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CONJUGATE POINT CLASSIFICATION WITH APPLICATIOI\Ì
TO CHEBYSHEV SYSTEMS

by

A.B. NÉMETIÌ

(ctuj)

_0. I-n the _present note we shall concern about the application of the
results from disconjugacy theory of equations to
derive Chebyshev spaces with spec The investi-
gations on the structural properties had a recent
d.evelopment by the results of v.r. and ¡. wor,-
Fowrrz l7l, p.rrADErrÐR [6], n, aTELKE [14, 15] and of the author-tg, 101.'We remark also some results of v.r
ll, 2) concerning the Chebyshev
given examples of Chebyshev space
examples of Chebyshev spases of
closed" interval, without elements with two simple zeros: one at the end-
point of the interval, the other in its interior, and without any other
zero. Some-examples in [13] and 11] are in particular spaces of solutions
of linear differential equations and. the endpõints of the interval of d,efi-
nition are so called ,,conjugate points" f'or the respective differential
equations. This gives the idea tò mad.e an attempt ìf classification of
conjugate points for the linear differential equations and. to d.erive some
structural ploperties about the space of solutions. The present note con-
stitutes the first step in this direction.

We shall use theorems of c. pórrya i11], o. enarvrÄ [3], ru, HAn,r,MAN
[5], ¡. rru. r,EvrN [B] from the disconjugacy theory. Èór the sake of
simplicity as a reference monography we use the lecture notes of w. a.
coPPDr, [4].

1. Def inition l. The n-d.imensional, I,inear subsþøce L* of C(R)
is cølled, a. Chebysheu sþøce 0n J C R, iÍ øny nonzero el,ement'"of its ka.s
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at most n-l d.istittct zeros in J. A basis of ø Chebyshea sþøce is c¿tl,l,ecl q.

Cloebyslr,eu system.

D e f i niti o n 2. The n-d.'írnens,ionø1, subsþace L, oÍ C*(R) is cal,l,ed,
an unrestricted, Ch,ebyslr,eu sþøce on if etny non ent of its
has a,t rnost n-l zeros ,in J, couroi,ing ities. A bøs unreitric-
ted. Chebysheu sþace is cal,l,ccl an un Chebysh,ea

Consid.er the n-th order differential equation

(1) x?)*þ1(lxr"-t+...+|r,,(t)x:0,
where þ¿, i : t, . . ., 'n are contiuuous functions on R.

ønd, | øre cølled, conjugate þoínts forL* oÍ sol,ut,ions of (l) is øn otnrestric-
is þroþerty føils on l0,ll.for (1), then L,, is an unrestrictecl
41, Theorem B p. 102).

llef inition !. The d.ifferentiø|. equøtion (1) ls cøl,l,ed, d.isconjugate
on ail. (oþen,. closed., half cl,osecl) interaq,l, 

-J 
C R, if J contøíns no pal.l oJ

conjugate þoònts for (l).
2" If 0 ancl 1 are conjugate points for (1), then its space I, of so-

lutions can be a chebyshev space in sense of the Definitioir 1. To give a
characterization of the conjugate points for which this holds, lãt be
xt, _..., %,, ã fundarnental system of solrtions for (1). Introduce the no-
tations

(2) o(,)(4: @li)(t),...,xtit(t)),¡ e 10,tl, j:0, 1,...,n-t.
A slight reformulation of the Theolem 1 in [10] gives exactly ú,hat we
neecl :

Proposition 1. If 0 ancl | øre conjugøte þoints for tke d,ifferenti,øl
equa.tiorr, (l), then tloe sþace L, o.f sol,utions is a Ch,ebyshea sþøce on l0,l)'íf ønd onl,y if tlte aectors Q(0) and, Q(l) øre l,ineørly ind,eþentlent.

As a consequellce of this proposition we have
P r o p o siti o n 2. Suþþose tkat 0 ønd I øre conjugøte þoints for (1)

and tltøt @(0) and. Q(l) are |,inearl,y ind.eþend,ent uectors. Thei the sþøce L,,
oÍ s ol 0 ea sþøce on 10,1) L

the of if;s ed, as el,ements of
e > thøt L,, to be a, Cloebjts e

Proof. From the theorem of c. pór,va (see i4] Theorem 3 p. 93) the
linear differential equation (l) is disconjugate on lø, ó] C Ã if and only
if the space 2,, of solutions has a basis %p . . ., x,, st-tcln that

x,(t):W(*';4 > 0, W(xr, xr;t)>0, ...,W(xr, ..., xt¡-t; t) >0
lor te lø, b), where W(*r, ...,x¿i l) clenotes the Wronskian of the fnnc-
tions ør, . . ., fr¡ in the point t.

$rrp_pose _that. the false, i.e., the elernents of 2,, are
extended. as functions [0, I + e) such that L,, consid.ered
the space spanned. by functions, is a Chebyshev space on
this interval. If xr, .. s of L, extended in this forin, then
obviously W(*r, ..., %,,)t) + O 1o1 ¿ e [0,1] and therefore exists a 8,
0 < 8 ( e such that this holds also for t e [0,1 + à]. This means that
xt . . ., xn form a fundamental system of solutions of a differential equatiol
ql {otry (1) with þ¡ contintous functions on [0,1 + 8]. Because L,, is a
Chebyshev space on [0, I + 8], accorcliug a result of o. en,rtr,Ã, utrã r,¡1.
HAITI{aN (see [4],.Proposition 3p.82), the space I., restricted to (0,1 af .8) is an u'restricted. Chebyshev space, i e., (1) will be disconjugate oìr
this interval. Extend the coefficients of this equation continuously tô R.Then,
by the monotonity property of conjugate points proved by a. vu. r.EVrN
(see [4], Theorem 6, p. 100), it follows that the obtained. equation has
as left conjugate point for 1 + t/2 a point r¡ < 0. But this means that
the ecluation is disconjugate on (r1,1 + 812) and. therefore also on [0,1].But 1;iris is absurd because on [0, 1] it coincides with the original diffed-
tial equatiorr.

Ploposition3. Letjøncll entiø|,
eqwøtion (l) øn t aec-
tors. Then the t0, 1l
ulrich has no t cøn
hø'ue unrestricte

Proof. If In has an unrestrictecl Chebyshev subspace Ln_1 of clirnen-
sion n-1, thet according to the theor-em of Pó1ya, ii has a basis fr1,, . .,
.rt-r srlch that

(3) xr(t):w(*r;t)>0, ...,w(rr,. ., %*,2; t)> 0, I e [0, 1]

Ln-1 cã.rtr^tot contain nontrivial elernents with zeros of multiplicity n-1.,
i.e., W(xr, ..., x,-t', t) + 0, t e [0, 1]. By the theorem of Pólya, this,
together with (3) contradicts the hypothesis that 0 and. 1 are conjugate
points for (1).

'Ihe funclamental system l, t, ..., tr-3, sin l, cos l, of solutious of
the differential equation

(4) x@ I ltt-zl:Q

has the property
tricted. Chebyshev
point of 0 for (4)
Such the second
va1 [0 ol

that L,,,:
space on al
. then (Þ(0)

part of the

L(1, t,..., t",-t), | < ru 4 n-2 is an unres-
I the real line, Let be I the right conjugate
. and <Þ(à) are linearly independent vectors.
proposition is verifiecl for (4) on the inter-



Propositiorr4'Consid,eythed'ifferentiølequøtion(1')'{o,n=4
,"aiipp,äe thøt 0 ønd, I a.re conjug,ate þoints for this differential' eqmtion'

If the aectors

(5) o(0), o'(0), o(1), o'(1)

are lineørly d,eþend,ent, uhil,e the systems of aectors

(6) o(0), o'(0), o(1) and, resþect'iuet'v o(0), o(1)' o'(l)

øre l,ineørl'y ent, thett, the spye 9Í sol'utio.ns .forms .,9li.bl.:9?,
i2race of d¡ke n 10, ll, uhosc'domøin of definition co'n be extend'ed

â{, most with þoinl"
ProoJ'BythePropositiorrla-ndtlrelinearindependenceofthesys-

t"-Joi.i""tois (o) ii ioilows that the space zn of solutions is a Chebvsl.rev

space on [0,1]. Consicler the curve

(7) xi : x¡(t), i:1,2,3,4, ¿ e [0, 1]

in Ra, where x1, %2, %,r, %a is the
occur in the d.efinition of the vec
also by O(t0,ll)' The hvperplane^'R-3
this cúrve'ãn intersection point of th

of d,,l(0,1)) and from the fact that

'.j,(ld,ilj ií.¡r t :0 and t : l, it follo
nirìg that any stright line through t
in a point.

Suppo do
with two u'1

be linearly ors
cannot be he
ferent from Rl and therefore in'ter
then the hyperplane þ-'L will cont
,Þ(or), whicúìs in contradiction with
UfetÌ is a ChebYshev sPace.
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Exømþle. Consider the differential equation

(B) 5a I x't : O'

It is
the c
f_L4-

10,2æ
point.

R. zfÊr,Kfl pointed out that zo h-aq a Markov basis. In particular-the
,"¡rpä""1î-)Lçt, i-sin t, l-cos l)- of Zn_is a Chebyshev spâce on [0,2æ].

Supfose thle conirary: the nontrivial element

x(t) : c, I cr(t-stn l) f cr(l-cos ú)
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has three d'istinct zeros in l0'2nl' Then r'(l) : cz(l-cos t) *'u sin ú will
ilã"^ "o"ttivial 

element in Lr: Z(l-cos t,'sin t) witþ two distinct zeros

il fg.t;j. But this is absurd, because l-cos l, sin I is a Chebyshev. svs-

iî"ì"1i"''i0,2;1. Bi theorem 5-in ,[9].it follows then that the domain of
á"ri"iuotì oI'Lo can be extended with at least a point. we have then

Proposition 5' The sþø.ce Lt-=.L.(!'t, sitr t, cos l) ls .ø. Ckeby'

,krr-rpoir'on 10, Zæf uhose d,oniøin of definition cøn be extend,ed with exøctl'y

a þoint.
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APPROXIMATION OF MONOTONE FUNCTIONS
BY MONOTONE POLYNOMIALS IN HAUSDORFF METRIC

try

V. POPOV au¿ BIr. SÞNDOV

(Sofia)

In [1] c. c. r"oRENTzaîð.K.\. zELTlEn havestudied the order of ap-
proximation of monotone functions by means of monotone polynomials in
the uniform metric. The purpose of this paper is to obtain the exact
order of monotone approximation in Hausdorff's metfic. From our fesults
and the relation between uniform and Hausdorff's metric, the estimates,
obtained in [ ], fo1low.

1.

Let us recall the main results from [1].
The 2æ-periodic function / will be called. bell-shaped, if / is even and.

if / d.ecreases in [0, tr]. The analogue to the approximation of monotone
functions by monotone polynomials i r the 2n-peÀodic case is the approxi-
mation of bell-shaped. functions by means of bell-shaped trigonometric
polynomials.

Let,Ð("[ ð) be the modulus of continuity of the continuous 2æ-periodic
function /:

,o(,f ; à) : max V@) - lj)l; lø - yl É 8.

In [] the following theorem is proved:
There exists a constant C with the following property: for each bell-

shaped function / one can find a bell-shaped. trigonometric polynomial
Tn of n-th ord.er such that

(l) max lf(x) - T"(*)ltca(f ; tln).


