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ON THE DIVIDED DIFFERENCES

by
M. BALAZS
(Cluj)

In the present paper some properties and examples for divided diffe-
rences of the mappings in the linear normed spaces are given.

We recall the definition of the divided differences of a mapping P
of the linear normed space X into the linear normed space Y.

Definition. The linear and conlinuous mapping P,,(i.e. P,
e (X, Y)) defined on X with values in Y is a divided diffevence of P
wn the distinct points u, v of X, if

(1) P, —v) = Plu) — Pv).

We note that the study of the existence of divided differeuces is
given in our previous paper [2].

In the general case, the divided differences of a mapping of the
linear normed space X into the linear normed space Y are not unique.
For illustration we give some propositions and examples.

Proposition 1. Let be B a bilinear mapping, i.e. B £(Y, £(Y, Z)),
P and Q mappings of X into Y and P,,, and Q,, divided differences of
P vespectively Q. Then the linear mapping

Ru,v: B[Pu,v , Q(%)] + B[P('l))j Qu.v]

is a divided diffevence of the mapping R = B(P; Q) of X into £(Y, Z).
The mapping

Rﬂﬁ' = B[P(M) ; Q”;”] + B[Pu,v; Q('U)]

1S also a divided difference of R, [1].
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Pyoof. Evidently R,,< £(X, Z) and we have \

Ru,v(% - ‘U) = B[Pu,v(u - 1)) ; Q(M)] + B[P(‘U) ; Qu,v(% - ‘I))] =
= B[P(u); Q(u)] — B[P(v); Q(u)] + B[P(v); Q(u)] —
— B[P(); Q(v)] = B[P(u); Q)] — B[P(v); Q()].

i
=

The proof of the condition (1) for the R,, is analogous.
We can generalize this Proposition, for a multilinear mapping M.

Proposition 2. If Pﬁf,)u, foro=1,2, ..., n are divided differen-
ces of the mappings P9 e X, Y) for 1 = 1,2, ..., n then

Tuw=MI[PS; PC(w); ...; PPwW)] + M [PP0); PE; POu);
PP 4+ MIPY(w); ... P* V() PO
and

Tup=M[PY; PP0);...; PP(0)] + M [PV (u); PZ; Pu);

s PO 4 M [P w); PP); ... P O u); PY

are divided diffevences of M =[P, ..., P®], [1].
Proof. The Proposition is proved as the preceding Proposition.
Example 1. Let X C R"Y =R, P(x) = f(#%, %% ..., x"). Follo-
wing Ulm’s notation [3] we put

u = (Ml, %2; © .0y u’”))
v= (0% v% ..., v,
O L R I ACATEL/RED Rt (CTL URLL) B PR U S
nt — yt

For a point 2 € X, h = (4, B2, ..., h") we have as a divided difference
the mapping P,,< £(X, Y) defined by inner product

P, h=<d, b

where
d = (flurol, w2, ..., u"), fL, w??, u®, ..., u"),. .., flOh L, vl wt o).
It is evidently that P,,< £(X, Y), and

P, (uw—v) = flut, w2, ..., u*) — f(v', v% ..., v") = P(u) — P(v).
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For the mapping P we have an other divided difference

P, = (flutor, 2, ..., v"), flul, w2o% o3, ..., 0"), ..., flu!, ..., w1, w"0")).

We can define a divided difference fo the second order in the points
u, v, w of P as divided difference of the mapping P,, of X intro
€(X, Y), in the points v, w of X, or using an other divided difference
of the first order, or fixing an other point (v, or w), or fixing a point
in P,, in the second place. In the chosen case, we have

Py = (flurtad, w2, ..., u®), f(x, w0 w3 ..., u"), ..
con SO, o anm L um) = (go(ah K2 ..., 27), ga(at 4R L.

v %), L, ga(ah AR L, a),

where g; are the functions of #%, % ..., 2" fori=1,2, ..., n
If we want to express the mapping P,,» by using the notation
in terms of f, we have a quadratical matrix,

Poow = |la;ll, i,j=12 ..., n,
where

a; =0fori>74,1=2 ...,n;,7=12 e, m—1;

ai; = f(wh, ..., wi, wiviwt, witl, ..., u")

forti=41:1=2238 ..., n—1;

Ay = flutvlwl, u?, ..., u"); G = flwl, ..., @l Utuwh);

ap = fwl, ..., W, vt v, L oL M), =2, ..., 0 — 1
Gy = fOAOA, 2, ., v, o)

ay, = flo'wl, 02, ..., vATL uboh, wbtl, L ut), B=2,...,n—1;
a; = fw, ..., Wil v, v, ., 0L wied, witl, L u)

for 1 <4,1=23, ..., n—2;7=3, 4 e, n—1,
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and
flwt, ..., wi-l, wivtwi, witl, ..., ") =
_ flet wi—, wivi, witl, oL u®) — f(el, ..., wiTL, it it L u?)
vi — wh -
_ flwt, . wi=1, i, ., u?) — flot, L., wiTL vl it L
(i — vi) (o3 — w)
flat, .., wiTtoud, L, u) — flwl, ., wil e, wit Lt

(wf — wh) (vF — wt)
¢=12 ..., n), and

flwt, ..., wiT viwd, vt L 0T wt) =

Flwh, .o wi=h of, L, oL wt®) — flol, L, wd, odFL L VR )

v — wi

From the other divided difference P,, we obtain the second divided
difference of the same type, which isnot identical with the preceding.

Example 2, Let X =R", Y = R" and
P(x) = () fol@)s s Syl@)) 5= (4 % oo #7),

Then as a divided difference we have the matricial application, whith the
matrix

Fultot, w2, o u?)  foluth wd L w?) o f et e L, u)
fulol, w02, w3, .., u”) fy(oh, ut® ud, L ut) L (00 Wt R u) ||
ful@h, oo, 0L w0 f(0h L T utt) L fu(0h L 9T )

= (fi(oh ..., oL Wi, Wity L), =12, ..., n;
i=12 ...,%;

We can change the filo, oo v, wivt, vt ., uw") with fi(«!, ...
.., WY wiyt, vitl, . 9"), obtaining a new divided difference.
The above exposed Proposition and Examples show that the divided
differences are not unique and symmetrical. We mention that the symme-
try can be assured.

Proposition 3. For every mapping P: X =Y, there exisls a sym-
metrical divided difference.
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Proof. For every mapping having a divided difference P,,[2], we
can put

Qn,v = (Pu,v + Pv,u)-

1

2

P, is a divided difference of the mapping P in points # and v, because
P(u) — P(v) = — Py (v — u) = Py, (4 — )

hence Q,, is a symmetrical divided difference of P points # and v.
The divided difference of a differentiable mapping is not always conver-
gent to the derivative, as is illustrated by the following.

Exemple 3. Let be the identical mapping of R?, with the usual
norm, A == (h', 4% a point of R% & = (0, 0) the origin of R?, and # =
= (u', u?) € R® We have

We consider the following divided difference of the mapping I in the
different points # and @:

Iy oh = » Uw) —I1©)] = », — L (t, ) = (W, A,
ut ul ul

lim T, oh = lim (B, 1) = (W, &) # I'(9) - h.

w—0 n=0
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