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O. Denote by Q a compact metric space (a compactum) and let be
C(Ç) the linear space of the real valued" co11tin1lor1s functions on Ç, endowed
'with the sup norm.

Some problems in the approximation theory in the space C(Ç) are
closely related. to topological properties of the compactúm ?. The present
note aims to pointed. aut this relation by examples in various fields of the
approximation theory. It has merely an expository character, containing the
interpretations from the point of vieu' of the approximation theor¡. of some
results of topological character. We rernark a partial overlapping of the
points 1 and 2 of our note and the note of vu. a. SeSrrN 123].

In the point 1 the connection between the Weierstrass-Stone theorem
and the imbedding of. Q in Euclidean spaces is considered. The point 2
deals with the existence of Korvkin systems of functions and- the imbedding
of Q in topological spheres. The point 3 contains results concerning the topo-
logical charactetization of Q in the case when C(Ç) contains subspaces of
a given Chebysheviaî rank. fn the point 4 the existence of Chebyshev
.subspaces of a given Chebyshev space is consid.ered.

In all what follows we will suppose that the compactum Q has finite
topological clirnension.

I. Ðensc subalgobras in C(Q) and iml¡edding oI Q in Euctidear spaccs

I,et be A a set in C(Q). Suppose that lor a77 xr, x, a Q, stchthat x, I
/ x, there is an / € ,4 such that f(x) + f(xr). Then we say that A is a

-seþalû.ting føøtily of fotnctions on Q, or that A seþarøtes Q.
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Tlre an al,gebrø, if it is a linear subspace of.C(Q)_w|t e A,'then'fs ¿À." 
""

We sion of ttre ïnìnnsrR,4.ss_sroxp theo_rem (l7l
lhal seþøral,es þo,ints and uønishes
@.
ted subalgebra A in C(Q), having
, about an algebra A witl the minil

property in the above theorem. De_
ts by zø(Q). It is easy to show that
d it is the minimal dimension of the

imbedded. Thus we have (see i23l) :
m.øy be irubed,d.ect in the' Eucjicte'án

he Weierstrass-Stone theorem, gives
oNTRracrN,s imbedding theorem (see

*, 
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rt is clear that other results in the imbedding theory can be similarlyinterpreted i' the terms of the in'ariant w, intrídtc"¿ ú"i".

2. Korovkin spaccs of minimal dirnension iu C(0) and the
imbcddirrg of e in topological spheres-'

of the real r,alued, bounded functions

1,.

ension of a.K-space in C(Ç). From
A. SASKTN, it follolvs the
rnøy be imbed,d.ed, in tloe toþol,ogicø|,

Q and we have by a comp aration
ing theorem the

cliynension of the cornþøctouu, Q'
e equality hol,d.s if Q catonot be ,im*
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By a cotnp atation of theorems I and 2 we obtain the
õ;;"11åry 3.m(Q):u(Ø +l i'f Q i's ø toþot'ogicøl' sþhere' ønd"

ø(o\ : ru(O\ I 2 othevuise.""\YtA ¿iiìåi""t vari.ant of Theorem 2 can be obtained by the applicatiql
of thã "ãtìo" 

of Choquet boundary (t141) of a subspace in the space C(Ç)'

(see [23 ]) :

'"-- iruä"Ev 2'. Tke comþactunr. Q cøn be itnbed'd'ed' in S* 'if ønd' onl'y.if
mt *i"i*iî-d,irnrnsi,on of slwbspøces"in C(Q) ut't"ich haue Choquet bound,aries'

atl, the cornþøcl,um Q, 'is n + 2.

A simi-lar interþretation holds for the CorolTary 2'

3. Topological eharactcrization of the tlomain of delinition
of the ChellYshev spaces

-The ø-d.imensional linear subspace ]î of the space c(Q) is said to form'
a Cheb^tsheu ,þa.r, of ti,tt, ratoh, n --1, (l -il¿<n)-if the set of elements of

;";{-;ip;""iáàtioti in F to any eleàent Í e C(Ç) has the dimension <
tn - k.:'"Th"'iollowing 

theorem due to G. S. RUBTNS1ETN 116] is a generalizaLion

of the well knorn'n theorem of a. Haen [6].

TrrBoREM Tlce n-d,intensional l,inea'r subsþøce F of the sþøce C(Q) is ø

of the ønd onty i[ each' set 0f rL - k' { I I'ine-

iuncti tnost h - I cont'tnon zeros in Q' . -"M of onal Euclidean space R" is said to be'

h-aectoriøI-id,epeid,int (l < k .:- n), if. each set of å distinst vectors o1 M
endent.
alg-ebrai , it may be seen (see [2]) that an'n-di-
t þ- i* C b5t tke elenrcnts 9r, ' ' ',gn.is a',Ckebysheu.

n - h ( ,Í ønd, only iJ tÌce m'aþþing Q:0 - åå"

d,efined, by

(*) Q:x,--(çr(*),...,e,,(x)),

a. h-aectoriøl-irlen'þendent set of R" "

connection betrveen the notion of'

'itË,:1i""1-inclepende't 
sets'" 

itj
above propo-
sets in R".
terms of the

Chebyshev spaces, or in -indepe-ndent sets in RÉ

lresoectivelv. å-resular ions ï'hich are closely

'ä;i"ã-;;ili" "ãüo" 
ot The first result in this
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be considered to be a complete characterization of Ç in case rvhen C(Ç)
contains Chebyshev spaces.

The irnbeddingtheorem of v. c. BorrlÐANsKrT [1] concerning the
imbed.ding of a compactum in a É-vectorial-independent set of the Eucli-
dean space can be formulated as follows:

lHEoREùr 7. For eøch n-d'irnensiona'l com'þactwm Q there exi'st (n)-l) X
(/i + 1) - dimensional, subsþøces in C(Q) whiclo are Cloebysheu sþaces of
tlle ra.nh (n I l)(h+ 1) - h - 7.

From the same paper of Bolteanskii it folloivs also that the set of
{" i 1)(å + 1) - dimensional Che of
(å + 1) - h - 1, is dense in the 1)

spaces it C(Q), after introducing of og
For other consequences of the th v

see, [2], [11], l22l

4. Chcbyshev subspaccs of a given Chebyshcv space

f,et be given an ø-dinrensional Chebyshev space in C(Q) of the rarrk
n - l¿. W-e ask for the Chebyshev subspaces of it of the same rank. This
problem is in a strong connection w th the imbedding by projections of
-lhe å-vectorial-inclependent sets in Rn. We have the following theorem [12] :

TrrEoREM B. Tlt'e n-d,'irnens'ional' Clcebyskea sþøce of the rønh n - lt
sþønned. by tlce functions gr, . . .,p, of the sþace C(Q), h,øs ø swbsþøce of di.men-
sion n - .r (å Þ s * 2) which, is ø Cl'rebyshea sþøce of the satøe ranh, if
ønd. only i.f the comþøct set A(Q) (zuhere Q is the møþþing d,efined by (*)),
uhich is h-uectoriøl'indeþendent set in R*, rnøy be þrojected' in ø (/t. - s)-
aectoyiøl-indeþend,ent set of an (n - s)-dirnensiott'ctl su,bsþace ll"-" o/ R',
and. this þroject'ion is one to one.

In the same paper lÍ21 a necessary and sufficient condition is given
in order to a A-vectorial-independent set in R" aclnits a projection as
in Theorem 8. This result rnay be interpretecl in the theory of Chebyshev
spâces as follows :

T HEoRDII 9. The n-dimens'ionøl Ckebyslrea sþøce of tke rønh, n - k,

{l < l, 1n) sþa.nned. by the fwnctions pr, . . . , en oÍ tke sþøce C(Q) loas an
{n - s)-d,i.mensional. Chebyshea subsþace (å } r 1- 2) oÍ the sctnoe rønh, i,f
n cl otol,y if there exist s uectors bo: þ1., ...,b';), i: l, ..., s such' thøt
he m,øtrix

.direction is clue to J, l\{airhuber l10l and concerns the topological charac-
terization -gf Ç il the case rvhen c(p) contains Chebyshev spáces of rank
0 and of dimension Þ2.

THEoRET\I 3. The -sþace C(Q) contøitts Clr,ebytsþ¿y sþøces of d,i,ntension

"+?.,?"1 
o4 tlte ranh,_O i,f ønd, onþt if Q ruøy be imbedded'(i) in S, ¡0, odct n,

and, (ii.) in I : [0, 1] for n eaen.
other proofs of this theorenr were given and other aspects of the con-

sidered problem rvere investigated by_;. srEcr<r,ur<r [19], i. c. cunrrs l4],
J. A. r,uTTS [9],_I.. J. scHoENBERG and c. T'. vANG ll8], c. u. DUNFrÀr{ [S];'YU. A. Sa5xrn 1211.

The-problem of a sirnilar characteùzation of the compactrm Q in the
case of the existence in c(Ç) of a subspace which is a Chebyshev õpace ofthe rank different from 0, as f r as .'¡re knor,v is -up"rr. it ouo,
conjectured- (see in l25l) that the following theorem hold-s:

^ _.r -b.eclding -c-on je,cture If c(Ø contains ø chebysr,teu sþace
.of d,inte.nsion n, and, of the ranlt, n - h (1 < ,ä i n), then Q cnn õe imbedd,ed
in 51,-k-l-r.

The conjecture is trivial lor h:1,2 and contains Theorer¡. B for
h, : n. A rveakener inbedding theorem concerning Æ-vectorial-inclependelt
sets in rL" '!¡'as obtained by r<. ßoRSUK ts]. rt cãn be formulateci in the
terms of the Chebyshev spaces as Follows :

'l'FrEoRÐx{ 4. IJ in C(Q) 'it exi,sts n 1 and.
of tlte. ranlt, n - l, (? .. t ( n), . an r, Q uh,iclo
cotttaíns øl leøst /¿ - 2 distiu,ct þoints, , R,t-h+l.

- A partìcular case of ^the conjecture was prorrecl i' our paper [18].It cau be formulated as follorvs :

lHEoRDr,r 5. If CQ) contai.ns ø Chebyshea sþace of dint.en,si,on n ønd.
of tlte _ranh, ? - q arycl i,f Q contøins an (rt, - 2)-rtihensíonat ceII, tltett Q can
be inrbed.cled, in S"-2.

This theorellr can be formulatecl and for:ma11y proved for the case
u,hen n- 3 is changed in, n - rt (1 < h5:n), but. tñe existence in Ç of
a ce1l of dimension % - /t, -l L restricts /¡, to be { 3 or : r, u""otäing
to a result of s. s. nvSr<ov [17]. This result rnay be formulated. in thã
terms of Chebyshev spaces as follows :

. -'r'FrnonDr,r 6._ ff C(Q) contains a Cl.tebysl,rev sþøce of d,intert,sion n ancl
of tlre ranlt, n - lt Ur> l), and, Q conta,íns- øn m-ã,inreni.ionat cell, th,en,,

1lx <
t't.-1-

h--l
2

,l 12ot o1 0t

12 7 rtos '.. ,s

qr(xr) ,..e*@r)

h

2 b"

ç'(xt)
F'ronr this tlieorem it follolvs a1so, that for gteat n, and, h ,,far" f.rom

tlre _endpoints of the sequence 2,3, ...,lx,the"rnbedding coiijecture is
weakener as the theorem of Nöbeling-Pontreagin. ThereTor" it follonr't
xbhat the rmbeclcling conjecture - ev"n"in the caãe if it is true - canriot

gt@* ,) ?r(xn ,) ' ' ' 9,(xt -,)

,5 - Revue d'analyse uumérique et de la théorie de I'apProximation, tome 2, 1973

høs the rønh, J¡,, for eøch set of l¿ - s d.istinct þoints frt, ..., xu-, in Q
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Suppose tlnat yr, . . ., !, are some distinct points outside to Ç arrd
extendthefunctions g,to-Tr b)'settinggt!) - b'ji - 1, . ..,h, j: l, ... s.
Then the conditicn of the theorem contains the possibility of the extension
of the functions in the above space with the preserving of the property
to form Chebyshev space of the rank n - l¡ lor s : 1, and having a pro-
perty somewhat r¡'eakener then that to be a Chebyshev space of the rank
n-lì.,forsÞ2.

From this theorem it follows that sone exemples of Chebyshev spaces,
which .uvere constructed in the papers of v. r. \/orjKov [24] a:nd rrrJ. A. SaS-
KrN [20], do not have Chebyshev subspaces of a given dimension and of the
same orcler. In the first of the above cited papers, V. L Volkov has con.
structed a S-dir¡.ensional Chebyshev space of the rank 0, which cannot
be extencled to any point rvith the preserving of the property to forru.
Chel¡r'shev space of rank 0, and therefore it contains no 2-dimensional
Chebl'shev subspace of th.e rarrk 0. This fact 'uvas firstly observecl by other
consiclerations by J. KrDrfrlR ancl ¡. wolro\\¡r'lz tB]. A geometrical method
of constructing Cheblrshev spaces with this property was presentecl in
the paper [11]*.

In the point 4.2 of the paper of vu. a. SrrSrrN [20], a Chebyshev
space of dimension 4 and of the rank 1 is constructed, rvhich cannot be
extended to a point u'ith p¡eserving of the property to be Chebyshev space
of order 1, and therefore, according Thcorem 9, ít cannot contain any
Chebl'shev subspace of the climer-rsion 3 and of the rank 1.
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