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Introduetion

The well-known Jackson theorem gives estimates on the rate of approxi-

mation of functions in CiO, 1l by means of polynomiaTs P',(x):f,nu*u
þ:o

of degree ( ø. Namely, if .(¿ S) : .fyq lÍþc + h) -Í(x) | denotes the
l¿l<ô

modulus of continuity of l, then 
0<r<r

d,(Í) : Lf llÍ - P,ll* 
" 

C.[r, :)
,This result is best possible in that there exists a function / and- a constant

Ð such that d.,(f) 7 O^lÍ,1). Si*if"r results are known for functions in

L^lO. ll, I < þ I æ, wir"iã'.U, S) is replaced by the y'-th moclulus of

oó"ti"oity .p("f, S) :,î,18 llÍ@ + h) - Í(x)ll¡.

Let lo:0<À1 < "' <
¿:L 

^i ,,

(Müntz) that the linear combinations - ,,polynomials" -D no*^o' n > 0'

are d.ense in ClO, 1l and Lþl},ll, I < þ f,@.^ The question naturally
arises as to how *"fi iã â" iir"s"'polyno'-iult of ,,d.egree" ( À, approxi-
mate functions in the above-mentioned spaces.
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same timel rono GANErrrus and s. wEs'rrruND l4l anð. following them
DoNAr,D NEwuar.r and. J. BAK [1] estimated dlf, Pn), | < I < oo, under
theassumptions À,,, Þ Srn (S>2) m: l,2, ... and\.,,Þ 2nt,,1v¡: l,2,...,
respectively. They obtained estimates some of which were best possible.
The methods used were quite'involved- and in the case þ : æ gave the
same esitmates we have obtained by a veÍy simple method. In fact for
)ln,} 2m, m : l, 2, . . . , our estimate is best possible, that is, o, is equi-
valent to n*.

Anyway there still was the question of estimating the distance in the
general case. This has recently been done first v,hen NEwlvlAN [7] concluded
the case þ : æ. and later when ¡'. BAK, D J. NEwn{AN, 1, rznrnffiã.nro
and the author [2] have concluded the case 2 <.þ { co, giving some par-
tial results for 1 < þ < 2. Recently ToRD GANEr,rus and DoNALD NEwnraN
f3l have closed the problem altogether by filling up the gap for I < þ < 2.
Also recently another paper by u. voN Gor,rTScHEK [11] improved his
earlier results to include many other special cases.

We shall only state the main result here leaving the detaiis of the
proofs to be found it l2l and [3].

tr[ain rcsults. I,et BnØ be the Blaschke product with zeroes at

),,,, | 1lþ, i.e.,

Be(z):fi z-6'*+1þ),
ti-o : ) (^,n -l 1lþlr

ancl let "r: #?:_l 
Bp(\lz l. We have

TrrEoRÞNr. Let I 4 y' ( oo be fi.xed. Then tltere exists a constønt A
such that for øny f e LelD, 1l there exists ø P e Pt uiih

llÍ - Plle < Aa(f, ee).

Fwrthermove this result is best þossible in tha.t there exists øn f e LþLÙ, ll
and, a. constønt B suclo that for any P e Pt, ll Í - Pllp à Ba¡(f, e¡).
Interesting sþeciø|, cãses a,re that oJ seþarated, )t's (5.) uhere \*Þ2rn, rn:7, 2, . . .

(tkis includes the case \n+t - \,,7 2, m : 0, l, 2, . . .) and. that of non-seþørated
l's (N.S.) ahere \nt+1 - \,, {. 2, nt, : 0, 7,2, . . .. In ca.se S. sþ -

To be specific, 1e,t lr : 0 < lr ( . . . ( À, and. let Pa denote the

set of all polynomialsD,hx^t. For 1 < 2 ( co anð.f e Lþ10, 1l (we identify
for convenience in__ notation .¿-[0, 1] with CtO, 1l) 1et dej, pn) ::-il.f llf - Pllr. W" are seeking the smallest possiblË numbéi" no'sttdn

PePn
that for any f eLþ10, ll

dp(f, P") { Aaeff, nr)

rvhere ,4 is some absolute constant not depending on /.
Some historical background. The lirst to try this problem was

D. J. NÞwtvreu in a paper in the Amer. J. Math. 1965 [6] wheie he assumes
þ.: 2 an-d À¿n1 . \¡ Þ 2 lor al|l. Here the tools are l{ilbert space tools ;
distance formula is available etc, The result obtained is that ø, is- equivalent

to exp (_ rÐ1). trr"" in a series of papers in 19GB-1970 M. voN
GorrrrscH4r [8, 9, 10] discusscdtheproblem in C[0, 1] under the assump-
tion that

(n ì
,4(À,,)u <explÐt¡n,l < B(t,)o, n-1,2,...,fo1 some 0<A, B<oo

0 < I < A <oo. The restriction on the À's gives the impression that .most
cases covered are where \¡ - ir (r sc me constant) or where sections have
this property with different r's. 'We finally came up with the following
result 15] that included von Golitschek's.

rr o,,: 
,tîJ, {"1"*n[- ',ä,t/n,]], then

(1) d*(Í, P¡) ( Co(1, o,).

The method. of proof which used von Golitschek's ideas was very simple.
Knowing an.exact expression for thr distance in C10, 1] of a monomial
x'o (m an integer) from P¡ one can approximate f by an ordinary poly-

nomial þ* : L øoxì as best one can by Jackson's theorem. Then approxi-
i:o

mate each monomial xi by its best aþproximator Qu in P¡ and_ estimate

the distance d*(f, Pì < ll,f - Prll -¡Dl{llxu -Qnll. We have nor
proven (1) is best possible and. in fact one should not expect it to ,be so
beca-use of the generous estimations that had been used. (It is not best
possible in general but it is in surprisingly many cases.)'At about the

- exp e 4 f,lþ,*) anct in case N.S. e¿ -
ilr: I

D r,,
1l -112,
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¡.BsTRAcT. The øwthors obtøin tke
ff(zr) lÍ'@r)l øs f(z) ra.nges ouer the set
thøt øre t5tþicølly-real, in tke uní,t d.isc

1. At the ConJerence on Analytic Functions held in Lodz, Poland, in
1966, one of us posed the following related problems.

P r o b lem A 11; p. 3161. Let tr be ø non-ernþty cornþøct farnily
of functions f(r) : z + . . . thøt a./e a,nd,l,ytic ønd üniualent in lke uñit dd;c
L. For ea,ch þa.ir of þoints zr a.nd z, in L, there exists ø þoint e = Çþr, zzi f),
or1, .the line segment joining zr a'nd. zz ønd a. comþletl number À : À(el, zzi-f),
lìtþt, zr;rl < l, swck that

fþ,) -.f(rr) : ì,f'(()(2, - zr)

hold,s. Deterrnine

l(zr, zr; ff) = min [lÀ(21, zr; f)llf e vl.

Problem B 12; p. 1331. For ff, zL, zz in Problem A. d.eterrnine the
set

DVt, z,; ffif = LU@r) I Í'þ,) ll = s).

fn this 11ote we offer a solution to both problems for the case that 8F

is the set E- of all typicaily-real Í(z) : z + .:. and either zL ot zz is real.
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