
MA1'ÉItrMATICÀ - REVUI' D'I\NALYSE NUNIERIQUtr
DT DD TIfEORIE DE L'APPROXIMATION

L'ANALYSE NUMERISUE ET LA TIIEORIE DE L"4.PPROXIn{.S.TION

Tomc 4, No l' 1975' PP. 79 BG

4 GENtrRALIZATION OF A THEOREM OF MAMEDOV
by

C. A. 'fI}IX{ÞR}IANS

(Deift)

1. Int,roducfion

In the theory of positive linear opefators tlre theorems of Bohman-
Korovkin and. Mameclo-v about the convergence of a seqtlence of operators

to the identity operator are important.

,T.J_I}1OI{DNI OII I(OROVI(IN :

Let (L,,) (n : 1, 2, .,' :) be ø seqwel'c9 of þos'ititte l'i rs n't'øþþing

Cla. bl i"íä bla, bl ønd' tet ¡¡0, f ,-, frj be-a- Tsclrcbys (T-system)

on 
'lo,'1.,1. 

Lel,-this- sequelLce'salisfy tlrc foll'ouing co

(1.1) (L,f ,)(r) : fJx) 1 o(1) (i:0'r,2; n -> co; I e lø, bl)'

Then (1.,,f)(t;) conaerges to J(x) if n' -> æ for eøch f e Clø' bl'

I1 the co1lvcrgcllce in (1.1) is uriiforrn on [ø, å], theirthe convergc'1lce

la, b).The theoreu of Maru.edov gives

;ence of (L,,1)@) to f(x) if the sPeed
rstfunctions eo, e, and ø, d'efined bY

ia1 Î-system. To the best of mY
ulas for the speed of convetgetlce

form an atbitrary Î-system clo n.ot

exist. In this paper we investigate this case. We -give a solution to the

oiãUt"- by usìng a special'diiferential calculus defined with regard t-o

ãir; t"ul]"";tions io, /, änd f .,,. rn section 2 we develop this differerrtial cal-
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culus only in so far as is needed for the proof of the rnain theorenr iu
section 3. IVIany other extensions are left out of consideration here. In
section 4 rve give some applications of the theorem. For an explanation
about Î-s-'r'stems ancl cornplete Î-systerns (C?-systens) or l\{arkov-sys-
tems we refer to [2].

2. I-systcrns, positive linear operafors and dilfcrrrntial cpcrators

I.et {fo,Ír,fr) be a Î-system on a closed interval Lo,b).(-_.* <
<a < ó < co) âna tet (9") (n:1,2,...) b" a sequence of positive lincar
opcrators nrapping Clø, bl into Cle, bf satisfying the conditions (1.1)
where x is a point of la, bl.

We ¿rssume that

(2.\) (s,Í,)(x) :Í,(*)*1#n, (*) U :a, L2)

where 9(n) is independent of x, ,?(n) + 0 for each n and ç(n) -, æ il tt' -> eo.

Without proof we give some lemrnas and we show that the operatgr? f*
and the cãnd.itions (2.1) can be modified to other operators ancl conditiorrs
which are simpler with regard to the theorem of Mamr:dov.

Irernna 1. T'here erísts ø linear comb'inøtion g:Ðu¡f.,which
i.s strictly þositiue on' lø, b).

At least one of the numbers c(6¡ o(1, ø, is then not equal to zero. Wc'
assumc that ao I 0. Then we have

I" e m m a 2. {5, Í" fr} is ø T-systern on la, b).

Wc defiue the functiotts ?.ís, u, and 1!,2 orr fø, bl by u u@) : 1'

xt1 : ÍJ and u'r: f: 
'g8

I, e n rn a 3. {uo, ur, ur} is ø T-systern on X.
Now rve clefine the positive linear operators L,: Cla, b) -, Cla' b)by

(2.2) Ø,,fl(x):
1¡@)

p(n)

$"rÐ@)

L u¡(f¿ _E;)
i:0

Yu(r) :uo@)--, 
-Ð "¡l¡i:o

L e m m a 4. The functions L!,1 ønd u, d,o not both ltøue an extreitte

aalue at the sarne inner þoínt a e la, bf'

I, e m m a 5. If x e la, b) a.nd u, does not_haue an ex[rem,e aqltt,e at

x, thin there exists øöl,osed nbighbourhocd, Q of x uhere {uo, u'r, ur} is a contþ-

lete T-system (C T-sYstern).

Let {uo, út, az} be a CÎ-system on the closed irrterval la' b)'

For each function f = Cla, bf we clefine the operator D0 b1'

Then we have

where

(2.3)

(2.4)

(L,uo)@): I +, (#)
(L,,u,r)(x) : u'(x) +\P + t í _.kl

(L,u,)(x) : tt,(x) +þP *, (*)

(DoÍ)(*) :

(h : t,2)

y e la,b)Í(x)
aoQ)

for n:1,2, ..., excluding the values o1 n lor rvhich the clenominator
in might be equal to zero.

of course, iÎ ao: Lt,o we have Dof :/. Furthef we clefi¡e the differential
operators Dh(h : 1,2) bY

(2.5) (Dof)(x) : (Dtt rJ)@ 4- h) - tDh i\b)iu
+o (Dh' Lûh)þ;+ h) - Q)h-tu¡,\(x)

a+h e [.a,b]
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for each Í = Clø, bl lot which this linit exists'

we call / Þ-times clifferentiable at x..7.1ø,!) (h: l,2) rvith regaid
to the set of- functions {ao, ur, ar} if (Dhf)(ø) exists'

Because of lemmas 4 anð. 5 we can speak about differentiability of

a function f at the point ø considered abovè with regard to the 7-system

{n,r, ur, u.r}.

I,enrma 6. Let f eclø,ltl be tuice d'ifferentiable øt velø,bl
u.ith r:egarrl to the T-systin, {uo, ur)u} uith uo@)--- | on' la, bf. Tlten tltere

I e la,bl

i:0 Itoøt t-2n¿



g2 c. A. TIMIIERMANS 4

ex,ísts cL neiglúor,trl.toocl Q,c-la, bl of x ancl ø cot'ttinttocts funct'ion h definetl

on Q tøith'n@) :0 stt'ch that

(2.6) f(ù : f(x) +r','(¿)(DÐ( x) + \2'r(t)((D',fl(*) + t'(t))'

ulrerc y1,^(t) at(t) - ur(x)- "" i,,:,i;\ ,ä,1 -,ii.i - (,,(¿) -u,(x))(D'(x))(D'a,)(x)

øncl uitlt' Ür: Mt antl a,: Lt'z or ut-: üz and' u': xt't ü'nd'

(f,L\": l'-2, . '"') oþertY uith

';o,T'iä#å!:',i/ï, '¿:;:|,r;,i
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at x ønd
resþect to
uhick the
at x exists

3. Gtlncralizctl theorern ol È{nrlrctlov

Arrimportatrtl>ro-pert-luofalttrmberofsecltretrccsofrlositivclirrcar
o'crators is the,o-ä^rted voronowsk^t*td;i:.;--iz-¡,rop"itv), i' clctnil

siudiecl by c. lrürrr,n,r.cn [5]'

I,et I e Clø, b) be
(n:1,2,...) b

Clo, Ul thett, it is
L if for each' f'ttt'tct

(3.1) (L,,tg)(x) : 0((r"l)(r))' 't1' -> cr'' '

Itolds.

Norv lve arrive at the maiu theorem of this paper'

TrrrJoREM. Let lø, bl be rual ønd let

{cr,n,1,t,1, ur} be ø Ltrchebyscl' ' b) n la' b)'

X\oreuoer, t'et (L,) lrt' :i,2, nce oþerators

í,,";õl;,'ttl )c'(ø,'b) ønct ¡ sat'i

(L,,rt'o)(x):1+,(*)

(L,,u,)(x) : un@) + +9 *, (*1, U : t' 2)

lø, bl, q@) is i'nrlcþenclent of x, ip^\n) *.O,for eøch n nnd ç(tt)
FinøtLy rue vtþþosc t"i"ål ,",r"'i, a(ieicntiøbie uítlt resþcct to {u,

ttr(r ! lt) -ur(x)

is ¿rssumed of the sccotlcl derivative

->@
o, Ur)

e@){(L"f)(x) - Í(x)) : Y,(x)(D!) (ø) *
(3.3)

l- {t,(ø) - þ,(x)(D'f,)@)\(D'f)(x) * o(1) (n -+ æ)'

Proof . Since/is twice differentiable at x e lø, blwe can write' accor-

cling to lemma 6,

f(t) : Í(x) + Dlf(x)(u'(t) - u'(x)) I
(3.4)

+ (D'Í(x) | h,(t))(u,(t) - u,(x) - Dru,(x)(u'(l) - u'(x)))

where the function h, is continuous ot la, å] if we define h(x).= 0' \Ã¡e

oppfy the operators L,, to (3'4). Taking (3'2) into account we obtain

(L,f)(*) - Í(*) : Dtf(x)Y + D'l@) (H - Dru,(x) #) *
(3.5)

* (L,(r, - ur(x)uo - (u, - u,(x)uo)Dtur(x))h,)(x) I o(#l

Since the sequence (I,,) (n: 1,2, .. ') possesses the Z-property rvith

t'espect to the function {2,' we have

(3.6) (L,,þt', - ur(x)uo - (u, - ur(x))DLu,(x))t')(x) : (L*vz,,h)(x)

: o((L,,"(2,,)(x))

ur(x t h) -ar(x)(Dlar)(x) : 
13¡

\Ä,'e remark that only the existence
at thc single Point r.

(3.2)

uhere x e
if n -> at.

-o
I

q(")

From (3.5) and (3'6) rve obtain (3'3)'

Remarh' with the functions u¡(x) : xi (i :0' 1' 2) the theorem redu-

ces to the theorem of Mamedov (wiîh'a verylittle change) and (3.3) recluces

to

e@)((L,,f)(x) - Í(*)) :V,(x)f '(x) * {Y',(") - 2xY'(x)}Ll' * o(1) (n -* co)'
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4. Applieaúions

l. T'lte trigononr,etric case.

. If lø,. å] is a closed interval of length less than 2æ the system {uo, ur, u,r}
witTltt,o(x) :7, ctr(x) - sin x andur(x) : cos x (x e lø, bl is a-I-sys1em.

I1 x = l",b), x +(j ++)",7 integer, andf e Cla,öl istwice diffe-

rentiable at x, then rve have for each t e la, bl by lemma 6

(4.1) f(t):Í(x) * (sinr- sinùLJ4 - (cos t- cosxl

f (sin I - sin x) tg x)(f"(ø) cos x j- Í(x). sin ø) + h(t) (cos I - cos r f
f (sin I - sin x) tg x)

where lr.(x) = 0 and lim h(t) : 0.

. !"t (L")(":1,2, ...) be a seqrlelrce of positive linear operators having
the Z-propertl' with respect to the function Jz,, where

^f"," (t) : cos I - cos ø f (sin I - sin :v) tg x,

ancl s_atrsfying- the conditions of the theorem of r(orovkin aucl let (2,)
(ø : 7,2, . . .) ha','e the propertics

A GENERALIZATION OF A TFIEOREM BJ

Tlrerefore, expresion (4.3) is valicl for each ø e lø, bl. (4.3) is simpler than
the corresponding Iormula found by scHUR!ìR t6]. Schurer used five
testfunctions'. 't'r o, 't11, ,t{2, ancl further u3 and u,o with u"(x) : sin 2x and.
otn@) =: cos2x. In the right-hancl side of (4.3) he got

(Y"(r) cos .r - ìl', (;v) sin x)-f '(x) -_ ] iv."{") cos2x -l- Y""(ø) sin2x)f " (x) n " [;)

lvhere l{:"., and nP'"" are definecl by

Y""(r) : lim 9(n)((L,,ct,r)(x) - u,"(x))

5! ""(x): ; e(n)((L,,un)(x) - r.t,n(x))

C. A. îiMMERMANS 6

(4.2) (L,ttr)(x) : sin * +'!9*, [*)
(L,,ur)(x): cos * +Y* * r(*)

where g(ø) is inclependent of x, p(n) + 0 for each n and g(n) -* æ if
n->@.

\Ã¡ith the theorcm 'rve find

(4.3) e@)((L,,f)(x) - f(*)) :,1t,(*) cos, - Y"(ø) siu x)f'@) -
- (Y,(ø) cos ø f \P,(ø) sin x)Í"(x) + o(l) (n -+ cn).

If xeþ,b1, *:þ++)", jinteger, we considerthe Î-systenr
uo@) :.1, ut(x,) : cos ø ancl ot,r(x) : si1l v. From lemma 6 rvç get an
expression analogous to (4.1) and with the theorern we find (4.ã) too.

2. We a1;p11- the theorem to the sequence of positivc linear operators
P,,(.or :1,2, ...) P,,: C[0, 1) n C [0, 1] defincd by

(4.4) (r',,fl(*): (1 - x)ni t "*o (:t)Ð^r (**)Ll') 1t¡xo,

rvhere L is a rron-positive constant and Ljl'l (ú) is a I,aguerre polynomial
of dcgree h.. 'lhese operators rvere introduced by n. w. crrENEv and
a. SHARMA [1] and also studied b¡'s. were¡unBq and rr. suzuKr [7]. We
consicler on the inte¡val [0, 1] the '-system 

{u,0, ur, ør} r,r'here r.t,,(x) : l,
ut(x)' ' xz ancl- r.r."(:v) : ra. Then vve find

\ì:''(x) : x(l - x)z -21'r
'[r(x) :6øt(1 - x)z - 4tx u,itir 9(ru) : n i L

The sequence (P,,) possess the Z-property with respect to the frurctiolr
./r,, de.fined by ^¡2,,(t): (t2 - xz)z. Using this result our theoren gives

(4.s) (n t t){(P,,f)@) - f(x)} --

' .. 
- t:v .,f'(.r) * *" 

;"'Í"(r) f o(t) (n --> cn)

for caclr"/ = 0[0, 1] rvhich is trvice differentiable at x e la,b). 'Ihis result
is due to s. rvaraNasn and v. suzurr l7],

3. If the functions ut, !t,z and / are trvice clifferentiable at x e lø, bf
lve can simplify formula (3.3).

(L,3t,u)@):7 lo
q("\

(t't' -, æ)
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In this case l'r,e have

(D'Í)(*) : 13\
uí\tr)

and

(Dzf\(x\ - 
uí(x)' f"(x) - uí\x)' f'(x)\ J/\ / ui@).u['(x) -ui'@).nr(x\

Under conditions of the theorem in section 3, (3.3) then reads

(4,6) e(n){(L,"f)(x) - Í(*)} :

-(Y'(x)tt|Ø\ -tt'W^,rjffo, _åffiiot)ÍQ) +o(l) (n-.+ cn)

Rernørh,.' Since {ro, ,,, r.t'r} is a Î-system, the clenorninator in the right-
hand side of (4,6) is not equal to zero.

Achnowledgment : I would like to thanl< prof. P. C. Sikkema for
critical reading of the manuscript.
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l. Introductior¡RIlFElì.ENCES

Soit D uu ensemble nonvicle donné d'ur-L espace
cgalenrent Jr: D -> R, /t¡'.1)'-+ R$ (i:1,2, ,. ',m
Notrs supposons ellcorc c1'otl a :

(1) tr,(x) > 0 (t : 7, 2, . . ., m)

potrrtout x=D.
I,a fonctiorr f : D --+ .R, définie perr la formule :

(2) f(r) :,'lì,'=1,,;.3
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porlr tor,1t x e l), s'appe11e fonctio[ fractionuaire par segûle11ts.

l]â¡s ce travnil norls co11;idéro Ls 1e problème d'optimisation suiv¿rut
(appelé 1e problènrc c1'optimisation fractionnaire par segments) :

PIì. I)éternriner

(3) a: s17P {Í@)l* = D}'

oìr / est définie par (2).

'l'ecJntische Hochschula Dclfl,
NI al.hevt a.li s ck D eþ ar I awc n I

I R désigne l'ensetnble cles rrolnbres rée1s.


