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ON THE DIVIDED DIFFERENCES
by

M. BArrÁZs

(cluj)

In the present paper some properties and examples ¡e1 f,ivlflqcl fliffe-
rences of the mappings in the linear normed. spaces are given.

'W'e recall the d,efinition of the divided differences of a mapping P
of the linear normed, space X into the linear normed. space Y.

Def inition. The Lineør ønd conl,inuous rnaþþing P,,,(i.e.P,,,e
e 9.(X, Y)) d.efined' om X uitk aølwes in' Y is ø d'iaid,ecl d'i,fference of P
in the d.istinct þoints u, a of X, iÍ

(1) P*,,(u - a) : P(u) - P(a).

We note that the stud.y of the existence of divid.ed. differences is
given in our previous paper [2].fn the general case, the diviclecl differences of a mapping of the
lineat normed space X into the linear normed space Y are not uniclue.
For illustration we give some propositions and examples.

P r o p o s i t i o n 1. Let be B ø bi'l,inea.r møþþing, i'.e. B e 9'(Y, 9(Y,Z)),
P ønd, Q maþþings of X into Y ønd, P,,,o, ønd. Q*,u d,iaicled' d'i'fferences of
P resþectiaely Q. Then the Lineør maþþing

R*,,: BlPu,,; Q(u)l + B¡P(a); Q",,1

is ø d.iaid,ed. diJference of the møþþing R: B(P; Ø oÍ X into 9(Y, Z).
The rna.þþing

ñ,,.': BIP(u) i Q*rl I BIP*,,; Q@)l

is ølso ø diaid,ed, difference of R, lll.
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Proof. Evid.ently Ru,oe 9(X, Z) and. we have

Ru''(u - a) : 
""'å,:;l',;,;l;39iirT,'äU;l"li*l,tni,r _
BIP(u); Q(u)l: BIP(u); Q@)l - B lP(u) ; Q(u)1. ì

The proof of the condition (1) for the Ru' is analogous.
W'e can generalize this Proposition, for a multilinear mapping M.
Proposit ior_ 2. IÍ Pl)", for i:1,2, ...,n, are d.iaid,ed, d,ifferen-

ces of the m,øþþings P(t) c 9(X, Y) for í - 1,2, ...,n then

Tu,,: MIP:,:I; P(' @); ... ; P'"'(r)f + Mlp$'(a); pY,,l,; P@(r);
...; P("t(u)l +...+M [p('(r) ; ...; pt"-\(u); plii))

ønd,

îu, : M lpll,t,; P(4(r); . . . ; p?ù(r)l + M lprtt @); pli,\,; p,"(*);

...,i P("t(all +. .. +MlP'\"); P,',(u);...i p@-')(*); pli)l

øre d.iaid,ed, d,ifferences of M : fPrtl, ..., P(ø)], [1].
Proof. The Proposition is proved. as the preceding Proposition.
Example I. Let XCR,Y: R,P(x):Í(x,, tc,, ..., tcn).Follo-

wing U1m's notation [3] we put

For the mapping P we have an other d.ivid.ed. difference

P*,o: (Í(rttt, ú2, . .,, a"), Í(u',,u,21)2, u3, .. ., an), .,,,.f(ut, . . ., %*-L, u" a")).

'We can d.efine a divid.ed. difference fo the second order in the points
u, It, u oI P as dividecl difference of the mapping P** of X intro
g(X, Y), in the points a, u o1 X, or using an other divided. difference

of the first order, or fixing an other point (zl, or u), or fixing a point
in Pu, in the second. place. In the chosen case, we have

P*,*: (Í(rt*', ,u,2, . . ,, u"), f(xL, 't'tzuz, t!,3, . . ., %*), . . .

, l(*', ..., %n-1, u"u*)): (gt(rt, x2, ..., frn), gr(xt, x',

..., t("), .,., g*(xt, x', ..., x")),

where g4 ãre the functions of ø1, %2, ,,., x*, Lor i:7, 2, ..,, n.
If we want to express the mapping Pu,u,* bY using the notation

in terms of f, we have a quadratical matrix,

P,,,,*: lløo¡ll, i, j : l, 2, ..., n,

where

.f(.'.;uuun; '..) :

u: (ni, ü2, ..,, un),

o: (rt, az, ,.., ü*),

f(.'., ui,',.) - f('..,ui,,.')

a¿j :0 for i>j, i :2, ..', ni j :1, 2, ..., n-l;
a¡¡ :f(uL, .,,, ud-r, uiu¿uti, t!,ilL, .,., u")

7'tL - u1
(i:1,2,...,n).

f.or i: j, i:2, 3, ,.., n - l;
For a point h e X, h: (h', h2, ..., h') we have as a divicled difference
the mappin9 Pu,,e ß(X, Y) defined. by inner product

Pu,,h: <d, h>

where

¿: (f(urut, %2, .,., w*), .f(at,0tzn2,,u3, ..., u"),..., Í(ot, ..., ü"-r, w*u")).

It is evidently that P,,,oe 9(X, Y), and

P,,,(u - u) : f(uL, Q,tz, ,.,, u") - Í(at, u', ,,., a*) : P(u) - P(r).

arr: f(uLaLuL, 0t2, , , ,, u') i 6tnn : Í(u', , . ,, u'-7, tt*u*wn);

a¡rr:J(uL, ,.,, ul-|, ututt, ül+t, .,,, ü'-1, u"tf), l, - 2, ...,r1 - li

ørn: f(a[uL, ü2, . . ., a*-r , u"u") ;

aro:f(arwL,ü2, ,.,, ah-r,lchüh, 1,1,h+t, ..., ü'), h:2,.,,,n-ll
a¡¡:f(uL, ..., ui-r, uì19i, u+r, .,,,üi-r,6!vi,6i+t, '.., u')

lor i < j, i:2,3, ..., n -2; j:3, 4, ..., h-1,
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and Proof . For every mapping having a dividecl d'ifference Pu,ol2), we

can put

Í(ut, .. ,, ui-7, ,l.tiüiu)i, I,!,i1-1, . . ,, wn) : Q*,,: *e,,,* P,,)
ffuL. ,, wò-t, 1¡i1li, qilt, , un) - f(ur, . , _, ui-r, uíad, ui+7, , , ,, urr)

Í(.' , wi-r, ui,

ut - u.)N

, xP) - Í(.t, . . ., wd-r, uí, qì*r, ,üfr
p,,u is a ctivicled. difference of the mappiarg P in points u arld ¿, because

P(rl,) - P(u) : -P,u(t - w) : P,,,, (u - u)

hence o,,,, is a svmmetrical dividetl difference of P points w and. a.- - 
tfri"åivided. difference of a differentiable mapping is not always conver-

gent to the derivative, as is illustratecl by the following'

E x e m p 1 e 3. I,et be the iclentical m?Pping oi 31 with the usual

norr; n : 1fit, hz) a poittt of R2, Ø : (0, 0) the origin of R2, anð u :
: (ut, u') = R'. We have

I'(Ø)'lo:I'h:h'
'we consider the following clivicled difference of the mapping I in t]rle

different points u and Ø:

Iu,øh : I,rtWl - I(Ø)l : ! u :,L,(u', w') : (tù, ht),

7im l,qk:lim (hr, hr-) : (ht, kI) + I'(Ø) 'Ix'
ü)Ø It)Ø

The ãuthor wish to express his acknowledgement to his colleague
c. corrDNER for useful discutions on the subject,-and especially for the

suggestiou of the examPles.

f (r''
(ui - ui) (ai - ui¡

, ui-r, si, . . ., uo) - f(wt, . , ,, ui't, 7eí, qílr, , , L4,n

(ui - wì) (ui - ud)

(i: l, 2, ..., n), anð.

Í(.',
Í(*r, ,,,, ui-t, 1i7si, yi*L, ,,., an-L, tr,nu*):

,, :, ui-r, rti, ., ., ail-7, crúun) - f(r', . . ., ui, ai*t,, . ., utu-r,

u1 -ut

From the other d.ivid.ed difference Fu' *e obtain the seconcl divided
difference of the sarne type, which is'not identical with the preceding.

Example 2, Let X : Rn, Y : R" and'

P(*) : (f'(r), lrØ), ..., Í,(*)), x: (xL, x2, '.., x*)'

Then as a d.ivideti difference we have the matricial application, whith the
matrix

Ír(utr', u2, . . ,, Øn)

fn(aL, uzaz, oF, , . ,, ün)ft(a\, wzaz, ü8, . , ., u") Ír(at, 'tt21)2,'tt\,

-1

, un)

Ír(at, . . ., ú'-7, u"a')fr(u|, . . ., ün u'u*) f-(*,' ' .' ,,'rn- 
',' 
*)o'¡

i :7,2, . , ,, %i
j : L,2, .. ', ni
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We can change the f¡(ut,..,,uï-L,'ttíl)í, on*t,.,,,u").-with f¡(,'' ,..
,.., tLi-!, r,töui, l)i{r, .,,,--oo), obtaining a new divid.ed. difference'

The above exposed Proposition and. Examples show tllat trle divided
differences arenotlnique and symmetrical. We mention that the sylrtme-
try can be assured.

Proposition 3. For eaerytnøþþing P:X +Y,there existsasym'
metròcø|, diaided' d,ifference.


