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1. Introduction

In the preceding article [1] the authors rcsearched a method of con-
structing the general tangential contact charts of the functional relation
Fraa(ty, by, t5) = 0, where Fi5 is a real continuous function of three real
variables #;, ¢, and #;.

In this paper we treat, as a natural extension of the above tangential
contact charts, the tangential contact circular charts of the general func-
tional relation of four variables Fiaq, (£, 2s, £5, £4) = 0, in which the curve
of solution is a circle, that is tangent to the respective curvef; (¢ =1, 2, 3, 4).

Furthermore, a double tangential contact circular chart of six variables
of which functional relation is represented by Fiy ... {8y, fo ..., 8g) =0
is also studied.

2. (eneral Theory of Tangential Contaet Cireular
Charts of Four Variahles

Given the general functional relation of four variables
(1) ' F1234(51: Ly, g, t4) =0,

where F,4, is a real continuous function of four real variables ¢, 5, £5, and Z,.
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Now we try to construct the general tangential contact circular charts,
where a circle of solution C tangent to curves ¢ (¢ = 1, 2, 3) of the ade-
quately given families of curves (¢) (¢ = 1, 2, 3), respectively, is also tangent
to a curve #; of the fourth family of curves (¢,), and where thus obtained
value £, is a required solution of the given functional relation (1), ¢, ¢, and
t, being known.

Consider adequately the following three pairs of parametric equations,
involving the parameters ¢, and o, (z = 1, 2, 3):

(2) @) 2% = %t ), i =yl ) 0 =1,2,3),

where «; represent the curve lengths of f-curves, respectively; and we
assume that x;(¢;, «;) and y,(¢;, «;) are continuous functions of #; (+ = 1, 2, 3)
respectively ; and also that they are of class C2 with respect to o; (1 = 1, 2, 3).

Now let the equation of circle of solution C be
(3) K(%, vty by, t5) = 22 1 y2 4 20(ty, &y, t)x + 2f(t4, by, E3)y -
+ oty by t3) = 0,

where g, f and ¢ are undetermined functions of £, £, and #;.

Then as, in our tangential contact circular charts, respective curve
t; of the family of curves () expressed by (2) contacts with the circle of
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solution expressed by (3), by the contact of the 1-st order, we have the
following three -conditions according to the theory of contact of two plane
curves in the theory of classical differential geometry:

4) - Wty Ly by ) = K(%(4, ), ik, o) 5 by, te ty) =
= x2(t;, o) + Vit w) + 280ty ta)%; (b o) +
+ 2f(ts, b, ta)yilti ) + C(ty tos ba) = 0

G=1238),
w0 S L) A N aliyard s g vkt it 1
) 2 Aoy %(ts o) Ao, + yiltis ) da: + g(ty, ¥ L) Py F
+M%m?=0@=wm,
o
1 O™y, by By o) [O%)2 dyi)2 x| i,
(6) ;”_TE——__EE)+tﬁ)+x%@*ymg4
0%%; 0%y,
+ g(tl’ tz’ t3) é% +f(t1; t2; ta) —0%2 T 0
(=123).

Solving the above system (4) and (5) with the unknowns g, fc; oo
(=12 3), we shall have the forms of the following solutions:

(7) g =gt tats), f=[flUutnty), ¢= c(ty, to ta) ;
(8 o = oty Loy by) (0= 1,2, 3).

Then the equation (3) with the coefficients (7) is the required equation
of the circle of solution C tangent tothe curve ¢ (1 = 1,2, 3) of the family

of curves (£;) (¢ =1, 2, 3), respectively.
Now assuming that

©)

0F1234(t1, t2' tﬁ’ td)
ot,

£0

in (1), and solving (1) with respect to f;, we get
(10) ty = Dby, ty, ty) ;

and substituting this expression into (3) with (7), we have again the equation
of the circle of solution, of which new coefficients g*, f* and ¢* consist of
independent variables ¢;, £, and ¢, respectively, ie.,

(11)  K*(x, y; ty, ty, ty) = 2 4+ y* + 28%(t1, o ta)x + 2f*(ty, Lo L)y +
4 c*(E1p tats) =40,
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Putting #, .= £”(= const.), #, = £{’(= const.), we obtain

(12)  K¥(x, y; 69, £y, 100) = 22 4 y* + 2g%(0, £y, 10) x + 2F¥(H0, 1o, 80 y +
4 (O, ¢, 1) = 0,

which represents a family of circles of solutions, with a parameter ¢, tangent
to the fixed curves #” and ¢, respectively ; therefore, #-curve and #0-

curve must be the envelopes of this family of circles, respectively.

In fact, assuming that the above family of circles (12) has two envelopes
A% and £, and that the function K* is of class C?, we differentiate (12)
partially with respect to ¢, that is,
o Of* 9C*

(13 0 % N
) oty it aegy F oty

:0'

then both (12) and (13) express the parametric equations, with a parameter
t,, of the envelopes of circles of solutions, representing both #9-curve and
#0-curve. (The sufficient condition for the existence of envelopes is well-
known [2]).

)
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Hence eliminating ¢, from (12) and (13), we have an equation of the
form

(14) E(x, y; 19, 1) =0,

which may represent #"-curve and #0-curve as the envelopes of circles
of solutions.

“Assuming that E is a function of C?* class with respect to #9 and Q)
and that

onE(r, y; £, 1)
(15) —0,
ot o)

we can factorize (14) as a product of two functions Yo, v B0, balx, v 5 80,

- that is,

(16) E(x, y; tO, 80) = by(x, 55 80) - bal2, 55 1)
Therefore, we have

(17) (1) dalm v 8) =0,

(18) (1) :  dalm v £0) = 0.

The curve, expressed by (17), must be the same to a curve #0), expressed
by (2) for ¢ =1, and hence (17) may be rewritten as

(19) Gy, 5 80) = {x — 22(t0, ) }{y — (), o)}
Next, writing as £, for #? in (18), we get

(20) t): dalw v ty) =0,

and this is nothing but the required equation of the fourth family of curves,
and may be expressed, by the parametric representation, as

(21) (a) :

where a parameter a, represents the curve length of #,-curves.

Finally, we have obtained the following four paits of parametric equa-
tions, representing our tangential contact circular charts of four variables:

(22) t):

%y = %4(ls, %g)s Y= Valta AR

% = %t w), v = 3l %) (=1234),

3 — L'analyse numérique et la théorie de l'approximation — Tome 4, No. 1/1975
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where those expressions for 7 =1, 2, 3 are the same to (2), and one for
i =4 to (21).

Remark 1. Four special cases of tangential contact circular charts,
when # families of curves are degenerated into # curvilinear supports, where
n =1, 2,3, 4, respectively, are easily obtained from our theory of this
section (Fig. 3 — Fig. 9); and the case for #n = 4 is nothing but the Ogura’s
concircular chart (Fig. 9) [3].

Example 1. Construct a tangential contact circular chart of the
relation

(23) g, — gl g f

Let the parametric equations of (f;)-, (fs)- and (¢3)-curves be
(24) @) %= w2 y=aly2+4 ((=1,2);
(25) (ts): %3 = oa/a2, Y5 = — aafaf2 + s

where o; ( = 1, 2, 3) are the curve lengths of (f;)-lines (1 = 1, 2, 3), respec-
tively.
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Putting cz,;/\/f?:: B, ({=1,28) in the above expressions, we have
(26) (t): 2 =Bu 3 =8 +8 (i=12);
(27) (la) : %3 =B, Ya= — Bs + 1a

Substituting (26) and (27) into (4) and (5), we get the following system
of cquations with wnknowns g, f, ¢; By Ba Ba:

(28) B+ (B -+ 82+ 2B +2B +8)f+e=0 (F=12),
(29) B + (Ba — t5)® + 2Beg — 2(Bs — ta)f + ¢ =0,
(30) B+ (B +t)+g+f=0 ((=12),

(31) Ba+ (Bs—tg) +8 —f=0;

and the condition (8) is satisfied.

Solving this system simultaneously, we get

g = %(t;—tz): f= —El(t2+t3),
(32)
¢ = %{(t1 F by — 24)% - Stoty),
of,
g =ty —t) f=— i+t
(3 ; :

1 |
€ =g {(ty + to — 2t5)* + 8Btilg}.

Hence the cquation of the circles of solutions. (3) is shown by
(34)
- 1
a3 4 (= )y — (G + )Y + s {(ts + 22 — 24)* + Btata} = 0,

e
K2y (b — fy)x — (t + ty) y é {(t 4 t2 — 2t5)% -+ 8tyts} = 0.

Tirstly, we treat the first expression (34).
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Solving (23) with respect to f;, we have
(36) ly =1t — bp + ta

and substituting this expression into (34), and then putting ¢, = #{%(= coust.),
l, = tg")(: const.), we get

(37) ﬂ+yh+m—w%x—@@+ﬁ%y+%{wﬂ—g+2WV+

+ 40} = 0.

Differentiating (37) partially with respect to t,, and climinating £, from
thus obtained cxpression and (37), we have

(38) E(x, y; 0, 1) — 352 4 3¢ — (4x + 19 — £) & — (0 + 1)y
+ 8% = 0.
It is easily seen that the above (xpression is rewritten as
(39) E=(y—x—t)(y+%—t) = 0.
Hence, from (39), an expression of straight line
(40) y =x+

shows one envelope of circles of solutions, and this is nothing but the
expression (24) for s =1; and also an expression of straight line obtained
from (39)

(41) Y= —x + &

represents another envelope of the same circles of solutions, which is just
our required fourth curve £ of a family of curves (t,) (Fig. 10).

Replacing # by ¢,in (41), we have a parametric equation of the fourth
family of curves (¢,) as follows:

(42) (t)): x%=Bs Ya=— Ba -+ la

where By = a4/4/§, and «, represents the curve length of ¢,-line.



[ CIRCULAR CHARTS 41
e 13
40 KATUHIKO MORITA AND OSAMU SATO 12

ain B, = oc,-/\/z and o, represents the curve length of #-line, respec-

3J
st remark here that the second expression (35) is not satistied
10 (15), and therefore we cannot obtain the second tangential
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X Firstly, for the first expression (45);,, we assume the following three
”0:‘:"“”" z‘“”"""”‘ pairs of parametric equations adequately, as similar as the case of (2):
00‘00000’4?00000000 (46) @ %= nla) n=yln) (=129

”“" ‘” "‘.”:::’:’ Then, from the theory of the preceding section, we have the following
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’I‘ ”“"”".""”‘ Thus the first partial chart has been drawn. : '
.‘:”.’:’:’:’:’3’:‘:0’:‘:”0‘ And then we again assume the following three pairs of equations ade-
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fourth family of curves (#,), which need not have the values of indices:

quately for the second expression (45),:

(48) @) % = %ty o), 3 =yl o) (=0,45),

Fig. 10 where the above expression for ¢ = 0 is, of course, identical with (47).
Hence our four families of curves consisting of tangential contact circular Herce, again from the theory of the preceding section, we finally obtain
charts are shown by the equation of the sixth family of curves () as follows:
(26) ) % =08, ¥»=0+4 (t=12); 49 PY ow o — v lh &
(43) ) =0, v= B+t =34, 49 a) : %o = alle, ). Yo = allor o)-
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Expressions (48) together with (49) is the ones of the second partial
chart, and both the first and second partial charts consist of our required
tangential contact circular charts of six variables representing the given
functional relation (44). ;

Method of solution of this double tangential contact circular chart is
easily seen in Fig. 11.

Example 2. Construct a double tangential contact circular chart
of the relation

(50) ty— by — bty =15 — g
Rewriting this expression, we have
(51)1 by — by =13 — Lo

(51), el gt o s

where ¢, is a parameter.

(tg)
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As these expressions are similar to the expression (23) discussed in
Yixample 1, we easily have the following seven pairs of parametric equations:

(52), ¢y % =8, vi=0 + 2 (i=12473);
(52)2 &): % =8, v=—8+4 (=03 6),

where B, = ak/\/2 (k=0,1,2 ...6), and «, represents the curve length
of t,-line, respectively (k=0, 1, 2, ., 6).

Fig. 12 is thus obtained double tangential contact circular chart of
(30), and it shows that when 7, = 9, ¢, =38 t,=71t=—2t;=— 10,
the required value #, satisfying (50) is t, = — 7.
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