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erfüllen und die l(ostfunktion

10 RET/UE D'ANALYSE NUMÉRTQUE ET ÐE LA TTIÉORIE
DE L'APPROXIMATION, Tome g, N0 !, lÐ74, pp. 41_Gl

f(x, u) : max
T

I
to

ù(x(r), wþ),'t)ctt

zum Minimum nachen. Dabei ist U c R'' beliebig.

Mit Hilfe einer Zeittransformation vo11 Dubovitskii uncl Milyutin [1]
lässt dieses Problem sich auf den Fa1l zurückftïhren, wenn lo : 0, T : I,
m : r, e@, u) : otÇ@, ão¡, þ(*, ,, 

^) 
: uþ(x, ã0, 

^) 
mit gegebenem

ã,0 tnð. U : {, = R lu ) 0} ist. Sind die Funktionen g, rl., und ,I stetig
und. besitzen sie clezùg7ich x stetige Ableitungen, so folgt das in [3] erhal-
tene globale Maximumprinzip aus dem Satz 4. gOME PROPERTIES OF T}IE LINEAR POSITIVE

OPERATORS (rII)
by

AITEXANDRU I,UPAç

(cluj)
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2. The sign of the remainder-term

We use the following notations and terminology:
K is a comPact, convex set in R*, nL > l;

c:(cr, cr, ..., c^), x:(xr, fr2, ..., fr^), [:(t1, "',

er(t) : l, e¡e(t) : ¡0, Q, x) :L.'o*ot
h:r

11 f : K -+ R, then th'e eþigrøþh of f is

Epi(/) : {(*, y)lt( '. K, y = P.' y > f(x)}.

K -' R is called. notl-concqne on R iff for every yi = K,

þ,þ>2.
þþ

Í (D o¡Y¡) 
"î D a¡Í(Y¡)

t':t i:l

whenever ø¡e10, 11, i:1,2, '..' þ' et*ar+ "'*%:l'

By B(K) resp. c(K) we denote the linear normed space of all functions
k'-, n *ni"L aie' bounded, respectively continuous on K. They are

normed by means of uniform norm.
An affine function on K is d-efined- as

e(x):(c,x)lr, %eK,

where r is a real number. Let E be the collection of all such affine
functions. A linear áp"ratot L: B(K) -+ B(I{) þreseraes the ffine funct'ions
iff

(U Le: e for everY e e 8'

It is clear that (1) is equivalent wit

Leo: es' Lat'*: e1'P' h : l' 2' ' " %'

rHEoR-ÞM 7. IÍ L: C(K) + C(K) is a I'inear þositiue oþerøtor uhich'

þreserues the affine funct'ions, tken

/(ø)<(LÍ)(x), xeK

Jor eaery Í = C(K) uhick is non'-concøae on I{'
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Proof. The continuity and non-collcavity of / imply that Epi(/) is a
convex bod.y in R'o+l. Iret

n: {@,y)lx =Rn', y e R, (c, x) i c*t_û * c,rr:0}

be an arbitrary closed hyperplane in R*+1 which bounds Epi(f), say

(c, x) I c*+t! * cnt-z ) 0 for (x, y) = Epi(/).

Becanse for each t e K the point (t, Í(t)) belongs to Epi(f), we may write

(c, t) I c"+rÍ(t) | cn,-, Þ 0.

By means of the monotonicity property of Z

(2) (c, x) i ""rr(LÍ)(x) * cnrz Þ 0, x e K.

In conclusion, if Epi(/) lies on one sid.e of an arbitrary closed. hyperplane,
then {(r, Øf)@))} lies on the sarne side. If we assume

{@, Qfl@))} )Êpi(f) : Ø,

then, according to the second. separation theorem of convex sets (see []
p. 58 or [12] p. 65), there exists a closed. hyperplane H, in R,+1 strictly
separating {(x, Qfl@))} and Dpi(/). Thus for

Hr: {(%, ùlx . R*, y = R, (ã, x) i õn+û ! e ,¡2: 0}

one has

(c, x) Idnrt! tõ*+z > 0 for (*, y) = Epi(/)

and,

(õ, x) -f ê"+r(LÍ)(x) | õ,*2 1O.

Btrt this contradicts (2) and the proof is complete.

As an application of the above theorem we may prove the following
two-dimensional variant of a well known result by r. popovrcru t9].
Though this result was established. by v. r. vorrKov U4] \rye present a
new, shorter proof.

4 -- Revue d'analyse numérique et de la théorie de l'approxination, tome 3, oo l, 1974

32

tp, " ', tr,r)

A function /j : l, 2, ...,
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'IHEoREM2.LetKbea'cornþaetinW2ønd'Ln:C(K)+C(K)'
n: l, 2, . ' ', U, o" 

-i,q*in"- 
i¡. itiae oþerators uloich' þreserae

in' i¡;l' irnition'' If o e C(K) a's

O(*, Y) : xz I i'
ønd'

l1x lln - L,all : o'

th'en
lim ll/ - L,fll:0 for euerY ¡ e C(I<)'

Proof. ¡"1 Ç{'z)(K) be the subspac.e of.C(K) formed with all functions

which have "orrti,liJrr!'ö;i;""ä"ri""ti""I 
ãt the second order on /('

For / e Ç{z)( () 1et us d'enote

¡r*: i vn'+ Íl't" +

st : ; lÍx,+ AL -! (il,- Íì)'* 4ÍyÀ

as well as

(3)

ßor (x, Y) atbitrarY in K Put

<pl^; (x, !)l: À2 - I ffh@' v) + Ít'""(x' v)l +

i Í\,(*, ù Í1,@, v) - lÍ *@, !)f''
It may be seen that

glmrt @' Y)7 > o' çlMIt; @' Y)) > o

(4) qlÍl'(x, Y) ; (x' Y)l < o'

An element g from CPI(K) is non-concave if its Hessian matrix

oll6iy
øllby,

is oositive semi-definite for every (x, y) = x (see 1111, p' 27)

Let¡eÇ(z)(K) and

s: +M¡ 'e - f' s:Í - I*''n'

5 PROPERTIES OF TIJE POSITIVE OPERATORS

According to (3)-(4) one observes that g, h are non-concave
For,instance, this may be motivated by the equalities

8t),: M¡ - "ft)^ > o

st),' sl,,- st)i: çlM¡; 'l > o'

Therefore, theorem 1 implies

84L,9

lt, 4 L,,h, ort K,

which are of course equivalent with

51

o11 K

ul"-llù'+4Í (5) f,m¡lL-o-ol < L,l-l < + Mil,L,Q-ol, n:t,2,

If the hypothesis is verified, then (5) furnishes

lim ll/ - L*fl :0 for everY Í e CP'(K)

Fina11y, the fact tn^t çtz\(K) is densein C(K) andllL*ll : l, n : L, 2, .'.,
proves our theorem.

Another consequence of theorem 1 is the followi11g fepfesentation of
the remainder-term in the approximation by means of the operators
L*:Cla, bl->Clø, bf, n:1,-2, ...' Some similar ideas were exposed
by tte present author in [4].

A-n operatot L: Clø, bl -+ Cla, ål is called strictl'y þos'itiue relative
to K, c. lø, bf, it|

Í=Cla,bf, Í>0,Í+0 on la,bl
implies 

LÍ > O on la, bf, LÍ > o on Kr.

From the proof of the theorem 1 we see that for such an,operator t,:Clø,b)
n Cla, ó] which is moreover linear and preserves the linear functions one
has

Lh-IL>0 on KL

//Lr : min 8i(ø, l'), MÍ : max. 8/(ø' Y)
' (r,y)=I< ' @'Y)- K

øll

oll6ny
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Let us denote
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whenever h, is a convex function on lø, bl, i.e.,
%1, %2, ø, being arbitrary distinct points on lø, b

F,oi Clø, bf +R be defined as

F""U):Øil@o)-f(xo)

6

Then
F,"(h) > 0

for any convex function k e Clø, b). An earlier result of t. popovrcru
f10l asserts that there exist three distinct points (, from la, bl iso that

F^(f) : F*,(er)1\r, 4r, ("i ll, er(t) : ¡2.

In this way we have proved

TrrEoREM 3. If L:Clø, bl --> Clø, b) is a. I'ineør, strictly þositiae oþø-
vator rel,atiue to R, c. la, b), and,

Leu : eu, k : 0, l, e¡(t) : ¡i,

tken Lo eøch function f e Clø, bl corresþond.s a system 4r, Er, l,ò of d,is-
tinct þoints from, fa, bl suck thøt

(IJ)(*,) - f@o) : l(Le,)(x¡) - ",(xr)l 
. [{,, 1,, er; .f], xo = Kr

By [€r, Er, E"; "f] we have denoted. the divid,ed. d.ifference of the second
order at the knots 4r, 4r, Er. It this way we see that the remaind.er-
term, in the approximtaion by means of linear strictly-positive operators
rvhiclr preserve the linear functions, has a simþle from,

3. The behaviour of Bernstein's operators on the elass of non-eoneave
funetions of two variables

Let us denote

Kr: {(x, -y) = R, I x e 10, ll, y - [0, 1]]

(6) Kr:{(x, }) =R¿lx Þ0, y >0, ø*y < 1}

b*,i(t) :li)t' t, - t)"-¡

(7) þ*,*,¡(x, r) : (1)øl0) *o ,' (L - * - y)il-k-i

Th" Bernstein operators B*,,,,: B(Kr) -> B(K1), n, m: l, 2, ...,
B": B(Kr) + B(K2), n: l, 2, ..., are defined. respectively by

(8) (8,,*Í)(*, y):åå b,,¡(x)b,,,¡(y)f(+, k), (x, y) = K,,

n n-þ(e) (a,Í)(x,r) : Ð D^Þ,,0,,(*, Ð f l+, ;), (x, y) = K,.

TrrEoREM 4_. If f e B(Kr) 'is a non-conca.ae function on K1, tken for
eaery (x, y) = K,

(8",*Í)(x, !) >- (Bn+r,^*-tl)@,y), n, m:1,2, ...
Proof. We have

* ,1,

(8",*Í)(x, "y) 
: Ð Db*,*(x) b*,n(y) t(t - ø)(1 - y) + y(r - x) *h:o i:0

: Ð Ðu,*,,a(x) 
b*n,,,ulLål#¡i)¡l*, ;l *

n tu+l

+ D Ð u,*,, n(x) b^*,,,U) ffi_u+)¡ (*, #) *
tt+1 n

+ Ð Ð bn¡1,e(x) b,,+t,¿(!) #iffir(T' ;) *
n+1 n+l

Ð Ð b,+,,0(x)b*+,,n(y) ,.h. rf (+'+)
-.(r) (n-h*l)(tn-i*t)

(nlt)(mt1) '

-.(3) h(øc-itll (4)qik: 
@+r)(*+t)' 

dìP

,l!*' : (+, ;),,1?t 
: (+, +) t3)

aih 
- (T';)

(4t lh_l, r_tì, rro:( h , , 
Iziþ':l- 

m I \2¿+r rn-frJ

D*(f) : oll'ÍþÍlut) + 
"Í1) 

Íkllo)) + otî\ fþnl\ + "lît ÍþÍî\ - .f(zoo)

i, k: l, 2, ..., n.

lxt'
I.

Xs, 2Çt, i
For øo e

hl>0
K, let

* x(r - y) + ,rylf l*, ;):

(2\
dìn (ntt)(mtt)

h¿

(ni|)(rnjr)
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Since A similar result may be established- fot the sequence of operators whose
images are defined in (9).

THEOREM 5' For øn ørbitrary Í = B(Kr) uhick is non-concøue on K,

(B*Í)(x, y) Þ (B,+tf)(*, y), (x, y) = K2, lL: l, 2, ....
Proof. One introduces the numbers

^*¿(fl: ".-t¡(*'+)* "*¡( " ' ;)*#r(+' "t-]l-

"ÍL'\ 
+ 

"Í?) 
+ olil + olî:1. i, h:0, 1, . ..,n + r,

we write

D oo(Í) : o, D"e(r) : # ¡ (*, o) *, 
*_]_rr (+, o) _ r ("*, o)

h:1,2,,,.,n-fl
and similarly f lì

nll n*l

D*(fl:4f
?n+ | (0, ; )*;?¡(,'+ -r 0,

rnll where for instance we have tacitly assumed. that

'i: l, 2, ..., rn + |
Dm+t,,+r(/) :0

lor 'h :0, h f l+';) :0, i:0, l, "., %,
nll

and

D¿,*+t(n:+f[
/n+ | 

I
1,

,, h)*;¡r(r,+)- r(r, ;u)
Aoo(,f) : Ao,,+r(.f) - 0, .. '

We have

(B*Í)(*' v) :
n n-þ

þnn,¿(x,y)t(l - x - y) * tc * nt(|' +) 
:

h

l, 2, .,., m, Ð
þ:0

n

D
h:l

b

Di:o

D
Dnt+l,'(,f) : #¡ t) + j-r(r= , t) - r(4-, t

+

"f^' " - 1 -r+' r(+' ;)þn+t,h,o(x, v) t
h: l, 2, ..., n.

In the same time, fot i:0, l, ..,, %+1, h -0, 1, ..., n+l

"ll,\ 
,ÍI\ * 

"Í?t 
zl'ì + 

":1\ 
,Íit + "lî) zÍ? : zoto.

I1 f : I{1-t R is non-concave on its domain, then

/: 0, 1, .,., rn * 1\(10) D,r(f)>o l'^-_'l I\--0, l, .,., nll)

But from the above eclualities and. taking into account (10)

(B*,*Í)(x, !) - (8,+r,*+r f)(x, Y) :
fl+1 m+l

= D D b,,¡t,n(x) b,,+r,n(y) DnoU) 2 o.
h:o 'i:0

#¡(0, ,")þ,*,,o,{x, 
y¡ ¡

*ä- 
,Ð^' "./(#' |)Þ-*,,n,a(x, v¡ ¡

i þ^+t,*+r,o(x, y)/(1, o) +

*Ð -. r¡(0, T)þ*+t,0,¿(x, v) t

+ É "f' --:--re, '- tl 
þn+1,þ,a(x, 3t) :h:l i:0 n+r \1x n )

n n*l-h
: Ð D Lo,n(f) !)nt,t,h,,(x, y) I (B*+t f)@, y) *

h:r i:o
*1-l

+ DAon(,f) þn+t,o,n(x, Y)
i:o



In other words
fr

(8,Í)(*, !) - (B*+tÍ)(x, Y): Ð

But / = B(Kr),./ non-concave on K2, assüfes the valid.ity of the inequali-
ties

Lou(Í) > o, (uo::oo,t', ..',i +, -,)
Taking into account that þn+t,h,r(x, y) Þ 0, (x, y) = Kr, the proof is
complete.

Remørh. Any non-concave function from C(Kr) or from Ç(Kr) m7v
rc "iitãi- appíoximatecl by a non-increasing sequence of polynomials.

4. The Bernstein operators anrl (S)-convexity

I,et S: llsnoll i, h: l, 2, ',., ffi, be a ttoubly-stochastic matrix, i'e'

%%

s;o )0,Dtro :fs,u: l, i, h:1, 2, "', rn'
i:L h:l

I1 x: (x1, Nz, . '.' x*) e R. then t]ne sckur-trønsfonn of ø is the poin

!:Sx:(yr,!2,...,!*)
where

fl

lt: Ðrs;nxn, i : l' 2, ' "' nt'

A subset D from Ro is called an ød,missibl,e d,ornain ilL it verifies:

i) x:(xr, *r, .,., x^) eD implies %n:(xng¡, finp¡, .", tcn@r)eD,

rc being an arbittaty permutation of {1, 2, '. ', m}.

S and any point x e D, the Schur-transform Sø
amples of-such admissible domains in R2 a;re

bv (6),

RowsKr [7] a function f :D +R, D being an
m > 2, is õaited S-conuex (in tlte sense of I. Sckw)

if for every matrix S antl any point x e D

f(sx) < f(r).
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He notes that a S-convex function must be symmetric on its domain.
A1so, if f :D -rR has on D continuous partial d.erivatives of the first
ord.er, then a sufficient condition for S-convexity is

(1 l) (*, - *¡) ôf _ðf
ôx¡ ôni

Þ0onD

If D is open then (11) is also a necessary condition.

L e m m a The Bernstein oþerator Bn: B(Kr) -* B(K2) þreseraes the
symrnetry, that is

Í = B(K,), Í(*, y) : l(y, ,)

ALEXANDRU LUPAS 1056

tt+l-þ

D Le¡(Í) þ*+t,n,,(x, Y)
i:0

'irnþl,ies
(B"f)@, y) : (B,f)(y, x), (x, y) = K,,

Proof. From

å ti A;n:äïo', li)(";'):(i)1";
we get

(B*r)u,,) : þ_-80( ;o) ro *, t, - x - vY,-r-, r (+

:h$on,h,¿(x, ùr(+, +): (B*fl(*, y)
þ=

,)

where þa,p,¿ was tlefined. as in (7).

Further we show that the Schur-convexity remains invariant under
Bn. In the case of one variable such preserving
linear operators were exposed in [2]- [6], l8l. It is
the convexity-preserving property for the usual
(see [8]) was used in statistics by w. wDcMürrLEn [15].

THEoREM 6. Let Í = B(Kr) be ø function uhick is S-conaex
on Kr, Then B,f, n : l, 2, . . ., a./ S-conaex functions on Kr.

Prqof. We find,

ô22! : "E 
-Ð' 

þn-th,i tr(+, +) - r(+, +)lôr F5-o i--¡ t

ry : " rÐ-"är þn-,,h,¿ 
V (+, +) - r (+, +)1.

+):
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we get súccesively
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On account'of the above lemma we shal1 use (11)' Put

D(n,,f, (*, Y)) : *@ -,) (Y -'4)
and

LÍ(o, x, v) : Í(*, y) - fþx + (1 - o')y' (1 - e)% I ø.v)'

It is easy to see that' f : K, -+R is S-convex on K' iÎ anð' only if

Lf(a, x, y) > O for every (*, y) = K'' 6¿ e l0' 1]'

Fot n fixed- 1et us denote

q,,*(x, !) : l" ;')(" ;: o 
o) *o'o(t - n -')))"-þ-L (* - v)(xo -z; - vh-zi)'

(*, Y) t K,

D(Bnf,(x, y)) :(x- r) p:. 
"-.fn 

O,-',o,n(*, y)Vl+' +)- f l+'+)]:

tçl
Dþ:t io,,*(*,y)V(ry +)-r -¿ i,+r

)l *n n

w]
D
À:0 f, Q,,"0*,{*, rùV (ry, +l - r (ry ¿+1

+
?L

t?l þ- 2h-2i 2h-¿+l iD Dqo,'u(x, y)LÍ
h:l i:o 2h-2i+l t) nn +

These functions have the properties l+l h toh oi+l
n¡za¡{x,l Y)Lf G;fr,

2k - i +2 1,

tn
I

I DDh:o i:0 n

qn,o(x, y) 2 0, (x, Y) = K,

(* - y)lþ,-t,rn-t¡(x, y) - þ1'-1,i,2h-i(n' y)) = h'za(x' y¡

(; : o, l, ..., h - l, h: l, 2, " " t"-])
(rc - y)lþ*-t,zh+t-i(*, y) - þn-r,i,2h-i*'(*' y)l: qt'zna(x' !)

(o : r, l, . .., h, k :0, 1, 'l+ll

Therefore

(12) fr-L
(13) D(B*f, .) : Dlr:1

t"l
D
¿:0

q¿,n(') ' Lf h-2i h-¿+l i.

h-zi-ll n n

Now the S-convexity of / enables us to write

By means of the summation-trick

^Í
h-2¿ h-i +l i,

h-2¿ +l n n

h: l, 2, ...,n - |

) " 
o, i : o, r, ...,1?]

n-l n-l-h v+) þ-7

P. Ð--, 
ouo -r- \-¿itLt D (An,ro-n * Arn-¿,¡) *

i:o Combining these inequalities with (12)-(13) we conclude with

D(B*f, .) > 0 on K,

and (11) finishes the proof.+
l+1 h-Ð 

Ð 
(An,"u+r-o ¡ A'e¡r-t'i)



60
ÀLEXANDRU LUPAS t4 t5 PROPERTIES OF THE POSITTVE OPERATORS 61

5. A method oi positive interpolation

I.et Pr, Pr, ..., Pnbe the successive vertices of a convex polygon

C'Cp¿, *itt i sid.es. If /: C, +R then we may formulate the following

iitJpolttion problem, ,,to fittd. a linear operator L,-zi B(C") -' B(C")

with the properties

r) (L"-,Í)(Po) : Í(Po), k: t, 2, ..., n,

2) (L^-rfl(x, y) is a polynomial of degree n - 2 in x anð' y'

3) if Í > O in C* then Ln-rf ) 0 on the same set"' A method for

constiucting such an interpolation operator is as follows: Iet d'¿(x, y):
:aitc*bni+cð, i:1,2, ..', n', such that dn@'y):0 is the equa-

tion of the hyperplane (PoPr+r), i: l, 2, "', n, (P,P,*r): (P"Pt)"

Putting
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i:r
i+ h,þ-l

we have

l,u(P) Þ 0 for P:(x,!)=C^
1 for i:h
0 for j+k,I^o(P¡) :

Receivetl 10. xII. 1973.

and if we define Lu-zi B(C") -' B(C") as Institutul de aq'lautr d'in CI,uj
al Acailemiei Reþubl'iaii Soai,øIista Româ'nia

(14) L,-rÍ : Ln-zlc*; Í, .l : Ð/(P o)t,ol), n :3, 4, ' ' "

the pfoblem is solved.. 'we want to use this operator in the following

approiimation problem, which is yet unsolved: let K : {(x' y) = Rzlxz1'

+ r, * fÌ and. Bd,.K : {(r, !) eF{zlx2 * y' : l}. To find., if it is possi-

U1e, a ,,âense" system oi distinct points P¡,, Prn, "', Pn, oî Bd'K'
such that

lim L*-rlPy, P2n, ..., Pnn; Í, (rç, !)7:Í@, y), (*, y) = Bd'K'
ør cp

whenever f e C6)


