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0. In the present note we shall concern about the application of the
results from disconjugacy theory of the linear differential equations to
derive Chebyshev spaces with special structural properties. The investi-
gations on the structural properties of the Chebyshev spaces had a recent
development by the results of v.I. vorxov [12], J. KIGFER and J. WOIL-
FOWITZ [7], P. HADELER [6], R. ZIELKE [14, 15] and of the author [9, 10].
We remark also some results of v.I. vorLkov [13] and vu. ¢. ABAKUMOV
[1, 2] concerning the Chebyshev spaces of derivable functions. There are
given examples of Chebyshev spaces of derivable functions. There are given
examples of Chebyshev spases of dimension 4 of derivable functions on a
closed interval, without elements with two simple zeros: one at the end-
point of the interval, the other in its interior, and without any other
zero. Some examples in [13] and [1] are in particular spaces of solutions
of linear differential equations and the endpoints of the interval of defi-
nition are so called ,,conjugate points” for the respective differential
equations. This gives the idea to made an attempt of classification of
conjugate points for the linear differential equations and to derive some
structural properties about the space of solutions. The present note con-
stitutes the first step in this direction.

We shall use theorems of . p6Lva [11], 0. ARAMA [3], PH. HARTMAN
(6], A. vu. LEVIN [8] from the disconjugacy theory. For the sake of
simplicity as a reference monography we use the lecture notes of w. aA.
COPPETL, [4].

l. Definition 1. The n-dimensional linear subspace L, of C(R)
1S called a Chebyshev space on J C R, if awy nonzero element of its has
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at most n-1 distinct zevos in J. A basis of a Chebyshev space is called a
Chebyshev system.

Definition 2. The n-dimensional subspace L, of C*(R) is called
an unrestricted Chebyshev space on J (C R if any nonzevo element of its
has at most n-1 zeros in J, counting multiplicities. A basis of an unvestric-
ted Chebyshev space is called an unrestricted Chebyshev system.

Consider the n-th order differential equation
(1) 2™ 4 i) 270 oL 4 Pl x =0,
where p;, ¢=1, ..., n are continuous functions on K.

Definition 3. The points O and 1 arve called comjugate points for
the differential equation (1) if the space L, of solutions of (1) is an unrestric-
ted Chebyshev space on [0,1), but this property fails om [0,1].

If 0 and 1 are conjugate points for (1), then L, is an unrestricted
Chebyshev space also on (0,1] (see [4], Theorem 8 p. 102).

Definition 4. The differential equation (1) is called disconjugate
on an (open, closed, half closed) interval J C R, if J contains no pair of
conjugate points for (1).

2. If 0 and 1 are conjugate points for (1), then its space L, of so-
lutions can be a Chebyshev space in sense of the Definition 1. To give a
characterization of the conjugate points for which this holds, let be
%1, -+, %, a fundamental system of solutions for (1). Introduce the no-
tations :

@2 o) = (W), ..., QW) t =01, =01 ...,1—1.

A slight reformulation of the Theorem 1 in [10] gives exactly what we
need :

Proposition L. If 0 and 1 are conjugate points for the differential
equation (1), then the space L, of solutions is a Chebyshev space on [0,1]
if and only if the vectors ®(0) and ®(1) are linearly independent.

As a consequence of this proposition we have

Proposition 2. Suppose that O and 1 are conjugate poinis for (1)
and that ®(0) and O(1) are lLinearly independent vectors. Then the space L,
of solutions of (1) forms a Chebyshev space on [0,1] with the property that
the elements of its cannot be extended as elements of class C* to [0,1 4 ¢),
e > 0, such that the property of L, to be a Chebyshev space be preserved.

Proof. From the theorem of 6. P6LvA (see [4] Theorem 3 p. 93) the
linear differential equation (1) is disconjugate on [a, b] C R if and only
if the space L, of solutions has a basis %, ..., %, such that

x(f) = W(xg; ) >0, W(xy, #p;8 >0, ..., W(xy, ..., %,_1; ) >0

for i< [a, b], where W(x, ..., #,,;t) denotes the Wronskian of the func-
tions %y, ..., #; in the point ¢. '
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Suppose that the proposition is false, ie., the elements of L, are
extended as functions of class C” to [0, 1 -} ¢) such that L,, considered
the space spanned by the extended functions, is a Chebyshev space on
this interval. If #,, ..., %, is a basis of L, extended in this form, then
obviously W(xy, ..., %,;f) # 0 for ¢ « [0,1] and therefore exists a §,
0 < 8 < esuch that this holds also for ¢ € [0,1 4+ §]. This means that
¥y ..., %, form a fundamental system of solutions of a differential equation
of form (1) with p; continuous functions on [0,1 + §]. Because L, is a
Chebyshev space on [0, 1 + §], according a result of o. ARAMA and pH.
HARTMAN (see [4], Proposition 3 p. 82), the space L, restricted to (0,1 -
+ 8) is an unrestricted Chebyshev space, i.e., (1) will be disconjugate on
this interval. Extend the coefficients of this equation continuously to R.Then,
by the monotonity property of conjugate points proved by A. vu. LEVIN
(see [4], Theorem 6, p. 100), it follows that the obtained equation has
as left conjugate point for 14 §/2 a point n < 0. But this means that
the equation is disconjugate on (v,1 4 8/2) and therefore also on [0,1].
But this is absurd because on [0, 1] it coincides with the original diffen-
tial equation,.

Proposition 3. Let 0 and 1 be conjugate points for the diffevential
equation (1) and suppose that ®(0) and D(1) are lincarly, independent vec-
tors. Then the space L, of solutions of (1) is a Chebyshev space on [0, 1]
which has wno unvestricted Chebyshev subspace of dimension n-1, but can
have unrestricted Chebyshev subspaces of any dimension m, m < n-2.

Proof. Tf L, has an unrestricted Chebyshev subspace L,_; of dimen-
sion #-1, then according to the theorem of Pélya, it has a basis Koo o)
%,_1 such that

B) @) =W@;H) >0 ..., Wk ..., 2, 0; >0, t < [0,1].

L,y cannot contain nontrivial elements with zeros of multiplicity #-1,
ie, W(xy, ..., #,_1; ) #0, ¢ [0, 1]. By the theorem of Pélya, this,
together with (3) contradicts the hypothesis that 0 and 1 are conjugate
points for (1).

The fundamental system 1, ¢ ..., -3, sin 4, cos £ of solations of
the differential equation

(4) X 4 x—2) —

has the property that L, = L(1, ¢,..., t*1), 1 < m < #-2 is an unres-
tricted Chebyshev space on all the real line. Let be § the right conjugate
point of 0 for (4). Then ®(0) and ®(3) are linearly independent vectors.
Such the second part of the proposition is verified for (4) on the inter-
val [0,8].
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Proposition 4. Consider the differential equatton (1) for n =4
and suppose that 0 and 1 are conjugate points for this differential equation.

If the wvectors
) @(0), ©'(0), ®(1), (1)

are linearly dependent, while the systems of wvectors
(6) O(0), @'(0), @(1) and respectively @(0), d(1), ©'(1)

are linearly independent, then the space of solutions forms a Chebyshev
space of dimension 4 on [0, 1], whose domain of definition can be extended
at most with a single pont.

Proof. By the Proposition 1 and the linear independence of the sys-
tems of vectors (6) it follows that the space L, of solutions is a Chebyshev
space on [0,1]. Consider the curve

(7) ¥=uxt),1=12234 ¢t <= [0, 1]

in R¢, where %;, ¥, %, %, is the fundamental system of solutions which
ocedr in the definition of the vector ®(f). The curve (7) will be denoted
also by ®([0,1]). The hyperplane I3 spanned by the vectors (5) has with
this curve an intersection point of the multiplicity two at ¢ = 0 and ¢ = 1.
Let be R® the subspace in R* spanned by ®(0) and ®(1) and denote by
R4-2 its orthogonal complement in R¢. The projection p®[0, 1)] of
®([0,1]) into R*-? will be a curve $([0,17) such that $(0) = ¢(1)= 0 and
the tangent to this curve for 1 =0 and ¢ =1 will be contained in the
line R* = p R® (p denotes the projection onto R4-2), Any stright line
passing through the origin intersects the curve $((0,1)) = p @((0,1)) in
at most a single point. Suppose the contrary : the line A passing through
the origin of R4-% intersects {((0, 1)) at d(%) and {(f,). Then the hyper-
plane p—* A would contain the vectors ®(0), ®(1), @(t,), ®(f,), which contra-
dicts the fact that L, is a Chebyshev space on [0,1]. From this property
of ¢((0,1)) and from the fact that R*=p R* contains the tangents to
$([0,1]) for £ = 0 and ¢ = 1, it follows also by a simple geometrical reaso-
ning that any stright line through the origin, except RY, intersects $((0,1))
in a point.

Suppose now that the domain of definition of L, can be extended
with two distinct points: o; and a, Then ®(0), D(1), (o), Do) will
be linearly independent vectors and therefore one of @(ay), D(ag), 52y P(oq)
cannot be in RS, Consider the line A spanned by p®(«,). This line is dif-
ferent from RK! and therefore intersects ¢((0,1)) in the point $(t,). But
then the hyperplane p~1 A will contain the vectors @(0), ®(1), D(ty), and
®(a,), whichis in contradiction with the hypothesis L, extended to 0,110
Uf{a,} is a Chebyshev space.
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Example. Consider the differential equation
(8) x4 % =0.

It is easy to verify that 0 and 2m are conjugate points for (8) and that
the conditions in Proposition 4 are verified. Then we have that the space
L,=L(1, t, sin £, cos #) of solutions of (8) is a Chebyshev space on
[0,2r] whose domain of definition can be extended at most with a single
point.

R. ZIRLKE pointed out that L, has a Markov basis. In particular the
subspace Ly = L(1, t-sin ¢, 1-cos ?) of L, is a Chebyshev space on [0,2r].
Suppose the contrary: the nontrivial element

x(t) = ¢; + cy(t-sin &) + c;(1-cos 7

has three distinct zeros in [0,2m]. Then #'(f) = c,(1-cos ) + ¢; sin ¢ will
be a nontrivial element in L, = L(l-cos ¢, sin #) with two distinct zeros
in (0,2n). But this is absurd, because 1-cos ¢, sin ¢ is a Chebyshev sys-
tem on (0,2x). By theorem 5 in [9] it follows then that the domain of
definition of L, can be extended with at least a point. We have then

Proposition 5 The space Ly = L(1, ¢, sin ¢, cos t) s a Cheby-
shev space on [0, 2] whose domain of definition can be extended with exactly
a point.
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