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1. We denote by C,[a, ], 2 < 0 < b, the subspace of C[a, b] formed
with all functions f & C[a, b] for which f(0) =0. Let B[a, b] be the space of
all functions f: [a, 8] — R which are bounded on [a, b]. Both spaces are
considered to be normed by means of || « || = sup | - (¢)[.

ta [a,b]

In this paper we establish some results about the uniform approxima-
tion of the elements f from C,[a, b] by L,f, where L, are linear operators
Cola, b] - Bla, b].

2. The following notations and definitions are used: forj=1, 2, ... let
¢; & Cyla, b] be defined as

e;(t) = ¢, t g [a, b].

Definition 1. A4 function f & Cola, b] is called starshaped of
the ovder &k, on [a, b], if for each system of k + 1 distinct pornis

Xi, oy oo T, % & [0, DN{0}, 7 =1, 2, ...,k + 1,
the following tnequality is valid
(1) [0, %y, %3 .., g1, f1.2 0,

where [ty, by, - . ., toya; 1] 05 the divided difference of a function h at the points
by, bs, .., tpya. Let us denote by 8,[a, D] the set of all starshaped functions
of order k.
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Definition 2. We say that f:. [a, b] - R belongs to the class
B,[a, b] if:

1. f Cyla, 0]
2. theve exust two numbers my, M; such that
(2) 'W&fg [0, X1, Koy vy xk+1;f] <]fo
for any k + 1 distinct points from [a, T\ {0}.
ILemma 1. Let L,: Cyla, b] - Bla, ,], n =1, 2, ..., be a sequence

of linear operators which map any starsha’ ed function of ovder k info a
non-negative function. Then for each f & BE, [a, b] and n =1, 2, .

(3) m(Laert1) (%) < (Laf)(#) < My(Lyers1)(%), » & [a, D).

Proof. Let f & B,la, b] and my, M; & R such that (2) is verified. If
we define g; & Cyla, 0], 7 =1, 2, by

glt) = fit) — mg*t, t & [a, ]

(4)
&lt) = Mg — f(t), ¢t & [a, 0]

then we have
[0: X1y Xay oo, xl¢+1; g]] = OJ _7 ~— 1: 2;
for any distinct points #%,, %, ..., %41 from [a, D]\{0}. Thus g, and g,
are starshaped of order % on [a, b].
According to our hypothesis
(Lg)(x) 20,7=1,2,n=12, ..., x& [4, b].

On the other hand these two inequalities are equivalent with

(L)) = my(Ler i) (%)
and
(Lof)(%) < My(Lyey11)(%)

Lemma 2. If L,: Cyla, b] - Bla, b], n=1, 2, ..., are such that

Lg>g on [a, b]
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for each g & 8,a, b], then on [a, b] the following inequalities are true
(5) muL,epr1 — €py1) S Lf—f< MALp41 — Chq1)-

Proof. Let f & B,[a, b] and g, & € C,la, b] be defined as in (4).
Then g; & §,[a, 0], that is

Lgizg i=12 n=1,2, ...

which are equivalent with

]VIanek+1 - Lﬂf Z 82

and

L,f— MmiLneyyy 2 &1

By using (4) we obtain

Lf—f< M{L,ip1 — €41)

and

Lnf—f Z mf(I’nek+1 - ek+1)

which completes the proof. '
3. Further we try to find a subset H CC Co[a, 0] so that the point-
wise convergence of certain sequences of linear operators on H to the zero
operator (or to the identity operator) imply the pointwise convergence
to the same operator, on the whole space Cola, b].
rurorEM 3. Let L,: Cyla, 0] — Bla, b, n =1, 2, ..., a sequence of
linear operators such that _

a. g & 8,[a, b] implies L,g > 0,on [a, 0], n=1,2, ...
b. lim || L,epall =0

c. (L) is uniformly bounded.
Then
lim || L,f|] = O for every f & Cqla, b].

n— 0
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Proof. Taking into account that ¢; & B,[a, b], there exist two se-
-quences (my)j=1, (M;)j=1, with the properties

m] < [OJ X1y Xay oo vy Xp1, ej] < M], ]: 1, 2, e

for any distinct points %y, %,, ..., %1 from [a, 51\ {0}.
Since ¢,41 & 8,[a, b], we have

Ley20o0n [a 0], n=1,2, ....
Let ¢; = max {|my;|, |M;|}, 7 =1, 2, .... Then the inequalities (3) imply

|Lnej| < G |L11,e/5+1| < Cj||Lnek+1”'

“Therefore

(6) |'L116:f|l < Cj||Lnek+1||
and

lim ||Lg|| =0,7=1,2 ....

#—=00

Now we use the fact that the set of polynomials vanishing at ¢ =0

is dense in C,y[a, b]. The boundedness of the sequence (L,),-; implies the
pointwise convergence on C,[a, 6] to the zero operator.

THEOREM 4. If L,: Cy[a, b] -~ Bla, b], n =1, 2, ..., is a Sequence
of linear operators with the properties

a. g &8,[a, b] tmplies Lg 28 n=1, 2, ...

b. lim [[L,ep41 — ega|| = 0

7—+00

C. there exist a positive number M such that for every n =1, 2, ...

L, < M
then for every f & Cyla, b]

tim [|L,f — fI| = 0.

H—C0

The Proof is similar with the above reason. Lemma 2 enables us to write
instead of (B)

{6') ILae; — ¢l < ¢il|lLuehir — epal]
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which asserts that for every f & Cyla, b] the sequence (L, f),~1 converges
uniformly to the function f.
As a special case of the theorem 3 we obtain a result which was estab-
lished in [3, Theorem II]. This may be formulated in the following way :
Tet W,:Cyla, 8] - Bla, b], n =1, 2, ..., defined by

b

(mmw=ymw&@

a
where

a. w,(t,.) & Cyla, 0], t & [a, 0]

b. for an arbitrary ¥ & [a, 8], w, (., x) is a signed measure.

Corollary. If:

@) Wier =0, = 1,2, ..., lim [[W,ell = 0

(#9) (W )ner ts uniformly bounded

(i) §tdwn(t, %) >0 ual0, ], xsa bl n=1,2, ...
and

(iv) §tdwn(t, 2)<0,usq 0, rxsab,n=12 ..

then for every f & Cyla, 0]

tim [|W,fl| = 0.

#H— 0

Proof. Ideed, by using Theorem 2.6 from [1] one obtains that for every
g & 8 [a, b] and n =1, 2,

W.g >0 on [a 0]

By applying the theorem 3 from this paper, with £ = 1, we conclude that
lim |[W,f]| = 0, f & Cyla, b].

=00



60 LUCIANA LUPAS (33

REFERENCES

[1] Barlow, R.E, Marshal I, AW, Prosha n, F., Some inequalities for .stay~
shaped and comvex funciions, Pacific J. Math, 29, 7, 1942 (1969).

2] Brunk, HD., On an inequality for convex Sunctions, Proc., Amer. Math, Soc. 7,
817 —824 (1956),

[3] Tupas, I, Convergence theovems for sequences of linear transformations. Studia Univ.
Babeg-Bolyai Ser. Math.-Mech., X1, 7, 35-39 (1973).

[4] Stone, MH, 4 generalized Weierstrass approximation Theovem, Studies in moderi
analysis, 1 (Editor Buck, R.C) Prentice-Hall, Ine, 30—87 (1962).

Received 23. XII. 1972
Catedra de  Analizd Matematicé «

Facultdtii de Matematicd-Mecanics
@ Universitdtii Babes-Bolyai din Cluf



