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following question' Let @' be the
al-valued,- functions on the interval
orm' Charactetize those n-tuples of

) such that the degree of. þ¿ is'existsafunction f =e sothat
of degree i to f in ttre sense of

,'n-l'
by t.¡. RrvrrrN himself [5].
li.l, o-.4. sPREcHER [6], l7l anó'

rÑéa the sufficiency of this condi-

tion in particular cases.
The'purpose of this note is to give some results related to a more

S"""i"i piãbfäm and to make a r"murÉ about the case when n :2 it t¡'e
Rivlin's problem.

2. Basically, we will consid.er n-tupleS of elements from nonlinear
families instead the polynomials for the dbove p_roblem. 

^For 
an ex^p-osition

of the nonlinear approximating families the reáder is referred to [3].

Def inition 1. ([9] or l3l).
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The proof of sufficiency follows from considering many cases. We sha11

consider õnly one case here since the
Assume that the condition is satisfi
of sign in [0, 1]. I,et lo e (0, 1) s

we cán choose the Points t, and t,
.| q(¿J : 0 and q(l) lies between
l, e [0, 1] such that 9(l') : ll<pll

We shal1 construct a function Í = e with the d-esired' properties only
in the case when Ð: q(rr) > 0 and. tr1t" { 1' Let p-be a real number
such that p>2llçl¡. Thè-,desirecl fulrctiorl Í = € is the piecewise linear
function with vertices :

0 e'(o) + qr(o) , (t', 9rþ') - ù, (tr' q'('J * P)

24

2. Ç, C Ç¡+r, i :1, 2, ' ' '-' ,f -.1''We can now enunciát" ifr" fãllowing problem. Given the i'terpolating
section Ør, Ç2, ::,- Ç,: 

-ltt"t""t"ti'Ë ' thot" n-tuples of 
- 

functions

(qr, qr, .".-., ö,) .o"tt ítiät q¡ = Øi, i: l, 2, " ', n, q;É Ç;-u 't/:
:2,3, ..., lL 1or which theiË e"ísls a functioî Í.= @ so that the ele-

ment of best appro*i--átiáo tto* Çn to f in ih" s"tts" of Chebyshev

i.p, i:1,2,...,(t'.
3. By the charact erization theorem of best approximations from unisol-

vent famity fgf, ;;;;ï-;bt"il-the necessar!^condition of Rivlin for

oolvnomials.
THEoRBu 1. Let Çt, Çr, "', (/n

ønd, I'et (gr, gr, . ' ., 9,,) be øn n-tuþl'e
: 7, 2,".-. ., iL ønd' <p¡ Ê Çn-r, i : 2,

I = e such that :

be
tÍ

o,

an inte section on 10, lf
elernen høt q¿ = Ç¡, i :
, ., /1. ex'ists ø function o

ll/- q,ll : inf{ll/-,þ,11, Ùt = Çn}, i : L' 2' " " n'

I <l < h 1n' the funct'ion ge - 9t
in 10, t).

',fJ"rf'i*" 
å r,Îi'oli,'l'i::i'åi

l, there exist I -l- I distinct points

t7, . . ., t¿¡1in t0, 1l such that:

(1) Í(t,) - et(t'): -UU,) - ç'(t,)l:
: (- t)'lÍ(h+r) - et(t,+,)l : -|ll/ - q,ll'

Because g¿ È Ç¡-r, i :2, 3, ' ' ', ø we have:

(2) ll/- ç*ll < ll/- q,ll'

Consequently, it is obviouslv ¡V (?) ?"d (l) that the -lunction 9p - Qt -
:ÏïT;,j"-l (¡ - e,) has 'i l"ást'l'sign changes on [0,. r]'- 

".W" ïír"il àhow i¡it ¡o ih" "ur" 
wh"en n:2the co'ditio' of the above

th linear families see -[B]'
erþot'ating section q';'- Ø, and' the el'ements

pr , b, qr'É Çr' then ln'íre exists a' fwnctiott'

Í
ll/ -- qul¡ : inr{llÍ - +^1, þo = Ço}' i : t' 2'

of sign in l0' .l)' ^
e iign change in- [Q l-],
ign in the interval [0, 1]

(tr, q,(t") - e), (r, )

For this function (the estimations are almost the same from [B]) we have

ll/-ç.ll : p 18, ll"f -q,ll : P

ar.c1 also :

- l/(,') - e'(l')l : Í(t,) - q'(t,) : P + B,

-llT,) - e,U,)l: Í(t,) - q,(t,): - t/(,') - ç,('Jl : p

i.". g, and. g, are best approximations for Í t e.

4. o.,1. spRECrrÞR [6] has given a nice proof for the sufficierrcy of
Rivlin's condition for the-case of polynomials of degree 0 and 1, construc-
ii"g u piecewise continuous functioã as the solution of the Rivlin's problem.

We have studied- under which cond.itions this piecewise continuous
function is also a convex function'

By the results of T. popovICIU [4] about the_position of the alter-
nation'points in the Chebyshev's charãcterization theorem_of .best poly-
nomial ãpproximation for óontinuous convex functions we obtain:

THEOREMS'Letþoþ):c,þr'(t):at1-b'(o+0)begiuen.þol'ynom'ials
swch tha,t c: atol b for soøt'e to, 0 < r0 < 1, IJ a2 U' \e' <{)) and

,, = (ï, l)(resnectively úo = (O å) , then there exists a' continuows conl)ex

function f iuch, that þo ønd, þ1 øre the þol,ynomiøl,s.of best aþþroximation
"o-f d.egr:eí 0 ønd, resþàctiaety- ò¡ dtgree-1,-for f in the sense of Ch,ebyshea.
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l. the following problemposed. by r.J. RrvrrrN [4] is well-known:
I-.,et @ be the normed linear space of continüous real valued functions
on the interval t0, 1], end.owed with the uniform norm. Characterize those
ø-tuples of algebraic polynomials (þ0, þr, ..., þ*-r) suchthat the d.egree
of 1¡is i, i:0, 1, ...,'n- l,forwhichthereexistsa function -f =e.
so that the polynomial of best approximation of degree i to f in the sense
of Chebyshev is I for each i :0, l, ..., n - L

The anologous problem for n-tuples of elements from nonlinear unisol-
vent families [3] or [B], was stated. in [1], where the necessary cond.ition
of Rivlin for polynomials was obtained.. Moreover, it was shown for this
more general problem that in the case of a pair (qr, çr) of elements
e; e F¿, F¡ a nonlinear unisolvent family of degree i, i : l, 2, Riv-
1in's condition is also sufficient. Particular cases of Rivlin's problem were
studied in l2), t5l. t6l and [7]..

The purpose of this note is to prove the following:
TrrEoRÞM. Giaen the føn+itries Q a.nd,7ú, wheye Q. is wnisol,uent of degree

l,on 10, llønd,'7ú isunisol,aentof d,egreela on t0, 1l aith l<.1<h, Q,CAA
a.nd, tke elen+ents g, þ swclt, tha.t 9 = q,, þ e'7(, and, 4,É 4, then theye
exists ø fwnction Í = e uh,ich satisfies :

ll/ - çl¡ : inf ll/ - ell
,=Q
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