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In this paper a connection between the divid.ed. differences and. the

Fréchet derivatives is given. Such connection appeared. axiomatically in
sliur,vr's paper [5], but we can give a su-fficient condition for the
existence of Fréchet d.erivatives as the limit of the d.ivided. d,ifferences.

We recall the definition of the divid.ed. difference of a mapping P
of the linear normed space X into linear normed. space y.

Definition: Thel, clntinuous P,.,(i,e.P,,.oe
= 2(X, Y)) d'efined' on X s in Y is difference oJ P
in the d,istincv þoinrs u, a

(1) Pu,,(u - u) : P(u) - P(u).

We note that the stutly of the divided differences is given in l3l.
The fact that the divitled differences are not in the strong relation

with the Fréchet derivatives, was illustrated. by the following example
given by M. BArJ,4.zs lll at the suggestion of the author:

Example. Letbethe id.enticalmappingof theR2, with the usual
r1orm, h' 7 (hL, h2) a point of the R', Ø: (0, 0) the origin of the R2,
arLd.u:(LtL,ur)=R,

We have

I'(Ø)'k:I.k:h.

We consid.er the following divided difference of the mapping /in the diffe-
tent points u arlð. Ø i
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limI,,sh: lim (ht, ht): (lf, hr) + I'(Ø) 'h'
e)ø ø+Ø

we give now a sufficient condition for the existence of the Fréchet

derivativãs, as the limit of divided' differences'

Proposition 1. Let X be ø reel, moryned' uector sba.ce,Y øreøl'

nonãrñ,"'ã;';,-ond. þ à *îpil"e of X intoY. IÍ P høs ø An;a'a at¡¡e-

lence P,,, uitlc the þroþertY

(2) llP*Å - P,,rll ( Lllu - all'

for euery þoints Q,t,, 't), x belonging to X, then:

$) for eüevy xo of X there exists P'(xo)'

Proof. Iuet (u,)*-N be a sequel""-9f .points.of X' with lim Lt'": fr¡'

and. we consider'theËquen"" of th" divided. differences (Pu*,"0)*=¡¡' By
using the condition (2), we have

(3) llPu,,*ofr - Pu,,,,,o%ll < Lllu* - u*ll 'llxll

for every x o1 X.Then for every fixed. x o1 x, the Sequence (Pu*,,ox)*-n

': "-Jnïlf* i ""?"î"i"i: -u

x that the maPPing A e'

fo erging to t6o, wê obtain ed

llPu,,nox - P,^,,orll < L(llu*- xoll * llu* - ø.ll)lløll'

The linearity of A is evid-entlY'

From the cond.ition (2) we obtain

llle**,." - P*,*,*olll * 111"".,". - Pu**olll* tll*^ - unll,

hence the sequence P,,*,rois a Cauchy sequence, which is bound'ed'

Then we have

llP"n,,oll < A hence llPun,*oxll < A ¡x¡
and. for n -> Ø, u'e obtain the boundeness of the mapping z4

We prove the equality

(4) A : p'(xo).

For m + + oo, by the inequality (3) we obtain

llPun,,ox - Axll 4 Lllu*- xoll .llxll.
Now we have
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(ii)

I*,øtr : 4 fi@) - I(Ø)) : #'w : t (r', r') : (ht, hL)

P* xo: P'(*o)

ll(P",-"- A)xll < Il(P,,

< L(llu -
i.e.

ll(P"'." - A

Ifence we can write

ll P(u) - P(xo) - A (u - xo) ll

llu - xoll

By the unicity of the Fréchet
Then

,o - P,n,,o) xll * ll(P**,,, - A)xll 4
%oll + 2llu* - xoll) . llxll,

)øll < Lllu-x,ll .llxll.

_ ll (P",," - A) (ø - xo) ll < Lllu _ xoll .
llu - woll

derivative, we have (4),

llp,,*o - p'(*o)ll :,,1,î*l ll(p,,," - p,(xo\xll 4

* |;i_q {|u - x,| . |x|} : L|u - xol..

i.e. lim P*,,0 - P'(*o).
u) Ío

on the other hand, it is possibly to put the problem of the existenceof the divided difference wh'ich "oír."tf.s to th'e Fréchet derivative, tthe.h-¡rpothesis that P is derivable. we"can give rrily; partial à"i*"ito this question.

Rernarh l. For-the real case, we obtain a consequence of the theoremof î. popovrcru [4].

--^^!:rork.2..rÍ. 
the conditigl e) is satisfied in a crosed ball of x, therroposltton is true in that ball.
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proposition2. If the P r e4:þq:t 4
in tie"þ;t;i';i"the søme type co s d'eriaøtiae in
;;';; ;ä;i" i oi'tt à'-x,-.tni* íñ,n ø P*'o of the

P, witlt
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lim P*,r: P'(x)'
ø4r

Proof. We consider the divid'ed' difference [2] :

I
p*,*: 

\r'(* t t(u - x))dt.
0
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In t6] wurde ein abstracktes Maximumprinzip abgeleitet, clas im
wesentlichen' eine Multiplikatorenregel mit unendlich vielen Gleichungs-
nebenbedingungen ist. Dabei 'wurden die Ableitungen der vorkommenden
Funktionen als lineare Abbild.ungen voraüsgesetzt. In dieser Arbeit wird
ein analoges Maximumprinzip bewiesen, wobei die Ableitungen der Ziel-
funktion und del in den Ungleichungsnebenbeclingungen vorkonrlxenden
Funktionen als stetige konvexe Abbildungen angenommen werden. Die
gewonnenen Brgebnisse werden fär ein Steuerungsproblern angewandt.

lleceived 29, xl' 1973, 1. Das Optimierungsproblem
Catedra ile Anati'zd, Malewøticã' a

Faaul,tä,!ä d'ø M atematicd-M ecøniad' ø

IJ niversitdlii',,8 abeg- B otry ai"' d'in Cluj / sei eine Abbildung des reellen Banachraumes X in den Körper
R d.er reellen ZahTen, g sei eine Abbilclung von X in den reellen Banach-
rrumY, h sei eine Abbildung von X in den reellen lokal-konvexen Raum
Z. C sei eine konvexe leilmenge von Z mit nichtleerem topologischen

fnneren ð utrd. B sei eine gegebene Teilmenge von X. Jedes ø e B mit
g(x) : 0" und h(x) e C heisst ein zulässiges Blement. A sei die Menge
aller zuIässigen Elemente. Bs wird angenonmen, dass ,4 nicht leer ist.
Die Aufgabe besteht nun darin, ein xo e -4 so zu bestimmen, das die
Ungleichung Í(xr)<f(*) für alle x e A gilt. Ein Element xo rr.it, dieser
Bigenschaft heisst eine Optimallösung.


