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l. Introduetion and results

I.et J be a real-valued function defined on la,b).By U@r), ...f@'))
we mean the l-th tlivided difference of /:

(1.1) lÍ@,),...,Í(x,)l:D¡t*st^i@)

where a32cs<...
:0,1,2,....

The function / is a convexfunction of order I' if. lf(xo), ...,fþct)l > O

for every choice of a <tço<... <xt<b. The set of all continuous
convex functions of order L on la, ó] will be denoted by K¡lø, ó]. When
convexity problems are discussed, it is customary to assume that L > 2.
However, it will be convenient here to allow also the values l' : I and
l, :0. ConsequentTy, Krlø, å] will be the set of all continuous, non-decreas-
ing functions on lø, bl and Kola, bl will be the set of all continuous, 1ro11-

negative functions on la, bl.
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r44 -- R. BOJANIC and J. ROULIER

Our main lesult is a generalizatîonof the following geometrically obvious
result :

A continuous, non-decreasing function f on lø, ó] can be approximated
uniformly on lø, bl by functions of the' form

ú^(x) : Í(ø) -rt=92ø- co)ü

where n>2 and. coe(ø,b), k,:1,,'.,n - 1, and.

oif. x1c
lif.xÞc.
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The first of these results gives necessary and. sufficient conditions
for a continuous linear operator to transform every continuous convex
function of ord.er I Þ 2 into a convex function of order r > 0.

TrrEoREùI 2. Let Y: Clø, bl -> Fla., bl be ø continuous I'ineør oþerator.
In order thøt for euery f = K,lø, bl, l, > 2, ue haue V(f, ') = K,lø, bl,
r à 0, it is necessøry ønd, sufficient thøt

(ù [Y(P, %o), ..., Y(P, x,)f :0 for euery þol'ynomiø|, P of d'egree
< I - I a,nd. eaery set ol r * I þoints ro 1 ... 1 x, in la, bl.

(ii) Y((, - c)\-t, .) = K,la,, bl for eaety c e (a., b).

Clearly, condition (i) means that for every polynomial P of degree
< l, - 1, V(P, .) should be identically zero iÎ r:0, or a polynomial of
degree =r-liLr>1.The seconcl result gives necessary and sufficient conditions for a con-
tinuous linear operator to transform a convex function which is in every
class 1lr lo, b), i : 0, l, . . ., I (I > 2) into an element of an arbitrary closed,
convex cone Mla, bl - Clø, bl.

THEoRÞM 3. Let Y: Cla, bl -> Flø, bl be ø continuows linear oþerator
and. I,et Mla, bl be ø cl'oeed. conl)e!ç cone in Cla, bl. Im order thøt for eaery

T

/ = ll Kola,bl, L > 2, ae høae Y(.f, .) = Mlø,b), it i,s necessøry and,
d:0

sufficient thøt

(Ð Y((, - ø)",') = Mlø' bl for euery 0 < r < I' - |
(iÐ V((, - c)t*-',.) = Mlø,bl for eaery c e (ø,b).

Theorems 2 and 3 are true also if l, : I il one assumes that Y((l - c)i, .)
has a meaning since (l - c)\: Xr", -l(l) is not continuous on lø, bf iÎ
ç e (ø, b).

Problems such as these have been studiecl by several authors. First
results of this type wete obtained. by T. popovrcru [1]. He has studied
monotonicity preserving operators of the form

J2

(x - c)\:

m-l

More preciseln the points cn, h.7.1, ..., n - l, can-be--chosen so that
t-@) Z Í@) < ù,(x) + (/(ó) : fþ\fu for everv 5 e lø, b).

THEoREM l. Euery Í = I{,1ø' bl, t > 2, cøn be aþþroximøted uniformly
on la, bl by sþline functions of tke form

(r.2) ú,,,*U, ù :Ðll)U¡ø)(x - q,)olþ - a)þ +

+ 
c(Í, *) i ø - cì,*-, l(b - ø)r-t

n þ:l

uhere C(f,m) > O, m Þ 1,, n 2 2, cn = (ø,b)' k : l, "',n - | and'

(x - c)I*-r :

,n

oil x1c
(x-c¡t-tiLx)c

I
ì

In view of the preceding remark, Theorem I is true also if l, : l,
The coefficient C(f, rn) is defined bv

c(f'*) : (, ìDI h:o
o+t(. + u'#)

r-'(i)¡t. + rh)'

-l

and fr

þ

^nÍþç\: Ð (- t)
a@, Í): D f(8,) ç,(x)i_t

wherea<4,<...
tions satisfying the condition

., n are differentiable func-
As an application of this theorem we sha1l mention two results which

charactetize'cinvexity preserving continuous linear operators defined on

itãìp""" Cla, bl of 
"oritiooous 

fînctions- on lø, å-1, ryith values_in llo, .21,
¿ñ ;ú; oi îoäna"d real-valued functions 6n. fø, ól endowetl with the
supfemum 1lofm.

n

71, qi(*) : I' x e la, bl.
i:r

3 - Revue d'aoalyre numérique et de lô théo¡ie de l'approxination, tome 3, 1974.
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Under these hypotheses, in view of Ïheorem 2, a necessary anð' sufficient
condition for O to transf'orm a non-decreasing function into a non-d.ecreasing

function is that for every c e (ø, á) the function

o((l - c)1, x) :Ðrt,- c)Ietþò

be a non-d.ecreasing function on lø, Ó]. since the functions 9¡, i: l, ...,n
are differentiable functions, this will be true if

(o((r - c)\, x)' :Lrr,- c)\ei(x) Þ 0,

which is equivalent to Popoviciu's cond-ition

i
))qi(*)<1fori:l'""n

similar results were obtained. by J. A. RoULIER [2] for operators of
the form

Q(Í, x) : f(t) K(x, t) dt

where K is a continuo function on lø, bfxlø,4]. rre has prove.d that
Olf, .) is a non-negative i creasing function on lø, å] for every continllous,
nòí-"ägttive and. increasing function f iL anð' only if

O((, - c)1, x\: ,ç t)

is non-negative and increaqing for every c e lØ, å]' This result is clearly

a simple -consequence of Theorem 3'
1 definition of convexity and an essentiaily dif-
r.ER t3] and s. KARrrrN and IM' J. sruDDEN
d a theory of ¡

Theorems 1-
on the fact, observed. first by r. ror
B-( f . .\ of a convex function / o

o{¡iäl í, and on the well-known f rct that
*-; *. These two facts. for which, apparentl
in the theory of generalized convex functions,
very simple. Theorems 2 and- 3 follow then
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2. Proois.

We shall, for simplicitt plove Theorem I only for the special interval
[0, 1]; the general case then follows by simple substitutions. The proof
of Theorem I is based on the following lemma.

Lemma l. Let g be l-ti'mes d'ifferentiabl'e on [0, l], l' > 2, and I'et

gtt)(x) à0 for x e l0, l). Let

T¡-{g, x) :
t-1
D
À:0

5

(0)
*h o(h\
À !6

be tke Tøylor þol,ynomial of g of d,egree < l, - l. Then for euery n Þ 2 there
exist þoints ct 1 . . . 1 cn-t in (0, l) suck that

s@) : rt-,(E,rl * 4'# p,ø - c),,, r R,(s, x)

uhere

lR (s, 
'c)l = -(,:u\sø(t) at.

b

Proof of Lemmø 1. We have fi¡st

(2.r) e@) : T;,(s, ù + f z,;.\ø - t)t*'(gu-Ð(t) - s(t-Ð(o)) d't.

dtK Since gt')(ø) ) 0 on [0, 1], the function
non-decreasing and continuous on [0, l]
in (0, l) such that

g(t-t)(t) _ g(,-l)(0) _ s'(,- t)(l) - s'(,-1)(0)
n

tv-tt(x) _ g(,-1)(0)
. I{ence we can find

is non-negative,
h1... <cn-l

4-1

Dt¿
À: I

o)$

d,u.w)o(\61
n

c

and. it follows that, for every I e [0, I ],
x-l

*tr-t)(ú) -g('-')(0) - D t¿-co)l* e*(g,t)
h:1

(2.2)

where

(2.3) 1""@' t)l < S'(,-t)(l) - S'(,- t)(0)

n
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The proof of l.,emma I is finally completed by substituting (2.2) into (2.1)

and using inequality (2.3).

Proof of Theorem 1. I,et B*(f, ') be the Bernstein polynomial of /
of degree vn Þ l:

B*(f, x) :ät(t-t(i).rtt - x)'n *'
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I:[ence, by choosing first m large enough so that a¡(tl,rlrQ is sma1l, and
then choosing n so large that C(f, rn)ln is small, we see t1;rat aÍy
.f = Kt [0, 1],-l > 2, can be approximated uniformly 9n -[0., 1] by spline
functións þ;","U,.). In order to complete the proof of Theorem 1we
have only to observe that

r,-,(B^(Í), r) : ä (to¡tiøÍtoD *'

and that, by (2.6) and. (2.4),Since

(2.4)

nl)U, *) : m(m- 1) . .. (m - t' + r)
Ð_o 

o\,,,,f L
?n

nt-I
h I xolt - x)m-r'-n L!'øÍ h (* - 'll

and. since Í = K,tO, ll, Iile see that' Bl:)ff, *) a0 .!or,.x =-[0,-1]: Bv
I,emma 1 we catt- tind points 41 . . . I c*-, ín (0, 1) such that, for
everyxe[0. 1],

(2.s) B*(f, x): T>r(B*(Í), x) *q+9"j,ø - co)T'I R,(B,,(f), x)

where

(2.6) c(f, *) : B!;'\( : (å \ nf)tt,t) dt > o

and, by Iremma 1,

1

(2.7) lt*(n,,,(Í), *)l < 1! ¡ , \ nli)U, t) dt :'Y

Let 
' n''l

(2.8) t*,^(f, x) : T¡-{B*(Í), x) + !#D @ - to)\-''

In view of (2.5) an'd' (2.7) we have

w-(r, | - þ,,,,U, ù1 <\*l
and it follows tlnat, lor eveÍy tt e [0, 1],

lÍ@) - þ*,*(f, x\ < lf@) - B*(f, n)l + 18,,,(f, x) - þ*,"U' *)l

<

lm th(l - t)n-;n ¿¡

: I * \'F. n'r,*f (hlm).-i-t)?_,^
It fol1ou's then frorn (2.8) that

l-l ,,, ,r-1
þ,,,^U, ') 

: Ð (jJtri,,rtol) xo +-#D*,@ -'o)'*-'

where C(Í,*) > 0 by (2.6).

Proof of Theorern 2. (Necessity) Suppose that V transforms every
convex funðtion of order I' > 2 into a convex function of order r 2 0.
I.et P be a polynornial of degree <l- 1. Since P and -Pareboth
convex functiõns of orcler l, the functions Y(¡[ P,') are convex functions
of order r 2 0. Ifeuce

and
t>

(i)
2.

[Y(+ P, xo), ...,V(+ P, x,f >- 0

follov,s, The necessity of (ii) is obvious since (* - ,)\-t = Ktlø, bl,

(Sufficiency) l..t ¡ = Ktlø, ól and. 1et Y*, "U' ') be a spline f-u1g.-tion-

of the form (i.2). The proof of sufficiency of conditions (i) 
-a.n-c1 

(ii) o^t

Theorem 2 consiéts in showing that these conditions anð' C(f' rn) > 0
imply

[Y.,,(ù, xo), ...,V^,"(ú, x,)] > 0.

Using the fact that Y is a continuous linear ope?tor and. that the func-
tionJ þ,,,,,,(1,') approximate uniformTy f on la, b), we obtain

lY(Í, *o), ...,'Y(f, x,)7 > 0

and so Y(,¿ .) - K,lø, bl.
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,Ihe proof of Theorem 3 is similar. Necessity oJ cond.itions (i) and (ii)

is obviou3. To show that these cond.itions are sufficient, observe that the
I

hypothesis / = O IÇla,b) implies that all the coefficients of the function
i:0

,1,,,.,(f,.) in (1.2) are non-negative' Conditions (i) and (ii) of Theorem 3
imfrty thêri thàt . .ç'¡t,,,,,, .) = Mþ, á] an¿the rest of the proof is completed
as^before by obseiving that V-is a continuous linear operator and. that
the functions {,,,,,(f,'l approximate uniformly.f on,[ø, ó-]..Since the cone
Mla, bl is closed," by ñypothesis, this implies that tfff, ') = Mlø' bl
anrl Theorem 3 is proved.
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rent ";tion aÍr
Approximation, welche bisher theort
sind. Hier wird gezeigt, daß verkettete Approximation bei seht verschiedenar-
iig; rrott"-"ir.ofititt, Es wird eine Anwendung auf Fehlerabschätzungen
bãi der Methocle der finiten Elemente gegeben.

1. Verkcttete APProximation

Bei der klassischen Tschebyscheff'schen Approximation (kurz T. A')
sucht man eine in einem Bereich B des ø-dimensionalen Punktraumes
R' gegeben" tt"tig" Funktion /(ø |ø(xt, ø")

. 
"in"r" 

T<1"rr" W ,imögltchst gut" Lionen ut

t ú"tr ebenfalls tt"tl! sein -und tervektor
* ;: {or,-.-.., øp} ab. Sie sind aus ermittein

(1.1) -8r I u(x¡,a")-l@) 3 82für alTe x eB, àr>0,8, >0

Received 12. l]L 1s74.

(1.2) 0:8r*82:Infimum,
wobei auch noch Nebenbedingungen hinzutreten können. Bei der klassi-
schen T. A. hat man 81 : tr, ïei-ein (Approxima-

igstens einer
auJtritt und.

eineindeutige Transformation d-er

o ist z. B. d'-ie Approximation einer
F'unktion /(ø) durch Funktionen 7e : 6¡, ! nrt:* verkettet, dagegen

durclr Funkiionen w : (ø, f eo,)c' nicht verkettet.


