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1. 7.7. RrvrIN [5] has posed the following question. ILet @ be the
linear mormed space of continuous real-valued functions on the interval
[0, 1], endowed with the uniform norm. Characterize those n-tuples of
algebraic polynomials (pg, P1, ..., Py—a) Such that the degree of p; is
i, =20, 1, ..., n — 1, for which there exists a function f = € so that
the polynomial of best approximation of degree ¢ to f in the sense of
Chebyshev is p; for each ¢ =0, 1, ..., » — L.

A necessary condition was given by T.J. RIVLIN himself [5].

P, DEUTSCH, P.D. MORRIS, I. SINGER [l], D.A. SPRECHER [6], [7] and
recently M.R. SUBRAHUMANYA [8] have proved the sufficiency of this condi-
tion in particular cases. :

The purpose of this note is to give some results related to a more
general problem and to make a remark about the case when #n = 2 in the
Rivlin’s problem.

2. Basically, we will consider n-tuples of elements from nonlinear
families instead the polynomials for the above problem. For an exposition
of the nonlinear approximating families the reader is referred to [3].

Definition 1. ([97 or [3)). A family ¢ C @ is said to be UnIsol-
vent of degree m on [0, 1] or to be of type. I, {[0, 11}, if given a set of
distinct n points %y, %y, ..., %, from [0, 1] and awy n veal numbers
Vi Yoy + -, Yy there is exactly one 9 <} such that o(%) =y, i=12, ..., 0.

Definition 2. ([3]). The sets (1 GFa -0 G FCEC 1 =
=1, 2, ..., k form an interpolating section on [0, 1] ifs

1. ¢J; is an unisolvent family of degree i on [0, 1]fori=12, ...,k
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2-Q¢C%+pi=1,2,...,k—1. _ . .
We can now enunciate the following problem. Given the interpolating

section (f1. (o --v» characterize ~those n-tuples of functions
((Pll Pa, - e (Pn) such that P € gi’ 1= 1, 2' o, N, @ & gi—l' 1=
=92, 3 ..., n for which there exists a function f & @ so that the ele-

ment of best approximation from ¢; to fin the sense of Chebyshev
s 1=12 ..., n

3. By the characterization theorem of best approximations from unisol-
vent family [9], we may obtain the necessary condition of Rivlin for
polynomials. '

THEOREM 1. Let (f1, (o .., (Ju be an interpolating section on [0, 1]
and let (@1, 9o ..., @) be an n-tuple of elements such that ¢; € (};, 1 =
=1,2 ..., nand ;€ J 1, 1=2,3 ..., % If there exists a function
f € € such that:

I1f — @il = inf{[lf — dill, yed) =12 ..,n

then for each pair of indices I, k with 1l <l <k=mn, the function ¢, — @
changes sign at at least | distinct points in [0, 1]. . o

Proof : We follow the idea from [5] and fix a pair of indices [, &
with 1< I < k =< n. By the characterization theorem for best approxima-
tions from an unisolvent family [9], there exist /-1 distinct points
ty, ..., tyq in [0, 1] such that :

(1) ft) — oit)) = — (f{t) — eifte)] =
- - (_l)z[f(tzﬂ) - ‘Pt(tz+1)] = 4|If — @ll.

Because @; & (J;_1, 1 =2, 3, ..., n we have:

(2) If — el < IIf — all-

Consequently, it is obviously by (2) and (1) that the function ¢, — ¢, =
= (f— @) — (f — @) has at least I sign changes on [0, 1].

We shall show that in the case when » = 2 the condition of the above
theorem is also sufficient. For linear families see [8].

THEOREM 2. Given the interpolating section (Jy, (Jo and the elements
01 @y such that ¢; = ¢, i =1, 2, 0, % (Jy, then there exisis a Sfunction
f € @ which satisfies

If — ol = inf{llf — bl &5 =} i=1 2

if and only of the function @z — ¢1 has one change of sign n [0, 1].

Proof : By Theorem 1, g, — ¢, has at least one sign change in [0, 11].
"The fact that g, — ¢, has at most one change of sign in the interval [0, 1]
follows from the definition of unisolvency.
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The proof of sufficiency follows from considering many cases. We shall
consider only one case here since the same arguments apply to all cases.
Assume that the condition is satisfied, i.e. ¢ = @, — @, has one change
of sign in [0, 17. Let ¢, = (0, 1) such that ¢(f;) = 0. Then, by continuity,
we can choose the points £, and ¢, with 0 < ¢, <1y < 1 such that ¢(4) +
+ o(t,) = 0 and ¢(t) lies between o(t,) amd () when ¢ € [4, f;]. Let be
t, € [0, 1] such that ¢(t) = ||e]|.

We shall construct a function f € @ with the desired properties only
in the case when & = ¢(fy) > 0 and ¢, < #3 < 1. Let p be a real number
such that p=2||¢||. The desired function f @ is the pilecewise linear
function with vertices :

[0‘ &ﬂ_;q)—zm)) s (ty 9alts) — 0), (fe @a(ts) + )

(ta Balts) — ) (1, E.i‘_’%_“_’)

For this function (the estimations are almost the same from [8]) we have

HWf—edl=p+ 3 Ilf—ell=0¢

and also:

—[flt)) — e(t)] = f(ts) — alfe) = ¢ + 3,
—[ft) — @a(t1) ] = flts) — @alts) = — [flta) — @a(ts)] = p

i.e. @; and ¢, are best approximations for f € @.

4. p.A. SPRECHER [6] has given a nice proof for the sufficiency of
Rivlin’s condition for the case of polynomials of degree 0 and 1, construc-
ting a piecewise continuous function as the solution of the Rivlin’s problem.

We have studied under which conditions this piecewise continuous
function is also a convex function.

By the results of 1. popoviciu [4] about the position of the alter-
nation points in the Chebyshev’s characterization theorem of best poly-
nomial approximation for continuous convex functions we obtain:

THEOREM 3. Let pot) = ¢, pu(t) = at + b, (a # 0) be given polynomials

such that ¢ = aty + b for some to, 0 <ty <1, If a>0, (a<<0) and
ty € (% 1)(respectively by = (0, %) , them there exists a continuous convex

function f such that p, and py are the polynomials of best approximation
of degree O and vespectively of degree 1, for f in the sense of Chebyshev.
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