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APPROXIMATION OF MONOTONE FUNCTIONS
BY MONOTONE POLYNOMIALS IN HAUSDORFF METRIC

try
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In [1] c. c. r"oRENTzaîð.K.\. zELTlEn havestudied the order of ap-
proximation of monotone functions by means of monotone polynomials in
the uniform metric. The purpose of this paper is to obtain the exact
order of monotone approximation in Hausdorff's metfic. From our fesults
and the relation between uniform and Hausdorff's metric, the estimates,
obtained in [ ], fo1low.

1.

Let us recall the main results from [1].
The 2æ-periodic function / will be called. bell-shaped, if / is even and.

if / d.ecreases in [0, tr]. The analogue to the approximation of monotone
functions by monotone polynomials i r the 2n-peÀodic case is the approxi-
mation of bell-shaped. functions by means of bell-shaped trigonometric
polynomials.

Let,Ð("[ ð) be the modulus of continuity of the continuous 2æ-periodic
function /:

,o(,f ; à) : max V@) - lj)l; lø - yl É 8.

In [] the following theorem is proved:
There exists a constant C with the following property: for each bell-

shaped function / one can find a bell-shaped. trigonometric polynomial
Tn of n-th ord.er such that

(l) max lf(x) - T"(*)ltca(f ; tln).
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order of a tion of bell-shaped
of z-th order

of by means of arbitrary
order (compare with the Jackson's theo-

For the algebraical case in -[l e s obtained' :

ih"t" exiíts a constant Cl h ropert-y : if / is. an

irr"r"ãffit"""tiãrro" t-1, 11, Ühenth nce of polynomials

þ^ oI n-{h d.egree, increasing in [-1,

(2) lf@) - þ^(x)l<Coa(f ; L"(x)) fot x e [-1' 1]

where L,(x) - max lll= x'ln, Ury'1. n: l, 2, 3, " '-- In tíiìsþap"r we idall consider ihe-Hausdorff d,istance between functions
(see [B], tal änd Z. Lor the definition). We sha1l prove the following.

THÞoREM l. There exists a consta'nt c swck thøt for 9a9!t- q>-0 qnd'

for eaery bel,t-sha.þed, fwnction f there exists a. sequence of bell'-shøþed' trigo-

nornetric þot'ynomia'l,s {?,}f:t (1" is oI n-tlt, ord,er), uhick søtisfy

(B) o\o; I, T,) <cor(f ; tln)t" lj ""î|t;,!?-,
1- 

'r' -n'- \J' l*ana(f;7ln\

ukere,o(at l, Tn) is the Høusd,orff d,istance (with ø þarømeter a) between

f ønd T".- 
Since for f continuous

lim ø(a ; Í, T,): t(0 ; Í, T,): mâx lÍ@) - T"(x)l'
d+o u

from (3), letting q. -0, we obtain Lorentz and. zeller's result (1).

on the other hand, setting q.: I we obtain the following estimate:

6(Í,T") =1(l; f, T"):o(lnnln)'

which shows that the order of mon rtone Hausd.orff approximation is the

s"-" 
"s 

the ord.er ãf approximation by means of arbitrary trigonometric
polynomials in the Hausãorff metric (see [3])'

In the algebraic case we have

THEoRÞM2.Letfbeanincreøsingfunctiono'nl-l,l)'Thereexists
a sequence of al,gebric þol,ynomiø\,.s {P,}f:1(Pn is of n-th degree ønd'is increø-

sing in [-1, l]), such thøt

(4) ll@) . P,(x)|" 3 cra(f ; À,(r))/(1 | aL^ (*)^(Í; L*(x)))'

3 APPROXIMATION OF MONOTONE FUNCTTONS B1

uhere L,*(x) : nf-l - xzlm * m-r, van: løllne(L { aMmr)1, M: max lf(x)1,
c, is a constønt ønd lf(x) - P,(!)1, is the Hausd,orff d,ifference *if¿"; þøra.-
meter^a betueen f and. Pn in the þoint ø, (See 2. f.or-the definition).-

Since

lim lf(x) ' P*(x)|": lÍ@) ' P*(x)lo : lÍþ) - P"(tc)l
dr0

for / continuous at the point x, from (4), setting q'0, we obtain (2).

.)

Let us recall the definition of the Hausdorff distance with a parame-
ter ø ) 0 between two bound.ed. functions / and. g in the interval À.

let /be the completed. graph of the function /:

f :AG,fCG, GeFd,

where J1¡ denotes the set of all point sets in the plane, convex with
respect to the y axis and the projection of which on the axis ø coincid.es
with A, and. f d.enotes the graph of the function /.

The Hausdorff distance with parameter ø between f anð. g is definecl
by

(5) 't(q; Í, B) : max { max min max la-Llx - 4], ly - ïll,
(*,Y)eÍ (E,nle s

max min max fa-Llx - El, ly - ï llÌ.
lx,ylel 11,rt¡ej

I1 f and. g are continuous functions, then (5) can be expressed. as
follows

(6) 'd(o; Í, 8) : max lf(x) = g(x)|",

where

lÍ@) - eþ)1": max{min max [a-'lx - 11, lf@) -g(€)l],

(7) min max fa-Llx - t"l, V(E) - s(")ll).
' [=^

is the Hausdorff difference with a parameter ø between f and g in the
point x.
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This theorem shows that the
functions by means of bell-shaPed
in seneral is tle same as the order
triionometric polynomials of ø-th
reñr, for examPle t2l)'
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From (6) arid (7) when f atð'g are continuotls we obtain

(B) ti1 l/(ø) = g(x)|,: lf@) - e@)l'

(9) 1im z(ø ; l, S): ø(0 ; Í, g): m9I lÍþ) - S@)l'
\'/ 

df. xe\

Let/bea2æ.periodicintegrablefunctionandlettnandtbepositive
.integers. Let us ";;;iä;; 

-TÀ"- 
itigo"ometric pol1'no*¡ut of order 1mt:

5 APPROXIMATION OF MONOTONE FUNCTIONS Õ.)

Therefore we have the following
I, e m m a 1. Let f be a. bell-shøþed steþ function uith jwm,þs at the

þoints hælm. Then, if m and r are þositiae integers, the trigonometric þoly-
nomiø|, of order 3 mr

ß

T*,"(Í; x): pLo,,, Í(* + t)lsin(mt12)lsh(tl2)1'z" d.t

-fi

is ø bell-shøþed. functíon.
3. Let f be a bell-shaped. function and let us consider the function

n

T*,(f; x):gu,,' Í(* + t)þ,,,(t)dt, f(t0Þ.rclrn) 1.or l\krlrn < x <10r,(k I l)lm,
h:0, 1,2,...,ho, ho:max v, 10(v +l) <m,

Í(") for l}æh,olm 3 x < ¡c,

Í(-x) for -n3x30,

f^(x) :
ù -,.(t) : (sin(mt | 2) | sin(t l2))2.'

where F,,," is defined- bY Obviously

(10) [Lm r ,þ*,.(t)dt : l' (11) z("; Í, _f,) < min [10æ/am, ^(Í; Llnlm)1.

' We denote

xr: (2i I l)Srlm, i : 7,2,3, . .., ho - l; xo:0, %po : ¡.
-fr

If / is a bell-shaped function, the polynomial .T,,,,,(1, x) may^not.be

. mir^-Jr,åö"d î;;Jt"ä"ä .;;Ë;i: s;t it i i, " bell-shaþed step function

with iumps in the pãììir Ëi¡*, tn"", similarly as i' [1], it is easv to see

;;;;'T;:;(i;-ø) is älso u bell-shaped. functio
Let / be " 

t"il_siäpädïËpl;ã¡iiot' *ittr jumps corn t]ne poitns hrlrn,

h: l, 'i, 3, ..,, rvL - I' Then

T*,"(f ; *) : v*nfi 'uo\* +*,'(* - t) dt'

1L m : 101,, I - positive integer, then T*,,(f,,; x) is ø bell-shaped.
function (lemma 1). From now on we suppose that rn: l0l',

From the definition of the Hausdorff distance and from the fact
that f*and T,n," ff*; x) are bell-shaped functions, it follows that in ord.er
to eslimate 'ø(ø.; f*, T*,,(t,,,)) it is sufficient to estimate

- hnlnt (t2) lÍ*@o) - T,,,,(f*; x¡)1, i:0, l, 2, ..., ho.

hnlnt

,ln-l,are I,et us now estimate (11). From (10) we have
The functions go(ø) : \ +,,,{* - t)dt, h : l' 2' 3' '

nln

bell-shaped, because 9o¡*7-#!!'"uen and rot xe [0' "] q1(x) l0 (compare

with []) :

q](x) : þnn,.(x I hnlm) - þ*,"(* - hælm') :

: sinz" (rnxl2 | hnlz) fl/sink ((x I hrclm)]z) - 1/sin2'((x - knlm)lZ) SO'

since

lsin ((ø -l knlm)12)l Z lsin ((x - hnlm)/2) | for v e l0' n)

(sin(ø+P) = lsin(ø-p)l for 0 3 ø' þSrclz)'

I Itrn,t i þ,,,"(t) dt 2 2p-*,, I+
0

,n,.(t) dt¿

rlm

2 2þn,," ((mtlæ)l(tlz))'" dt : 4(2mln)2,-t 1t,,"

of

0 1p"n,,, < (rl2m)2'-114.
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From (11) we obtain (m:l0lnllOlþl), g:ln er(l + en6(Íi lln))):

rG ; f ; f,n) 3 min {l}nl arn, a(f ; Snlm)} < Cra(.f ; lfu) rí e:(r + dnd(Ít rln)),
lluna(f;lln)

(16)

From (15) and (16) we obtain

.o(q; Í, T*,"(Í,,)) S Ca(f ; l¡n',11"",(1 + ""i!f i!lù) ,
llan,o(f;lln)

where T,,,.(Ír) is a bell-shaped trigonometric polynomial of n-th order
and C is an absolute constant. This proves Theoiem 1.

As a corollary in the case a. : I we obtain
t'rrEoREM 3. There exists an absol,ute constønt c uith the þroþerties :

Jor eltetry_bel'l-shøþed' function f there exists ø bel,l,-shøþed, trigonomer,rî,c þol,y-
nomial, T, o.f n-th, ord,er such thøt

" 'ó(f, T,):ø(l; Í, T ) < c(ln nll[)ln,

uhere M:supl/(#)1.

Then we have

lT*,.(Í*i x¿) - Í*(xn)l 3 p"m,t lf*@¡ * t) - Í(*,)l þ*,"(t) dt<

-If

ko

3 2y.n,,,D.(/; l\hnlm)
þ:t

fr

f þ,,"(t) dt<
íhælm

o
< lþc l2no)2" - 

t 
| (4r - z)lD, ff ; l}hn I m) n2" (íh,n I m)-z"r I S

< æ(æ/10)," -,^(Í; rvnlm) (åu--.ì lQr - t).

LetrZ2.Since

I A-" <2s-tl(zs-r - t), s 22,

we obtain

(13) lf*(x¿) - T,,,,(Í*; x¿)l S 2n(nll0)2"-ta(f ; lÙnlm)l(2r - l) 
=

3 2ne-' a(f ; l}nlm)lt ; i : 0, l, 2, . . ., ho.

4.

Now we shall consider the algebraic case. Let / be an increasing
tionin [-1, t].We write g(x):/(cosø). Theng(ø) is a bell-shaped-
tion.

Using the notation from 3., let us estimate

lg*@¿) - T*,,(g*i x¡)1, i:0, l, 2, ..., ko.

We have

func-
func-

Let P
we see tha

(14)

:ln ez(l I an a(f ;1/ø)), settingin(13)t : [9], m : l0lnll0tl
t there exists an absolute constant C, such that

1T,,,"(Í*i x¡) - f*@,)l S Co1¡; tln)l(l { ana(f ; Lln))'

i :0, l, 2, . '., ko ß

and T,,."(f ; ø) is a bell-shaped trigonometric polynomial of ord.er at most ø.
F;ôä (14) and the d.efinitiõn of Hausdorff distance it follows that

,ø(u; T*,,(Í*), Í*) s

(15) < max

lT-,"(g*) x¿) - g*(x¡)l S p*," lg^@¡ * t) - g*(x,)1,þ.,,(t) dt :
(17),

-fa

ß -5rlm
-T: ltrm,¡ lg(E' + t) - S(1")l,l)*,"(t) dt + I s('l' * t) - gh") lþ,,,.(t)

Snln
-71

where
< C,a( f : lln\ ln e,(t * ana(l; lln)) 

,
I { æn a(f ; lln) lE' - r¡l < lÙnlm;

ln' - xrl < lÙnlm;
lE"-xl<lÙnlm;
ln"-xal<10ælm.

rryhere C, is a constant.
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Let us estimate le((' * t) - S(E',)1. It is easy to see t]¡at f.or t Z2 }ælm

(18) ls(6'+ t) - e\")l: l/(cos(('+ 4) -/(cos [,,)l <

<<¡(,f; lcos({'+t)-cos12"lScra(f ; lll lsin x¡l*tz)
where c, is an absolute constant.

We have also

(19) lg(r¡' -þ t) - eh,,\ < ¿¿to(,/; ltl lsin x¡l * t).

From (17), (18) and (19) we obtain for r Z2:

lr*,"(g*| x¡) - g^(x¡)l 3 2p,*,rcz I .U; llllsin xal I tz)þ*,(t)dt<
5æln

S 4¡t*,.cra(f ; 5æ lsin x,llm * (1nlrn)z) (Sælsin ,ctllrtu + (íælm)z)-r. X
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where T*,"(g*\ is a trigonometric,-polynomial of ord-er S ry-ln-t' Í t
iã*,Ai'i;ä' Tno,,(g*;-r¡ is a bell-shâped function iÎ m: l0l, I - posi-

tive integer.
I-,et us denote

.f*(u):g^(arccos ø), ui:cos !c¡, i:0, 1,2, . ' ., ho; P(u):T,n,,(g,*, arccos ø),

P(u) is an increasing algebraic polynomial of degree

3 tn 7n e'(l + amzM).
'We have

(22) lcos(l\krclm) - cos(IOæ(h I l)lm)l 
= 

c6QfT - uTlm * *-')'

Using the construction of g., (22) aú' (7) we obtain

(zg) lf*@,) -f(u¡)\, S min lcu\*(u¿)l'a, cu<,¡(.f ; L*(ut)l'

(7), (2r) anð, (23) give us

lp(*u) - f(*,)1" < lP(ot,¿) - Í*(u¿)1" * V*(u,) + Í(ut)|"
(24\\ / <cp(f ; L,,(ua))l(l.IemzM) f minlcu\'^(u¡)lu, c4o(f ; L*(un))1.

From (24) it is easY to obtai

(25) lP(w,) 'Í(u¿)ln < c¡o(Íi L*(w¡))l(l I a.L*l(un)ro¡¡; L*(urD)'

where L*(w¿) : ^l=ælrn + no-' and c, is an absolute constant.

L,et ua 3 x 3 u¿-r. Ftom (7), (25) and. the monotony of the functions

f and, P it follows

lP(x) - l@)1" = 
min flu; - w¡-llq, a(Í; lu¿ - u¡-tl)J *

(26) ! maxllg(ut) 'P(wn)|", V@ -r) - P(u¿-r)l"l 3

I min lcu\,^(u¿)la, a(f ; L*(un))l * c, ^y; ,t*,(!ù) , S
I I a.L*t (u)a(f ; Ln@ù))

< coa(Ít L,*(x)l(l + o.L,it(x)a(Í; L*(x))),

where co is an absolute constant. Since P(ø) is.a monot_one function of
degree < rn h e'(l + amzM), (26)' proves the Theorem 2.

\l

x I {rtrt" xnl ! tz)þ*,,(t)dt 
= 

c2(ær2m)2"-1(5ælsin x¿llm * (snlmz)-L x
Snlm

x ,("f ; 5ælsin x¡llm i (5ælm)z)æ2,(lsin x¿)(mlín)zr-z l(2r - 2) +

| (ml5æ)2"-'l(2, - 3)) < cr5æ(æ/10¡2"-r.q/; 5ælsin x¿llm I
| (íælm)'z)l(2" - 3) s Srcre-2rttl.l(f ' Sælsin tcllrn + (ínlm,))l(Zø -B).

We have found. that if ç à 2 then

(20) lT*,,(g* i x¿) - g*(x¿)l 3 c,e-2,+t^(/; 5ælsin x¿llmtþnlm)r))l(Z"r - B),

where c, is an absolute constant.
I,et 9:1ne2(1 |amzM)i M:maxl/(ø)1. Setting"ç:lgl in (20) we

see that there exists an absolute cJrstant cn such that

(21) lT*¡(S*t x¿) - g,,(x)l < c+c¡(.f I L,*(u;)l(l { amzM) *)

i:0,r,2,...,ho,

* Ã*(u¿) : Jt - "it* i m-z: l-coszx¿lm*rn-,
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As a corollary in the case a : 7 we obtain

THE6REM 4. Theve exists ø consta'nt õ'o such that for euery function f
nrrtàtî"þ--h the interuøt l-I,1) there exisls ø sequence of al,gebrøic þol'y-

nomial,s {P,}f(P" is of ø-th degree and increasing in t-1,11) suck tha't

tÍ@) - P(*)t* 
= 
r,(Yy ^l 

T=7 + (ryn,
uh,ere M: max l/(ø)l

lrlS I

If we compafe the last result with the one in [5], it is seen that
in both cases the order of approximation is the same. A NOTE ON STARSHAPEDNESS

PRESERVING LINEAR OPERATORS
by

JOHN A. ROUTTTER

(North Carolina)
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l. fnhoduetion

In a recent paper [4] lup¡S proved. that the Hirschman-Widd.er ope-
rators and the generalized. Bernstein power series preserve starshaped.
functions. In [5] RourrrER and. in [ ] nour.rnR and BoJANrc þbtain theorems
about bounded linear operators in general which preserve cbnvexity. Many
other results have appeared on this latter subject ; see [2] antl. [3]. It
is the task of this note to obtain criteria to recognize starshaped.ness
preserving operators. The method. used and. the results obtained. are the
same type as in []. We first show that each continuous starshaped. func-
tion can be uniformly approximated by positive linear combinations of
,,basic starshaped functions". It then follows from the linearity and boun-
dedness of the operators that if it sends each ,,basic starshaped function"
into a continuous. starshaped function, then it does it for all continuous
starshaped functions.

2. The main theorems

Let B[0, 1] be the class of bounded. functions on [0, 1], and let
C[0, 1] be the continuous functions on [0, 1].

D ef initio n. Let f :10, 1l -+ R. f ,is starshaþed. on [0, l] .if for
eaery a. e [0, I f and euery x - LO, lf we høae

f(øx) < øJ@).


