MATHEMATICA — REVUE D'ANALYSE NUMERIQUE
ET DE THEORIE DE L’APPROXIMATION

[’ ANALYSE NUMERIQUE ET LA THEORIE DE L’APPROXIMATION
Tome 4, N° 1, 1975, pp. 5 — 11
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Some years ago, I have given a formula [1] for numerial integration,
numerial derivation and interpolation for functions of ome variable u-

sing an unitary method. Starting with an analogous method, I will genera-
lize this formula for functions of several variables.

§1. Notations

Let % = (%, %3 ..., %,) be a point in the #=-dimensional interval
Q = [a, b], ie:

a;,< %;<b;;
with « we will denote the multindex
W= (alne,, . i) o, € N;
and
ol = oy lay! oL,
(x — a)* = (w9, — a)® (X — @)% ... (%, — 4,)%

If o= (o, @ «-, &), B =By Bs -.-, By) then o>Pp and a<f

mean :
V,, ;> B, and respectively, «; < B,

0€+B:(“1+BI’ ‘7-2—'—[321 ---:an+p’n)'

We will denote also

and

1= (1 e A 1)
As usual, we will denote

' I o (x "
DPo= 228 __ g.—5 g,
=1

0.0 0, B LY T
day oxyt ... 2xy)
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§2. Preliminaries and fundamental formulae

Consider in Q the set of points {x®} given by

k k 13 k
A= (P A A k= (B, kg ..., k), k, =N,
where

o = a, 4 kb, h, = (b, — a,)|K,,

K = (K, Ky, ..., K,),

and K, is the number of subintervals into which we have divided [a,, b,];

and a point x* = (xf, x5, ..., x5). With the aid of a point x*® we can
. . . i Y i i

decompose the interval [a, ] in 2" subintervals Si(t =1, 2, ..., 2%,

cach of which being characterized by the set of numbers

(k)

h k
sgn (%1 L

-— Xl), Sgn(x(zk)— xz), ox il sgn(_x,,, ;\f”,).

Denote by I¥ the set of indices 4 such that

(%) i k
x — %2 0, (%4, %3, ..., %,) =S,

y/ L] . . .
by I the remaining set of indices for which

x}k) — Xj < O,

and by =, the number of indices in If.
ILet also be:
(k)

o) 2% the vertex of the interval Sﬁk), opposite to x,

a,) uﬁgf the projection of «"™ on the g,-th 1-face of Q, issuing from o,

a,) ol the projection of x® on the ¢,, g,-th 2-face of Q issuing from
)
Vi, o
Denote finally with S¥, 1%, Ik, o}, vi, ..., the sets and points
corresponding to x*, analogous to those corresponding to M and let the
index ¢ = 1 correspond to the subinterval of Q with xf — x; > 0, V.

We consider now the function:

'_).”

| o Y
(1) o) = 3> 5 1P — HP(x) + E = B ()
U e sy | !
where :
ay P,(&) is the polynomial
P,(5) =3 AW E: m o= (my, My, ..., M,),
=0 Coad

. . . K
«, m and k Dbeing multindices, and A ¥ constants ;
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b) H®(x) is the product of n Heaviside functions
[
HP(x) = [1 H(x" —x;) TT Hx, — "), 2= &,
jeIfy I=Ify .

and

Hix ) 1 for ' — x = 0,
___x:
(» 0 for ¥ — x << 0;

c) In an analogous manuer

Hi(x) =[] H! —x) [1 Him)— #) x=Q

) - ¥
jel ST

Remark now that, if ¢ e CP(Q), then:

AT B> o

(x(k) — ,()u ! ) o (x(k) . Ut_lz))a——j) . I
S T _])B@(x)Hs‘”(x)dx S (_ 1) 11'72;;‘_@__ D (p(l, )
Q

2 o (x(k) oy U,(l-’k))a/p 13

2) (R e DY P elon)

fUpTo (a— P!

Py=2g
(k) (R)yo—?
" o (x — v ) | o
+ (1% 32 D T e i) +
lr= =
: pq:“f]’Pf=ar

+ (AT +(_1)‘r1;+!l DB—«afl (P(x(k))-

k
B. If B =« and £ < #* (x® e St, o = a),

(k) — x oa—1 x(k) ) 'u(h) o—p -
=L pegax BV (s = (—1 L (0 — 7% pe-o-t g o) +
0 «! =0 (e« —P)!

(k)

X, 5
noa—1 (_(k) ()yo—p 4
X — Uy 8 I’
CE o2 auf)as, +
g=1 p=0 (¢ — D)1

) e,
B (8
» a—1 (x(k) _U(lk))affi 7 7 )
—1)n-2 — S S (9(71’/1 r)dx dx, +
+ ( ) q,z,;1 =0 (0 —P)! . !
bg=tg P,=1, T
+ ... —I~S p(x)dx.
(k)
S1

. : ol ;
where w{y is the projection of the point x on the g¢-th 1-face, wip a I()komt
on the g, »-th 2-face of the interval [a, 2®], issuing from the vertex o} ).
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Tirom this formulae, supposing B > m, we get:
) DY g ) g

} Palat — MER (D )i == (=13 30 DR = o) D* 7 ool”) +

I} £=0
H i
1 i if3 S pa I )
(-h (=1 O DPEY — wi )0 ol +
¢-=1 b=10
%
" &€
RYERTIED DR DU N ECI ) VR
g, r=1 h=-0Q
o=t p o

Pt T
u 2} = \
N G )11 1 4 &D.@ 3 1(9(.“:/;,\

/s

and {urther

-

2”
o(x) Mgy = § > i

ai=t Laiesy

DI

Pu(a® — x) H (%) +
{2) 0

* __ Y o n
FE=A H;*(x)} Do (x)dx.
)

From this equality, we will deduce cubature, numerical derivation and
interpolation formulae.

§3. Cubatare formula

Paking in (3), 4¥ = b, p =y and m < B, it follows that St =ia, bj =4,
and

(6) g@(x) dx = §(p) — };SPk(xm4x)DY<p(x)H§’*’(x)dx -\ D) DY (v)dx,

Q Q Q

o

where & () means

T3 et )Y
(o) = (__1);:2 (#* — @) Y ]CP(“) .
p=0 (y — P!
b
o~ K * gyt P d k
(1) 3% et folullds
= CRY
r',’r"Y,i (11.
b.b:
i T N i (k)
(7> 7E— ("* l)’; 2 ‘/:7,_: .>._/ —_— g (P('l?/],‘j)d%idx]‘ + bl +
i j=1 p =0 (v — f’) |
1’1:?1'1)]3: (j g
b b 7
n Yiwl ’ s b, i—1 1 i
+ Z (&5 a;)Vim 4 \ S S K (P(w“'—’-ul—*l,i;—l,,“u)
S et ) .
ity @ a,

Axidxs i A%y A%ify Wi ax

it
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We will prove now that it is possible to choose the polynomials P,, t.c. the
coefficients AY such that the absolute value of

) R = S ®(x) Do (x)dx
Q

be sufficiently small, and

o) (o)ax = 5(9) — 25 { Pula® — ) HE (1) Do (),
k

Q Q

be considered as an approximate cubatuve formula for the Sunciion ¢(x) in the
n-dimensional interval Q, the remainder of which be given by (8).

Or we have
IR| < MS ©(x)|dx, M = sup| D"|.
[9)
Consider the #n-dimensional subintervals
(10) I, = la+ kb, a+ (& + 1Al

a point £®W < I, and for cach & the polynomial

Qu(x) = sz(xm — %),

izh

satisfying the following conditions :

i) the set {Q,} is ordered such that, if ED = (B RY, ..., EY) and

B = (kgg), /cfzz), M, kff)), then Q) < @y, iff, p-being the rank of the
first different components of k1) and k®, we have

R > Ry

ii) all the derivatives of Q,(x), of order less or equal to |m| be equal to
zero, in &%),
It follows then

{106 1dx = o (a s,

I
=\
f==]

k
and, as an iminediate consequence

(1 S Ip(x)|dx = o (Rl +Y).

Q

where
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Obviously, the polynomials Q,(x) are

(b~ &2 (5 — ne
Oulm) = 3o o 2P,
agﬁ‘»Y o el

After having chosen the polynomials @ it follows that

P = 2) = Q1) = 3300 la) + 35 Guosyonf) .- - (1) Qur().

hi=1

Ou the other hand, the function & (p) involves integrals on the fronticr of O

It this integrals are not known,

6

other numerical integrations must be per-

AlOfI'HAICd‘lII order to know the numerical value of our integral (9). If the
expression §(p) can be caleulated with error ‘ '

e = oflk]) i< |ml,

then it follows immediately that the error in the evaluation of (9) it o(||k]1).

_ We come back to (5) for 1 =1, 2, ... 2"
(3), (4) and (2) we deduce, for § > Y = m

3
57

where

§4. Interpolation and uuwmerieal derivation formulae

, and taking into account

\ O(x) Do (x)dx = | { U; P(a® — x) H®(z) + MHE‘(JE)'I( Diods —
shrc s ' B B

s ]
s s !

12

20, Pya" — x)HP () DPo(x)dx + @y(g) + (— 1) " DO o (a%)

Akesf ’
Y (4P _ u(k))Yf,;
(o) = (—=1)% { : DB—p—1g(, () i
AR D T S U
nX (B BNy —p
(1) {5 v ) DB—p 1y (8
=1 /; (v — p)! D (P('Utr() -+ -+
D=V,

3—-p-1 ).
Sl gt A elal:

tilpn & vl
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We deduce immediately

2”
De=vig(at) = 277 30 (=17 {Gile) +
) =1
+S S P — x)H(,-k)(x)Dﬁcp(x)dx}+
k) es*
st 5
20
+ 2 =1 § owptenas,
i= Sf
As before, we will consider
2“
Dﬁ“*“cp(x*) =92 2 (_1)‘ri+ﬂ+1 [Gi((P) +
=

(13)
P (2" — x)HP (%) DPo(x)dx

]

+
S* x(/\') S Sf

S
as an approximation formula for DY~ @(x), the remainder of which is

2”

(14) Feé— DI\ (=l i | ©(x) D (x)ax,

if this remainder can be done sufficiently small. Or, as in the preceding para-
graphs, we can choose, — in each set S} — the polynomials Q,(x) = >:p

izk
(x) — x), such that |R|< 2"M O (J|4]™"").

For p =y — 1, (13) is an interpolation formula, for B > y — 1, the
same formula is a numerical derivation one.
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