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1. Introduetion

When 7' : X + Y is a linear operator from one normed linear space
into _another, one is often interestè^d in its adjoint operator T,:y, i, X,
y\i"h _qaps the conjugate space of Y into thát of .t. The adjoint Z, is
defined by the equation

(1) (x, y'T') : (Tx, j'), x e f,, 3t' e l'.
A notable example is offered by thr Riesz theory [5] when X : y ancl
T is .compact. Then onc' can rêlate the solutions t'o 

-tt" 
inhomogeneous

eqnation

(2) (r - ^T)x 
=-. y

to solutions of the hornogeneous adjoint equation

(3) (I - xT')z :0.
The_application of this theory to Fredholm integral equations of the second.
kind is well known.
. .rt is not always possible to obtain an explicit representation for r',
but it can be done in some particular cases. Fór example, let X : Lr(ø, bj
clenote the square summable real valued functions oìr la, bl, with '

(4)
b

Qx)(t): lop, 
,l x(s)cls, x,ex,
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where å(1, s) is square ;ummable on lø, bl x la, bl. 'lh.en, X' X, T
iscompàct,artd '\ :i: ,.-' '., -.,' litrrthnrmore, ,for L, e X'. and x e X, (x,a) is given by thc Stieltjes

intcgra.l

(5) (T'x')(t) : h,(s, t) x' (s)rls, € X'
(e) (*, o) s)d,

Generally X' rvill be a space different from X. 'l'his is the case when X :: Clo, ö], continuous real valued functions on lø, bf, and X' : NBVla, b),
normalízed functions of bounded rzariation [1] on la, b). rf l is an integral
operator of the type in Eq. (4), with h,(t, s) continuous or1 lø, bl x lø, bf,
then I is compact and its adjoint is given by

We assurne throughout this paper that

(10) ir(t,s)-0fors¡/
Tlren the adjoint T' of T is given by

L

t'

ì

l)

(6) T'x' t) f x' = X', h(s, u)da(s)d:!,!,, u e'X'.

here
I

h(s, ()dx'(s) is a ati:tt1":,intègra1. Ecluation (6) ia a special case Þtoof lirom'Eqs. (1), (7), and (9) it follows that

of a result [3, p. 516] rvhich gives,the adjoint for ccrtain compact integral
operators defined on X: C(S), rvhere C(S) is a space of continuous scalar
functions on a compact Hausdorff space S.

lfere we obtain an expression. for the _a^djoint of the integral operator

(7) , (Tx)(t)' - 
1' 

,nlr,s) ø(s)ds

0
i : : : i r-'

defined on the space X : C,: {x e C(R ,'1ì¡ :lìurr-,o.r(l) exists}, rr:ith
(i) Þ e C(/?" x R*, R); , !

(ii) A(1, s) + Á(s) unilormly oh compact interr'álS ; '
I @.. ! .: t.-,,.l

(iii) lim,*" \llèQ, s)l,ds: i: lå(s)lds 4,6p., 
., .

This space has been ernployed. by c'onouNEANU c. 12) in developing the
concept of admissibility for the.study of integral. equations. One difference
betwein the case treaied here and. 

-the 
prev"iously- discussed exâmþles is

that the functions in, C, arc defirred'o11 a 'non coinpact sct, R*, having
,irrfinitc measrrrc.

' 
l' I :

' ,,:-,, 2. T'rre attjoin_t utl:r"r.:-:. ., .,., , 
t 

,,,.
I.el X +Ct, aîð..let I be the opèrator defined:by Eq; (7): and (i),

(ii), (iiÐ. Then X' : NBV\}, oo), rvhere u e NBV]O, *) if u is of bounded
variation on [0, co), zl0) : 0, and.u 19 Sontiguouç frgm the right. That 1s

(B) a(t ]_0):a(t), ¿ e [0, co).

æ

i
0

I "('i d,(r'a)(s) :
0

k,(s,u)xþ,t)d,wcla(s), x e X,a e Xl
. .. 

., i :

\\¡e arbit¡arily fix n e x' and seek'(T'u)(t). This is done by applying Ec1.
(12) to a convenient sequence of func.ions jn C, and taking the appropriate
limits.

Ìior any ( = [0, oo) and A( > 0, clefine the sequence of fuuctions

0for0<s<(

@r,^r, r(s) :
(nlL()(s - () for ( < s < (+ LCln
lfor(-lLUn(s((+A(
1 - (' -.( - A()nl\( for ( 1- A( < s < (I LCln
0 for ( + 

^( 
+ LCln < s { co.

Also definerl ì ' _

fOtor0<s<(
{tto'(<s<(+^(
l0for,E+A(<s<co

tÞq, ¡c(s) :
:,;i.,ji:,l ir' :'

Note that Oq,,tq,,, * @C,¡(
Qq,4 É C,. I{ou'er.et, each

pointwise on [0, co), but not uniforrnly, and
@ç,tç,u = Ct for n :1,2, ... and

(13) I

-' ì l: 'r ': '- ?'t'".'' " t:l''' !

rDq ,\6,,,(s)l(";u)(s) I lu,', wlar,or,,,1U¡ d,w, d.u s

The left side of'Eq: (f3)
sum of three integrals, I

, which we denotê' by 'f n; cârr be written as the
t, Ir, and 19, where the latter are the integrals
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of (Þ6,aq,,¡ ovef the three intervals on which it does not vanish iderlticalll''
Then

l11 
t" : (T'u)(( + A0 - (T'l')(()'

To prove this note that

lI, - ((T'a)(( + A() - (r'u)(())l :
: lr, * I" | (T'a)(() - (T'a)(( * 

^(/ø)l 
<

lf\lln Ç lA(-l A(/tr

< ùÏ1'ál + "v(r?ri * l(r'zX() - (T'a)(C I L(ln)|,

o | (+a(

where ü / denotes the total r¡ariation of the function / on the interval

la,b). h"".rr" (T,u) is conti'uous from the. right the.last term +0 as

ìi -'*. 1itso, rià"e'(T'a) is of bounded variation too,it followsthat the
fr

function k(x) :i1r,r¡ is also continuous from the right [4]. Hence, the
0

first two terms in the above inequ Llity -> 0 as n -+ @. This completes

iftã ptoof that the left sid,e of Eì. (13) has the limit (T'a)(( + A() -
- (f'u)(() as n + @.

' To'iät " lim of the right side of Eq. (13) we tlse a limit theorenr for

Stieltjes int"fiils 14, p. 232). Let
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Let Mt : sup lh(")l' Since h(s, u) '-+ h'(u) uniformly on compact
ae 10,( F2A(ì

intervals, ifri.iè 1-tittt Mr) 0 such that lh(s, tt') - h(")l 1Mz on

t0, *) x [0, ( + 2^C]. IIence,

Itlq,o<,,(s) - rt,a((t)l < Mr2L'(lro I M'2\'(ln'
,l.hat is, the convcrgence is uniform as claimed. Taking thc limit inside

thc integral gives

(14)

rst equality in Eq. (11), since the
laced-by I'because h(s, u) :0 for

tinat T'a is absolutelY continuous
t is the integral of its derivative on

[0, -), and the derivative (a.e.) is shown to be I U(t, u)fu(s)' Actually,
¿

the calculations are done only for the right derivative, with the result
for the left derivative following imt" 

T; p;;"" absolute conti " lì(s,_y)l is uniforml. bounded
by sor,r"' M > 0 on sets of X [0, l0] by (ii), where the
ú depends or-, r0,. I,et E> ø, 1bt1clz1"' 1en4

> ir, < lo with Ë tU., - oo) I $ : el(M iu), it follows that

f,i6'r¡10,) - (T'r)(o,)l - Ëi=¡ í:r

T:
(T'a)(( + 

^() - 
(?"u)(() : \ \ k(s, u)Qa 6a(u)d,u ctu(s)

00

* l'i

I I o,', u)d.u d'a(s)

ooi

i iutr, u)Qa ta@) d,u d.u(s) :
))
00

-i
0

: 
iu,,, 

() d.u(s): iu,,, -() du(s)

rO

ï<, ¿c, "(s) 
: k (s, u)Q a, 6a,,, (u) d,r.t'

and

ls, aq (s) : h(s, u)Qa,s@)du

We show \r,,t(,u + I(,4( uniformly on [0, oo), which u'ill a1low thelirn to

be taken inside the first integral in the right side of Eq' (13)'

Irlç,¡q,,(t) - r¡q,ac(s)l ( lh(s, u)ll0ç,s,,(u) - @a,aç(u)l d'u <

lk(u)flAç,or,"(u) - aa,6ç(u)l d'u ¡

+ lh(s, u) - h(Qlaç,tc,"@) - Qa,6ç@)l d'u'

ûf,@

<VuMD(¿, -a,) l VulV/à:e
o -i:l 

0

which establishes the absolute continuity.
Xo obtain the right derivative of- 'f'a we shorv that

lim (1/40
AÇ+0

(ls)
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the last equality holding since À(s, () : 0 for s < (. I,ct
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ò(^() :
æs@

Itrlr<l l/r(s, 
ø)o, 4@) ctu auls¡ - tn100t

()d, s

ln@) -.4(0i < e for ot = [(, ( -l- A(]. IIence, if 
^( 

< 0(e), either s < S
and lh(s,u) -- Æ(r, ()l < e/3 < e, or s ¡ S, in rvhich case

lh(s, u) - A(', ()l < l/¿(s, u) - k(u)l + lh(u) - å(()l >
I lå(() - À(', ()l < "/3 1- ,13 f ./3

which gives the desired result that.¡(s, 
^() 

*0 uniformly in s as A( +0.
'lhis completes the proof that the right derivati.r,e of T'a at ( is

Sirrce (Þ¡,6q (") :0 on [0, s] for .s < (,

(16) à(^() : I{ttlr() lat', 
u)Qr. x@)d.u - a1s, <¡}au1s¡

q0

Ø Ø

À(s, ()du(s) : k(s, ()clu(s)

(+a(

l{(
(

rl
^()

å(s, ø)Oq,¡q (u)ehr, - /e(s, _()
ì

I
rJu (s) + rt follos's in similar fashion that the left derivative is the same. rrencc

Ø (+a(

t I I {trlncl i o,', tt')d'u -,Þ(', 0}d,(s) 
|'(+a( 

C

We can asSurne each A( ( 1, and let

M¿. : sup lh(s, u)1. Then, the first terrn in inequality (16) is
t(, (+llx to, (+ll

(+a(
bounded from above by 2fula V z which ¡, 0 as A( =t 0.

'lo shorv the second term. -+ 0 as A ( ,-* 0, note that it is bounded by

l.Ø

(l-'u)(t):51 u,', () d.u(s) dC :\5 u(', ,) cta(s) d.e

0( 00

Q.E.D.
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( +A(
Jæ

which can be made arbitrarily'small for small enough A( becaues Vu (
ó2( V u ( oo, and the first factor can be made small as we now sholr'.
0 (+^(

r,et 1(s, 
^() 

: 
ltrln<l i o(', tu)d,u - A(', g 

l 
<' i

t
1.,':

' [+a('
< (1/A()-l 

.tnt', 
u) - kis, ()ld.u : j

(

I.et e ; 0. Sincc h(s, ot) -+ h(u) uniformly cn t(, ( + 11, there exists
S(e) such tlat lÀ(s, u) - h(u)l < r/3 for all s > S and u = [(, ( + 1].
Furthurmore, À(s, ø) ís uniforurly ccntinuous cn t0, S) X [(, ( fl], and
h(u) is ccntint'cus on [(, ( +1-ì.,Ifence, there'exists 0(e) such that A( <
< 0(') impJirs lh(s,u) - À(r, ()l <./3 cn [0, S] x [(, ( + A(] and
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