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l. the following problemposed. by r.J. RrvrrrN [4] is well-known:
I-.,et @ be the normed linear space of continüous real valued functions
on the interval t0, 1], end.owed with the uniform norm. Characterize those
ø-tuples of algebraic polynomials (þ0, þr, ..., þ*-r) suchthat the d.egree
of 1¡is i, i:0, 1, ...,'n- l,forwhichthereexistsa function -f =e.
so that the polynomial of best approximation of degree i to f in the sense
of Chebyshev is I for each i :0, l, ..., n - L

The anologous problem for n-tuples of elements from nonlinear unisol-
vent families [3] or [B], was stated. in [1], where the necessary cond.ition
of Rivlin for polynomials was obtained.. Moreover, it was shown for this
more general problem that in the case of a pair (qr, çr) of elements
e; e F¿, F¡ a nonlinear unisolvent family of degree i, i : l, 2, Riv-
1in's condition is also sufficient. Particular cases of Rivlin's problem were
studied in l2), t5l. t6l and [7]..

The purpose of this note is to prove the following:
TrrEoRÞM. Giaen the føn+itries Q a.nd,7ú, wheye Q. is wnisol,uent of degree

l,on 10, llønd,'7ú isunisol,aentof d,egreela on t0, 1l aith l<.1<h, Q,CAA
a.nd, tke elen+ents g, þ swclt, tha.t 9 = q,, þ e'7(, and, 4,É 4, then theye
exists ø fwnction Í = e uh,ich satisfies :

ll/ - çl¡ : inf ll/ - ell
,=Q
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end

3

ll/ - ,l,ll : inf llÍ - hll,
tt-7ú

if and, onl,y if thefunction Ù - q changes sign øt (at leøst) I' d"istinct þoints
in 10, l).- - 'É* polynomials this theorem was proved by D. Sprecher 15] and the
nonlineaf case for l, : l, h -- 2 is found in [1].---t.-B"f*e giving the proof of the theorem, we introd.uce some notation
and make some observations'

ñl g and tf., be the functions given in the hypothegis 9f the theorem'
Then--1--l t-;p changes sign at ieast I times il- [0, 1], i.e. there exists
the points:

(1) 01\.--x21... <
such that

X@¿) :0 1or i:1, 2" "' l

and sgn X(x¡- e) : -sgnX(*¡-| e) for i:1, "', I' and' all e)0
sufficientþ'small.'Letting xo:0 and xrrt:1, we set:

%¿:max {lx(ø)|, x e lx¿,x¡+rf),i:0, l, "', I

Øt, : min {*n, i: 0, 1, . . ., 4
ln

,2

By continuity of the function X we can choose the point sets:

T : {tr., tz, ..., t} ar-d' Z : þr, 22, ..., 3}

such that:

Definitionl'A þoint eeE isø minus þointof Aif Aþ):
- -p and, ø þlus þoint iÍ Xþ) : P'

IÍ M : llall, I'et p" be ø real, number such thøt ¡l> M'

,a.nd'

L,emm a l. If "(x): max {,1.'(ø) - P\, 9@) - t¡ - P\, * - [0, 1]

9@) : rnin {tf(ø) * ç', q(*) * r¡ * P}, * = t0' 1l

lhen

9(r) - a(x)> M for 5 e [0, 1]'

Proof : First we observe that the functions Ü(,) + ¡r and 9(ø) * ç *
+ o "åi"tiaã "i 

tfr" plus points of X from the set E while the functions

¡1r5 f [ ."a q@) -- tr -- p coincidê at tine minus points of x from the

set E.
Now we d.istinguish the following cases:

(i) for ø between two minus points we have:

þ(*) - a(x) : x@) * 2v i P > 2¡* - v I P > M

in the case when X@) * P ( 0 and.

þ(*) - a(x):2v> M,

in the case when XØ) * p Þ 0;
(ii) for * betwêen two plus points we have

þ(x) - "(x) 
: - x@) -l 2v i p 2 2tt" - F + p > M,

in the case when X@) - p ) 0 and

þ(x) - a(x) :2v > M

in the case when X@) - p ( 0 ;

iiiii i"r ø bet#èài u pinr point and a minus point or between a mi'us
point and. a plus Point we get

þ(*)-ø.(x):21t>M;

(iv) for x = lO, lr] or for 5 e lz¿, l] where trand z,ate miws points
we have:

g(ø) - a(x) : x@) *2p * p 2 2p. - v * p > M

01t¿1%¿12¿.i1,
z¡ 1 tt¡t
xU):-x(z¿):uP,

i:1,2,..., I
i : l, 2, ..., l'-
i:1, 2, ..., l', e

I
I+

and

p: max {lX@)1, x, € ltü zif, 'i:1,2, ..., 1,1}

LetE:TUZ.
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in the case when X@) i p ( 0 and

9(t) - a(x) :2p") M

in the case when X@) I V 2 0;
(v) for x = 10, lr] or for x e lzu 1] where t, and zt ate plus points

we have:

9@) - a.(x) : -x@) tzv -l p > 2p- p + p > IVI

in the case when X@) - p ) 0 and

þ(x) - "(x):2p.) M,

in the case when X@) - p ( 0.
Thus p(ø) - a(x) ) M lor each x e 10, 11.

We finish this section with:
D e f i n i t i o n 2. The function g e @. is sa'id' to al'ternate n times

if there exists an n + | þoint set {*o, *r, ..., x},0 ( øo 1\1... <
1 x* 4 1 such thaú, for i :0, l, .. ., n:

le@o)l: llgll and e@) : (-r)o s@o).

The set {xs, x1, ..., *,} is cøl'l'ed' an al,ternate oÍ g oÍ lengtk n + l.
3. In this section we give the proof of the theorem from first section.
The necessity of the condition in the theorem was proved in t1].
To verify the sufficiency of the cond.ition, let us consid.er the elements

,f and. g as in the previous section and-fix a point xa, | 4 ¿ < I in the
set (1) such that t¿ is a minus point of y anó. z¿ is a plus point ol X.
In the case I : l, a point with these properties may not exist, but the
same arguments apply to the case that t¿ is a plus point and z¡ is a
minus point.

Let p - h - I >1, First we consider the case where þ even i.e.

þ:2r. Then in the interval (t¿, z¿) we choose the points:
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Now in the plane we consider the points

P¡(u¡, u¡), i : l, 2, ..., lr + |

where
(i) for aj : ej, e¡ f:om the set (3), we ptt w¡ : þ(e) : þ(eì) * p if

e¡is a plus point of X and wj: e(ej):þ(r¡) -p if e¡ is a minuspoint;
(ii) for u¡:yi, j:7,2,...,2r, we put: ui:þU¡): ü(y¡) *f,

if 7 is odd and aj : q(yj) : þUì - p if 7 is even:
(iii) for aj: t¿ and. a¡ - zi we ptft u¡ : þ(t) - ¡r and w¡ : þ(z¡) I t,

respectively.
Finally, form .Po(O, 8) and Pn¡r(1, 8), two additional points in the

plane with I a real number; let À(ø) be the piecewise linear function with
vertices P¡, j:0, 1, ..., h+2.

fn the case 1 od,d. i.e. þ :2r f I we construct similarly a piecewise
linear function À(ø) by first choosing a point !2,+t € (z¿, t¡¡) and then
choosing the set:

(4) a1, a2, ..., a¿-1, t¿, z¿, lzr¡t, ai+l, ..., at

where e¡: ti or zj, i :1, 2, ..., i - 1, ¿ + 1, ..., tr such that (4)
is a sequence of points with alternating sign, ancl the point yz,+r is consi-
dered. a minus point of X. In this case the vertex of the function À(ø)
with the abscissa !2,+t will have the ordinate ù(!r,+r) - p.

Define a function Í by:

54

t

þ(x)

"(x)
À(ø)

À(ø) > p(ø)

)^,(x) < a(x)
if
ifÍ(*) :

otherwise

This function is defined and. continuous on the interval [0, 1] and
is simultaneously approximated best by Q in the family 'ffi and. by 9
in the family of q,. This follows from the corollary I t8l.

Indeecl, by Lemma 1 we have:

and. from the set E we choose a subset of points

(2)

(3)

where a¡ : tj or zj,
comes a sequence
tion 1.

lt1!z < . "

a1, afi . ", a¿-1, t¡, 2¡, a¿¡1 , '. ', at

ll/-çll :p+p and ll/-,J,ll :{r'

I
of

: l, 2, .. ', 'i - l, i'+ 1, .,., I so that
points with alternating sign according to the

fn the case 1 even the union of the point sets (2) anð, (3) is an alternant
lor f - rl., of- length k + | while thè set (3) is an alternant for .f - q of
length I + l.

The same conclusion in the case þ is odd. follows in a similar manner'

(3) be-
clefini-
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In this paper a connection between the divid.ed. differences and. the

Fréchet derivatives is given. Such connection appeared. axiomatically in
sliur,vr's paper [5], but we can give a su-fficient condition for the
existence of Fréchet d.erivatives as the limit of the d.ivided. d,ifferences.

We recall the definition of the divid.ed. difference of a mapping P
of the linear normed space X into linear normed. space y.

Definition: Thel, clntinuous P,.,(i,e.P,,.oe
= 2(X, Y)) d'efined' on X s in Y is difference oJ P
in the d,istincv þoinrs u, a

(1) Pu,,(u - u) : P(u) - P(u).

We note that the stutly of the divided differences is given in l3l.
The fact that the divitled differences are not in the strong relation

with the Fréchet derivatives, was illustrated. by the following example
given by M. BArJ,4.zs lll at the suggestion of the author:

Example. Letbethe id.enticalmappingof theR2, with the usual
r1orm, h' 7 (hL, h2) a point of the R', Ø: (0, 0) the origin of the R2,
arLd.u:(LtL,ur)=R,

We have

I'(Ø)'k:I.k:h.

We consid.er the following divided difference of the mapping /in the diffe-
tent points u arlð. Ø i

$ - Revue d'analyse numérique et de la théorie de l.approximation, tome 3, no, f, 1924


