J and. for at|'i, It. in /. As

d"((or, &r), A¿ x B¡) : rnin{d"'((ør, ar), (xr, xr)): (xr, xz) a Aí X

x B¡\: min {(d?(ot, xr) | clf;(ø', xr))'t': (xr, xr) e A¿ X B¡} :
: ((min {d'(a'' .'':i;rî,,i;','u' 

| )îåit:;Y,'; 
xz): e B})z¡ttz :

We can then write (2) under the form:

cll(ar, Ao) I dl@r, B¡): d,l(ør, Au) { d,l(ør, B¡)
Received 29. x'.1972.

I{ence d't(ctr, Ao) : dr(ar, Ao) f.or a77i, k in "I, i.e. the family F, has a suppor-
ting sphere rvith the centet a.r. The same reasoning can be applied to show
the existence of a supporting sphere for the famill' F, u'ith the center ør.

Sufficiency. Suppose that Fo has a supporting sphere in E¡ u'ith the
center ã¿, 'i : 1, 2. Then rve have

Instilutxtl, rJe calcul d,in Cluj
al Academiei. Rcþublicii Sooialiste Românie

dr(ar, Ao) : clr(ar, 4,,) for all i, I¿ in I
and

dr(ø,, B¡) : d,r(a", B) for all j, h, in J.

IIence d"((or, ar), A¿ x Bj): d"((or, Ør), Aa x Br) for all i, /t. in I and.
j , lo in J , i.". the family F rr has a supporting sphere in 8" .

TrrDoREÌ\{ 4. Let Fn,: {Cr, Cr, ..., C,,,4r} be ø family of ind'eþend'ent
coruþact conaexl'y connected sets 'in R'* and F* : {Dr, Dr, . . ., D,1-1} a fa.-
tnily of indeþendent comþact and conaexly connected, sets in Roo, Then, the

;førnil,y

p: {conv Co X conv D¡:i:1,2, ...,m)-l;J:1,2, ..., nf-7}

Jtas one and, only one suþþorti,ng sþkere 'in Rlh)-il.

Proot. By theorem l follows the indepenclence in the space R'u of the
family f,,,"o,,,: {conv C¿:i: l, 2, ..., nt' l- 7} ancl the iudepeuclence
in the space R"-of the family Ji,,,.oo':{conv D¡: j:1, ...,%+1}.
By theorem 2 F,,,"o,, has a unique supportirrg sphere in 11"'and F,,.o..,
has a unique supporting sphere in R". The existence and the unicitl' of a
supporting sph.ere fol the farnily ,Iì fo11or'vs then lrom theorem 4.


