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ÂBSTRAcT. The ø'utkors obtøin the al'

lf@) I Í'þr)l øs f(z) rd'nges oaer the set

iíràf'"it'tíiica'Iíy'-íeat 'í'i4 the unit d'isc l'
1. At the conJerence on Analytic Functions held. in Lodz, Poland, in

1966, one of us posed. the following related. problems.

Problem A [1;p.316]. Le com'þø'ct l.qn'i'.t'y
+ . .-. thøt øre iø tke unit d''í'sc

oints z1 a.nd, zz i e = (Qt, zri l),
oining-2, a.nd 22 À = À(21, zzi Í),
clt, that

f(2,) - Í(z') : )rf' (()(2, - zr)

hol,d,s. Detennine

l(zr, zr; &) :- min [lÀ(41, zzt flllÍ = g].

Problem B l2;p. lSS]. For ff,zr,zzim Probl,em A' d'eternoine the

set

Dlzr, zr; trl: lU@') lÍ'þr) ll = s).

In this note we offer a solution to both pfoblems for the case that 8F

is the set & of all typically-real fþ) : z l " ' and either zL or 22 is real'

/ - Revue d'anôlyse numérique et de la théorie de I'approximation, tome 31 1974'
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Then we use that solution to find the formula for l,þr, z2;/) when 0 { zt (
1zz1 t holds.

2. lr Jþ) : z * øzz2 * ... is_typically-real in the unit disc a, then

f(z) lnas the' iepresentation [a; p. 567]

3 ON THE FUNCTIONAL IÍQ) IÍ'@,ILFOR TYPICALLY-REAL FUNCTIONS

where

Now it is a fundamental result due to Pilat that the domain of variability
(3) can be found by considering the right-hand member of (5) as o(l) ranges
over all unit mass functions on the interval - I < , < l. From this it
follows that the domain (3) is indeed the closed convex hu1l of the curve (4).

In a similar way we can show that the domain of variability of the
Junctional lrrf'(zr)lf(rr)], "s / ranges over ï, where z, and lz aÍe ín L, r,
real, is the closed convex hull of the curve

¡¡r _ (l -rï)(l + 2trrlrf;)w_wL\o)_ 
Í+rt"r+rr),

3. \Me now use Theorem I to obtain the solution to Probl,em A for
the special case that & is the set s- of normalized, typically-real functions
analytic in A and where r, anð, rz aÍe real, 0 1 11 I 12.

THEoREM 2. IÍ 0 < rL < rr 1l, then

(6) l(rr, rr, &) : -in lllt(r1, rr; fll I f e sl : !_:4!-=ùtr ' (1 -rr)2(l!tr)
Proof. The transform of. fþ),

e(z) =lUïn) _ rv,t)f t _,i)rØf

is typically-real inA whenever f(z) is typically-real. Elementarycalculations
yield the relation

),,(rr, rr; fl : ..î(r') -.f(r').-., 01r, < ( < rz 1 l,
(7) ?'-/')f'(C)

- 
(t-ri)e@) ,0<ø(ø<l

(r, - rr)(l { rrx)a g'(x)
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(1)
zd¡t (t)

7{2tztzz

whe¡e ¡r(ú) is a unit mass function on the interval - 1 <, < l From (1)

we obtain

:lÍ(z)

(2)

Í(2,) _
Í' (Yo)

Í'(z) :

zL d,o(t)

which is valid in A.

Formulas (1) and (2) lead to our first result.

THEoRDM I' Tke d,ornøin of aøriøbil'ity

(s) Dlz1, tz, q =lffilt = o] , 
,

where z1ønd, r, øre in L, rrreal, ønd' uhere ï i9 lhe .set. of -øll' functiont ,f('). :*
:'-;-+'... tkãt ort onotyîit a,nd. tyþicøtly-real, in L, is-the closed, conaex kul'l'

of th'e curae

(4) a:w(t): fl +2trr*rÊ)"

(r+2trzltl)2

, -l <r<i
(l+ztz,lzl\ I-rÊ

Proof. We shall use a clever d.evice introduced by prr,nt for a similar
purpose ÏS; pp. 54-561.

Since /(z) is typically real in A, it followq {lory l2)\\at^f'(z) * 0 for
, = t^, i ,J"ì.'ft *ã irse the unit mass function definetl by the formula

o(t) : \, ¡)#'r'r-drt'l'
-1

along with (l) and (2), then we obtain

If we now use Theoreyn 1, it follows that the domain of variability of
lg@)l{@)l is the closed interval on the real axis given by (a) in the form

(9) u(t): ø (tl2tt¡*-.*2)2, 
-l <l<1.(lt2tøtø\ Í-x,)

From (7), (8) and (9) it follows that we wish to obtain the value ot

(r0) t:min[ffi7+r*,,.rQ@,t) l- t *¿ < 1,0 < ø <ø]

(8) a,
fz-lt
| - rrrn

, 1l: l-rt
7-rr(

(5) I It2tzrlz! l-r,
-1
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where so that R(ø) is increasing on this interval. For (,4 - I - !(Z - ry=T <
< .r < ø, u'e find

(l l) Q@,t)=t_t*i#, A=a.+!. dR_ ø _2(l-x)À
d,x (l - a)o (l * x),

(-2-tr)<0,
Since

Ô8 2(1 { 2ttv t i- 1+ 2x(A -|t) - x,l,

so that R(ø) is a decreasing function on this interval. For the remaining
interval (A +r - J@11),- l) <x <(A -r- ^/@=ry4 wefind

ôt (l - r2)(A ! zt)z

we consider three special cases.
dR 4 ll-2Axl4x'- xnl
dx (l - xz¡z

4(ÐIf0<r<(A+r-
min Q(r, t) : Q@, l).

+ - l), then #*osothat [(l - ø)s(1 - 2x - x') + (2 - A)x).
(l - sz¡z

(ii) rf (A-r-
min Q@, t) : Q@, -t)

A-t¡z- )<*<o, then ô8

ôt
>o so that

Now a study of the curves y : (l - x)r(l - 2x - xz) and y : (2 - A)x,

where A > 2, shows that ßo vanishes exactly once in the interval 0 < ø < 1.

)Þ-F-dR
Bnt !! is þositiae for x : (A + I - /ø +lF -T and !! is negøtiae

1.or x : (A - | - l@ - iF-n Hence it follows that R(tc) is a

strictly concave function [n the interval iØ - I - dZ +--1F --I) <
< ø < (A - 1 - ^l@ - ry=n Hence the minimum value of R(r)
given by (12), that is

(13) 
,?;i, R(r) : min tR(0), R(ø)l : R(ø) : H

(iiÐ rf (A+t-^lø¡ 1),-r<x<(A-r- - 1)'- 1, then

Q@, t) > Qþc,lo), where lo is the unique solution to the equation I : O.'ôt
Here we notethat99is n"gative for t- - I and.*=O is positive forôt " ðt'
t : i l, and. hence Q@, t) has its minimum at t : to.

ft now follows that in order to evaluate the formula in (10) we can
first find the minimum of the function

i

I

I

I

J

(12)
If we combine (10) and (13) we obtain

l,: mi,_ ll),,(rr, rr;Í)llÍ = sf : | - '? t 
-a(t - 

a\

(r, - rr) (l | ørrlz (l I ,l '

which, because of (B), yields (6).

The function k(z) -- zl\ - z)z is typically-real, and achieves the value
given in (6), so that our result is sharp. fndeed, the minimum is achieved
by a univalent function !

Qþc, 1) = ,0 < x <(A +1-JIZT-IF-T.
R(x) : Q@' to) /@lr-)'-l ç r

Q@, -l):
ø(l - ttlr

(1-a)r(lfz) , (A-t-4çq -l)r-l) <øçø,

and then multiply by the minimum of 1/(1 I rrx), for 0 ( tç < a. 4. The extension of (6) to the more general case when either r, atdlor
r, is comþlaø presents serious computational problems which we have not
been able to surmount. Even the case for - | 1r, (0 and 0 <rr<7
has not yieltled a precise aÍswer to us, althotgh Theorem 7 was still available
as a first step.

Nowfor0<ø<(r4+1- + 2_ we find

dR ø 2(l { l)2(2 - n\ >0,ds (l * ¿)' (l - t¡)'
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SUR CERTAINES CLASSES D'ÉQUATIONS
DIFFÉRENTIELLES INTERPOLATOIRES DANS UN

INTERVALLE DONNÉ
paf

DUMITRU RIPEANU

(à cltrj)

l. Dans la note [1] on a proposé un procéilé pour déterminer d.es

classes d'équations d.ifférentielles linéaires, d'ordre n et de forme normale
qui çont interpolatoires dans un intervalle fermé d'onné | - la,bl @ 1,
< ó).'Rappelons la définition bien connue selon laquelle l'équation d.ifféren-
tie11e

(1) yøt(x) ia.r(x)y{"-')(r) +...+ a,(r)y@-n(x) +...+
I ø,-r(x)y'(x) ! ø"(x)y(*) :0

olatoire dans .f (ou possètle 1a pro-
ntiquement nulle de cette équation
t intervalle (chaqune étant comptée

constfúire
Iiété I"(I).
la préserrte
ons d'ordre

*"uiït::
fera d.ans

1'équation

(2) y@+t) ¡ br(x)ytù + . . . l b"(x)yt"+t-") * . . . + b,(*)y' 1 b,,¡{x)y : Q

I

I


