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l,

Sorne yea.rs ago, I havc givcu a formuia Il I lor nnnrerial inttglatiori,
nurnerial derivation and inteipolation for functions of one variable 11-

sing arr unitary method. Startiirg rvith an analogous method, I u'ill genera-
lizJ this formula for functions of several variables.

$1. Notations

I.et x : (xr, *2, . . ., xr) be a point in the ø-dimensional iuterval
Q. : la,0l, i.e :

an4 xn4 b¡;
rvith ø rve will denotc the multindex

q. : (rtr, &2,,,,, dn) d; = N;
arrd

ø!: o¿rl,a2l. .,. aol,
(x - o)" : (xt - (tr)o' (x, - ar)"^ . .. (*,, - ûu)"o.

If n: (o.r, a.2, ..., c/",,), Ê : (9., þr, '.', þn) then q:> þ and ø' ( p

mean:
!¡, or¿ ) P, and resPectivelY, ø; ( P;,

and
o(+ p: (ør I þr, dr{. þr,'.., u.,,1þ,,).

We will denote also
I : (1r, lr, ...., l,).

As usual, we r,vill denote

^3 Alþl e@) 'It),.a: __=_-___T;, lpl = D p,,.
' ¿).1'í'¿)*P¿'...1rn i-r
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b) IIlt') (x) is the product of ø lfeaviside functions

Hll\@): n u\tu' -ù n H(*, xll'\), x n {ù,

j-th t=Ilz

arrd
11or x'-x)O,
0 lor x' - x <0;

c) In an analogous manlìer

ni@) : \n@î - *,) f!. H(x, - xi) x e {ì'
i.--.,lil ,ott2

Rernark norv that, if I e Cr' (e¿), then :

A. IfP>ø",

H(x' - x) --

(n(h\ - r

o
ú-1.

¡\øq1x¡H(,"\(x)ctx - (- 1)" D^
þ:o

(rt,rl _ u\n\)a t,

("-'f) !

I)þ i,- 'p(r l*,)

e(uf),)d.xodx, ¡

ø-th i-Iace,'uliì, a poittf,
ironr thc vertcx ul/')

(2)

(3)

1t 4 I ^.lfl -.(/¿)\a ¡l

r 1_ ¡., ' i )-- 11 _ '¡'l- t¡l þ , ,p(u'lit) ir , i" t i-"'t' (a þ) |

+(-1).'*,0Ë, å wD('o'eþ!i},) r
þq:dq, þr:qt

+ . .' . +(- l)a¿+r I)þ-'d tç(''u')'

ll. If p : ø and. *&\ 4 xx (xth\ e Si, utÀ) : ø),

c *(hr - n o-r (n(n\ - u\tt\)u-þ yf. r,, rç(r!ol) +\u", - Dosd,xn\u)g¡ax: (-t)'p, 
þ_þ)lo-(å)

+ (- 1),-,É I ('''] 'Tl)," '(' e@\!'))ctx, ;

q:r þ:o \u-P)t J

þQ:oq

þ,¡:n,;

Qtn\ 
_ uf\)a ¡

("-þ)l

,rq

orl

e@)d'x.

(/ù)(Þ)
*rt

I
a

I d -1

+ (-1)"-'Ð D
q, r:1 þ:O

þq:dq, þr:d/

+.
rf)

rvhere ,rfì is the projection of the point r ou the
orilft" q-,'r-th2-fice of ttt" interval fø, xtÐ1, issuing
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$2. Pletimin¿lries an¡l fundarncntal lortntllae

Consicler in O the set of points {r{A)} girren by

*to):(x\o\, xy), ..., *\,'i\) h: (hr, lrr, ...,Ìt,,,), h,eN,
rr ht r-c

x(,") : .r, f- hJt',, h, : (b, - a.,)f K,,

6 _ (I{1, I{r, ...., K"),

attd Ii, is the numbcr of subintervals into rvhich rve have divided lnr, b,l;
and a point r* == (xi, xi, ..., xi,). With the aid of a point ø(É) lve can

decorr.rpose thc interval VL, b) tn 2" subintervals Sf(i :1,2, ...,2'),
cach cf ivhicll ireiirg characterized by the set of nurnbers

sgu(ø!u)- ør), sgn(rf'- xr), ,.., sg11(,tt!'- *,,).

l)enotc by ll the set of indices 7 such that

*f\ - x¡ ) 0, (xr, *r, .,.,x,) = Sf,

ll:, I!" the remaining set of indices for which

*y) - x¡ 10,
ancl by tn the numbcr of inclices in I!r.

Let also l¡e :

ou) uto) thc vertex of the interval Sj'), opposite to xu'),

,rr) ,l!i,t, thr: projcction of *to) on the qr-th l-face of C); issuingfrutr-al"),

",¡ ul!,\,r,tilr projcction of ,$) onthe qr, qr-Lh2-face of O issuing from
ltì

l)cnote îinally rvith si, ür, Ik,, at, air,, . . ., the sets and points
corresiroucling to r*, analogous to those corresponding to x("1 , nnd. lct the
irrdcx-r.: I òorrespond to the subinten'al of O r,r'ith xi - x¡ = 0, V;.

\{/r consicler no\\r the function :

21t

(r) o(r) )i ,,^Ð,, {r,01",0, - x)Htht(x) , OrtHf @1,

rvhere :

n) /'o(6) is th': pol)¡nomial

Pn( -l) ..- i OY'q., 11x : (ru1, 11'Lz, . . ., rtt',,),
a.:0 u I

a,, 'nt and. /i bcing nrttltinclices, ancl ,4 Ij) constants;
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(1)

lironr thls fotirrr-t1itc, siti)pcsirlta þ > ,r' ',',c gct

î
\rrn@n - r,ìir,t'(r,) !l'',;(.v)d.r .: (-l)" -\'¡¡Þ¡'o(,;i"' ,,1"') !¡r t' t 

9(t'1or) -

DþP,,(x6) ,,',';,')l)þ '' 'q(rli') -

I4/e iaitt þr,oae moza tltat it t',s þossible to choosc th'e þolynontials P,"'i'c' Iht'

coefficicnts Af\ su,ch th,qt llie absol'ute,aølue of

(B) R:l@@)Dte@)d'x
dt

ltc srlfficic+ttl.y s'rnetll, ancl

(e) \v6)a*: s'(ç) -Ðl Po(*tot - x)H!"')1*¡Ðvç(x)dx'

¡¡o
bt consiclcyrel as øn aþþroxiruøte cubatuvc fonn'ula for thc ftntciiorr' <2(;ì1 in lhc

i,i-rtinrrrrrional itttcraiL'Q, lhe rcma'ind'er oj which be giaen' by (8)'

Or r,ve harte

lRl< M\lo{ùW*, M: suPlDYel'

O

Consider the ø.-dimensional subintervals

(10) 1,,: ln I lelt', a -l (h + l)kl,

a poirrt fltt\ e Io, and. for each å the polynomial

Qo@) :Ð,ei*t't - *¡,

satisfying the Îollo¡,ving conditions :

i) the set iQo) is orderecl such that, il ñ(t) : (¿Í", nf), " ', /¿Íl)) ancl

lè\2) -' (tt\"\, hPrt,- . . ., hl:\), then Ç*r'r < Q-u.?, iff, . 2-bcing the rank of the

first dìfferent cornponents of Ä(1) and /¿(2), lvc harrc

nt' > ntï',

ii) all the clerir.atives of Qo@), or order less or eqttal to lm'l be equal to
zero, in (\tt.

ft follorvs then

t tot"l ldx :o (ll/iii"+"'r r),

Ih

s'here

ti¿lt :
ancl, as an iuunediate cclusequence

1 (--l).' '

,t tÌtr\-
L-_, L-J
q,-l þ:Ð

þq:n,t

c

\-i.-t
Þ. 0

-"-,r l-1 t'¡'- )
q, r= I

I)þ P in¡ 
( ø(t'r - u';1.) tl" '' ' ,p(.rli,') -r

¿ruc1 îtt; th"r

t' a.ìt -'d
'l q / f

-f- . . r- (- lf"" '4(r'"),Dþ " t 
?(.^1"') ,

- ,2" 1

\ .i,1,,;r,u1e;¿ v : )¡; i,,p.,, P,,(x* ,:) Iltl'\(x) +
ú) ().-)

,o;Ï Hî@)l Dt'e(v)ctx

Fro'r this ccluality, u,e tvill deduce cubaturc, nntnerical dcr ivatiorr aird

intcrpolation formulae.

$3. Cubal,ure forrnul¿t

'I'aking în (5), x* : b, p - ^¡ anð'rn{ þ, it follols that 'Si 'in, it i - {)'
arrC.

(6) \+@)a*== 
v(q) - Ð I Pu(xuù -x)Dte@)rlt""1*¡'t* r 

Jo1"¡r'r'p(x)tt:+'
!ìl()

n'hc'tc .9(g) rncans

¡r(p) : (-1)'
d-1

i, (-l)' 'Ð D
i --1 þ -:o

(x+ - Òt' l'

H-þ)t

(x* - a¡-r 
'Þ

(v 1,) |

üi-r úi r r

o¡ _ 7 d¡ ¡ I

d,:;,., 1 d.x¡-, ¡

D\ t' 1q@) j

I)
I

| ,p(,u\ij,)),t*, i
)

s-/-t
þ':o

y1

lt) . (- i)" ',Iì, ,Ð
,p(w\o)¡)¿*,¿xj+...f

it l1

Þi:r¿' Þ ¡-- ^i ¡

(^( - þ)l

(¡* 
- 

ø)t P

I

tl

i())
IJ

iI\
b,

,rIil

ÐÐj':t 
1t .:s

('r¡ --a¡)rt-þt
bl

I
9?jrr,.. i 1,; ¡1,...,)+ k¡-þ¿)l

dxrdx,
lq(x)ld,x: o (ll¿ll- i1)

i
dt

(11)
tl 2i,,
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\A/e deducc irnmediately
Obviouslr., the polynornials Q,,(z) arc

r)ø,r r<p(y*) :2-,þ t-1¡"r+'*' i",,nl n
Qn@) :. D

a t (l>t
B(¡r

(b - |)ø (F- -. x)9

al pl
+l

si
,Ð _ 

ou(r'ot - *) nlo\ @)De<p@)d xI +
,(å) = Sf;After having choscn the pol1.lo nials Q,,, it fo11ou,s that

1).(r(') - ;v) : Q"(r) þ0, ,o@) r,É.0"-,,- ,,(x) ... +(- r),,Q, lx),i l ¡Er- t t"

Ol the othc¡ hand, the nr.oh,es integrals ou the frouticr oÌ Ç).tI tnis inrcgrals ¿rrc no nrrmerical fi,tlgráli.Tì åTri^il.1_'r_i'ornrccl in order to l<n cal valuc of ;ì,? i;t.,g,.i loj.-ir,ü"expression & (g) can bc r error

e : o(llhllt) t{ Itit,l,

tircn it folloivs inrLneciiatel), that thc err.or i' the eval'atio' of (g) if o(Vtll).

zil

+ Ð (-1)'n*" a@)Døe@)dx
srl

$/r. Inl*r'pr¡lation and *urnc.ieal d.r,ir,¿r1io' Ior.r"l.r¡

As bcfore, ue will consider

Dþ-.r-tq(x*) = 2-,Ë ,-l)rr r,,'r.t 
1",,*, *i:r

(13)

I I D Po(*to' - *)ntno\1x¡Dee@)d'xl,

.i¡'(o)"¡ |

as on aþþroxitn,qtion formulø for Dø '-' p(x), tltc remaind'er ctf uhiclt' i:

2t
tfn*" I Q@)Dee@)ctx,

si
We come back to (5) for i : 7, 2, . .

("), (4) and (2) r¡¡e deduce, for p )'"( 2 nt,

2", and takirrg irrto account (14) R:t(

4t(x)Dø9@)ctx :],{,,à 
îPo?tnt 

-*)n("')(*) +g;.[ Hi@)ll)þattx:
if th,is rent,ainiler catl. be tlone suffic'ierttly sntøll. Ot, as in the preceding !3t"-
graphs, 'À¡e can choose, - in each set S.i - the polynornials Qo@): Ðt',
ØØ - ø), such that l1ìl < 2M o (llhll^*'):' For'9:y-1, (13) is an interpolation formula, for p)1-1, the
same formttla is a nutrerical derivation orre'

.si

:l t p,(tirt) 
-,\wt!tlx¡Daqþv)ttx 1- go@) + (-1).r r'Lt)e '( t,p@*),

,âJsi
.si

n hcrc IIIlIII]RENCE

[1],{<ìolf }Iainroyici , st¿r une ccrtaine des disl.ril¡u.lions, génétali'
sønl cles formulcs d'intégralion, de dér,i ttc et tl'inlerþolaliott, l¡.etuc
Rouruain-e c.le lfath. pures et appl. T. 20 (1C70),

Ììt ccivcrì 14. X. 197.1.

Q,@) : (-1)",å !-'rl,='i),)," ' t)(r Þ ,(p(a(h\) 
1-

(r2) + ( l)"n',f ¡-þ61;-t:),'-þ pø t, te(ulli,) + ..-r_q:t þ:u ('t - þ) |

þq-rq

ì (-1¡';r,, ,É i ?'o'r- 
",':.'),':. " ¡ÚF t, r\(aa)

q==t fo (-t, -- þ,) |


