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1. \Ã/e d.enote by Colø, bf, a 4 0 < ó, the subspace of Clø, bl formed.
with all functions f a C ¡a, bj 1.or which/(0) : 0. Let B lø, bfbe t]ne space of
all functions Í: lø, bl -+-R which are bounded on la., ö]' Bothspacesare
considered to'be normed by means of ll ' ll :,jTå, | ' (l)1.

In this papef we establish some results about the uniform approxima-
tion of the elements / from Colø, bl l¡y L*Í, where L,o àte linear operators
Colø, bl + Blø, bl.

I
b

2. The following notations and definitions are used: for i : l, 2, . .. let
e¡ QColø, ól be defined as

e¡(t):¡i, talø, bl'

Def initionl. A function f aColø, b) is cøl'l,ed, sta'rshøþed' of
the ord,er h, on lø, bl, if for eøck system of h + I d,istinct þoints

%1¡ 2Ç2t . .., fiþ+r, x¡ Q lø, å]\{0}, j : 1,2, ,,., h + l,

the fol,l,ouing inequality is aølid'

(1) 10, frt, %2, .,., frh+t; fl.> 0,

uhere ltr, tr, . . . , tn+z ) h'l is the d,iuid,ed' d'ifference of ø functioy h qt the þoints
tr, tz, :.-'.,1u*". LeÍ us d,enote by Eolø, bl ihe set of øl'l starshøþed' fwnctions
oJ order h.
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s&y thøt f : lø, bl -> R belongs to the cla.ssDef inition2. We
Bula, bl if :

l.Í eColø, bl

2. theve exist tuo nurnbers 111,¡, M¡ such thøt

(2) m¡ 4 10, x1, fr2, ..., %h+t; Íl < IUI¡

for any h + 1 distinct þoints frono lø, ól\{0}.- Ir-emma 7. Let Lu: Colø, bl --+ BLa, rl, n : l, 2, . ", be a se(luence

of l,itoear oþerøtors whiclø rnaþ øny starshøu,ed, function of order h into a
tíon-negøtiie function. Then fôr ,aítt ¡ e Bp*ln,'bl and' n-: l, 2, , . .

(3) nc¡(L^e¡¡)(x) < (L,,f)(x) < IVI¡(L,et+ù(x), x e la, bl'

Proof. Let, f G Bola, bl and m¡, M¡ e R such that' (2) is verified' If
we define B¡ ê Colø, bl, i : 1,2, by

SrU) : f(t) - rn¡tk)-r, t e lø, bl

(4)

SrU) : IVI,fi+t' - Í(t), t e fa, bl

therr rve have

10, xt, xz, ..,, frk+t; gjl > 0, j :1,2,

for any clistinct points fit, Kz, ..., frh+tfrom lcr', ó]\.{0}' Thus g, anð' go

are starshaped of order Æ on la, bl.
According to our hypothesis

(L,,g¡)(*) > 0, i : l, 2, n : l, 2, ..., x e, lø, bf.

On the other hand tJrese two inequalities are ecluivalent with

(Li,f)(*) > m¡(L,,e o-rt) (x)

aud

Ø,,fl (x) 4 M ¡(L"e o*r)(x)

Lem ma 2. IÍ L,,:Colø, bl-> Blø, bl,'n:1,2, ..., øre suck that

L,B 2 g, on lø, b)
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for eaclr'g € E¿ la, b), then on lø, bl the fot'l'owing inequal'it'ies øre true

(5) m'¡(L,,e¡¡r- ep¡r) < L,,f -/ < M¡(L,,e¡¡r- e¡¡r)'

Proof. I,et f ê Bolø, b] and' &t, gz e'Cola, ål be definecl as in (a)'

Then g; e Enla, ó1, that is

L,g¡ 2 g¡, i -- l, 2, n : l, 2,

which are equivalent with

IVI¡L,,eo*1 - L,,f >- 8,

and

L,f -m¡L,ep¡r2 gr

By using (4) we obtain

L,,Í - f < M¡(L,,ea¡t - e¡¡r)

ancl

L*l - f >. rn¡(L,,et+, - eo+r)

which completes the Proof'
3. Further we trY to find e subs

wise convergence of certain
operator (oi to the identi
to the same operator, on

THDoREIvI 3. Let Ln'. Cola, bl -> Blø' b)' n: l' 2' " " ø sequence of

I,ineør oþerators such thø't

a. g eilola, b) imþlies L,g 2 O, on lø' b)' n: l'2' "'
b,lim llL,e¡¡t ll :0

c. (Z,,)i-r is un'iforml'Y bound'ed'

Then

lirn ll L*lll:O for eaerY f aColø' bf'
ñr 00
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Proof. Taking into accoutt that e¡ e B¡lø, bl, there exist two se-
.quences (*¡)i:r, (lVl¡)f:t, r,vith the properties

m¡ { 10, %1, %2, ..., frn+t, eil 4 M¡, j :1,2, ,..

for any distinct points *t, fiz, . . ., frn+t fuom lø, á]\{0}.
$ince ø¿ar e 8*la, å], we have

Lnan+t ) 0 on lø, bf, n : l, 2,

I.et c¡: max {lm¡|, lM¡l}, j:1,2, .... then the inequalities (3) imply

lL,e¡l 4 c¡lL,,e¡¡tl 4 cillL*ee*111.

Therefore

(6) llL,,e¡ll 4 c¡llL,,ee¡1ll

.and

lim llL"e,ll :0, j :1,2, ....
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which asserts that for every f aColø, ó] the sequence (L-Í)i:, converges
uniformly to the function /,

As a special case of the theorem 3 we obtain a result which was estab-
lished. in [3, Theorem II]. This may be formulated in the following wav:

Let W*: C olø, bl -> Blø, b), n : 7, 2, . . ., defined. by

(w,,f)(*) :
I Í(t) du,( t, x)

where

a. u,(t,.) e Colø, bl, t G la, bl

b. for an arbitrary x a lø, bf , w*(., x) is a signed measure

(i)

Corollaty. If :

W,,e1 :0, n : 7, 2, 1im
tt+@

Wrne, 0,

{iù (W")it is un'iforrnly bound'ed'

Now we use the lact that the set of polynomials vanishing at t :0
is dense in Colø, ð]. The boundedness of the sequence (L")i:, irnplies the
pointwise convergence on Colø, å] to the zero operator.

THEoREM 4. IÍ L,,: Cola, bl * Blø, bl, n: l, 2, ..., is a sequence
o.f l,ineør oþerøtors uith, the þroþerties

a. g € Eolø, bl imþlies L,B Þ g, n : l, 2,

O ,tli llL,tu*, - en+tll :0

c. there exist ø þositiue nwmber M such thøt for eaery n: l, 2,

(iii) tclu,(t, x) > 0, u el}, bl, xelø, bf, m:1,2, ...

and

(i") td.u*(t, #) < 0, u e lø, 01, x a la, bl, nt' : l, 2, ...

\ then for euery f e C nla, bl

llL-ll < M tim llW-fll :0.
/tr æ

then for eaery f aCofø, bl
Proof . Id.eed, by using Theorem 2.6 from [1] one obtains that for every

g € oq1 l-ø, bl and n : l, 2,

W,,& 2 0 on lø, bl.

By applying the theorem 3 from this paper, with å : 1, we conclude that
lim llw"fll : 0, Í e C olø, bl.

lim llL,f - "fll : 0.
,11@

The Proof is similar with the above reason. I,emma 2 enables us to write
instead of (6)

(6') llL,e¡ - e¡ll < c¡llLutu+, - eø+tll n-Ø
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O. Denote by Q a compact metric space (a compactum) and let be
C(Ç) the linear space of the real valued" co11tin1lor1s functions on Ç, endowed
'with the sup norm.

Some problems in the approximation theory in the space C(Ç) are
closely related. to topological properties of the compactúm ?. The present
note aims to pointed. aut this relation by examples in various fields of the
approximation theory. It has merely an expository character, containing the
interpretations from the point of vieu' of the approximation theor¡. of some
results of topological character. We rernark a partial overlapping of the
points 1 and 2 of our note and the note of vu. a. SeSrrN 123].

In the point 1 the connection between the Weierstrass-Stone theorem
and the imbedding of. Q in Euclidean spaces is considered. The point 2
deals with the existence of Korvkin systems of functions and- the imbedding
of Q in topological spheres. The point 3 contains results concerning the topo-
logical charactetization of Q in the case when C(Ç) contains subspaces of
a given Chebysheviaî rank. fn the point 4 the existence of Chebyshev
.subspaces of a given Chebyshev space is consid.ered.

In all what follows we will suppose that the compactum Q has finite
topological clirnension.

I. Ðensc subalgobras in C(Q) and iml¡edding oI Q in Euctidear spaccs

I,et be A a set in C(Q). Suppose that lor a77 xr, x, a Q, stchthat x, I
/ x, there is an / € ,4 such that f(x) + f(xr). Then we say that A is a

-seþalû.ting føøtily of fotnctions on Q, or that A seþarøtes Q.


