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Astlreseexpfessionsafesimilaftotheexpres.sio[(23).disctrss,edin
ti*^-õr"'i,;"-Ãii,iir"u,," itrã iolto*ittg seven paiis of parametric eqttations :

(52)' (t,): x, : þ¡, )'¡: Þ; * t, (i : l' 2' 4' 5);

(52), (t¡): x¡ : þ¡, !¡ : - þ¡ * ti (i : 0' 3' 6)'

, and oco represents the curve length

'i"6ìg"rrtiut 
contact circular chart of

b:3, t":7, t4-- -2, t5: - 10,

s to: -7'
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ON THE BEST APPROXIMATION IN METRIC SPACES
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I,et (X, d') be a metric space and øo a fixed point in X''l'he set

(r) xf : 
{1, 

x ' n, ',Xyt!JT#l < *' f (xo) - 0i'
r'YeX

r,vitlr the usual opefation of addition and. multiplicatiorr by real Scalafs,

normed by

(2) il/il":'tr,t+#,.f =xf,
v,!ex

ìs a Ilanach sÞace (even a conjugate Banach space [2])'- - 
d;,p.lä xtt'plays, rvith iespectto X, inmanyways, the salne role

as the conjugat" ¿i oi a normed linear 9Pace. -E' s'ith respect to E' In
îftf. p.p"t Ç3 gi.'" further details in this direction'

ßo, Ø+YçX and x = X r've denote by ct(x' Y) the distance f.otn x
to Y, i.e.

(3) d(x, Y) : Pl d(*' Y)'

Proposition 1' Let Y Cx' xo eY øncl' %t e x -Y such tlt'øt

(4) d(x,,Y):q>O'
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)-) - l(r', l')l

COSTICÃ MUSTATÃ

d(x', Y)

îø;n¡

Proof.
S Vllrd(x' Y)
'l'herefore

d(*,.f( ')(0)) >
tÍØ)l
ll/llx

and. thc proposition is Proved.
D e f i' i t i o " T.'Á subsetY of the metric sþacc X is cnllcd þroximinal

lf for caerj' x €: X llure is ttto elcnt'ettt lo e Y su'clt' tltat

(11) d(x, Yo) : d'(x,Y)'

rifying (11) ls wnique, then tlt'e set Y^
yi arî¡iyine (11) zt cølled el'em'ent of
Y.

- {0}. If for caery xe X -tt-tr1O)
thøt

(r2) lf @) - f(Y,)l : Il/ll" d(x, Y.),

th'c ":'in!.'¡¡-rr(0). since¡t-rr(0) is closecl it follorvs that 0(

of ,ì (12¡ holds. Then fôr er';crv y e /( -t)(0),

ilfir _lÍ@)-f(ùl>
ltJ ttx - d(x, y*)

For every y e/-\(O) ancl x e X, V@)l:lÍ@) -f\)l=

:

I

i

l

I

l

l
:

I

Then there is f e Xf suclt tlt'øt

(5) Íl' :0, .f(*'): l, ll/lh : i'
Proof'Werl,illshoq,thatafunctionrviththerequiredpropr,rtics

is given by

(6) .f (*) : L aØ,v)'

rrrdeed, -f(*o):0' because %o e Y' For x' z e X rve have

ld'(x,V) - d(z,Y)l < d'(x' z),

and b1' the clefinition of f , it follows that

(7) ll/ll"s It*
Sincc d(ør, Y) : q ¡ 0, thcrr 'î lrt'rt'
d,(x,, y-\ -, d(xr,Y) whcn )! -> (n,

"g'tËqítän"" 
oî ttãtttttl nrrru'bcrs {rzu}'

Then
tf@) -

d(*' v)

l

itl(),n ¡,

d(1,,,r' lxt)

F'roln the above ineclualiti' rve obtain

(s) llf ll, z L'

Rv (7) and (8) it follou's that llfll*: I ' rvhich completes the pr<;of o1'

the propositiorr.

!'or / = Xf we denote

(e) ./(-r)(0) : lx = X, f (x) : oj'

P rop o siticn 2. Let f = Xf - {0}' Tlt'en'

(10) d'(x,ft-1t(0)) = T#'
fot'cucr1'xnXl

that is
I l@) I -- l/(ø) I .

d(x, Y") -- d(*' Y)

,I.lrercfore, tt(x, y") < d(x, y) and, taking the infimum relativell' to y
'uvc gct d(x, Y.) : d'(x,¡t-tl(Q)).-I" tde'f-oíion'ing piopoàlii"n we give a characterization of the elements

of best approximation.-^ -ljrn]i"tition 4. LctY be q subset 9f X ychthat.xo eY, and l_et

x e X -T. Thtt, jo € Y is qtø clement of best øþþroxím,ttt'ion for x by clc-

ttøents of Y, if ancl onl'f if th'erc is an f = X# swclø tlt'ctt

1) lfil": 1

2) fl":o
3)-lÍ@) -.f Uo)l : d\*, Yp).
l:rüof .'fi ; ¿"X - y 

^i'd'l'o = Y is an element of best approximatìon
for ø by "elernelts of Y, then frón the proof of proposition 1 it lollorvs that
the function

(13) f@) : d,(x'Y)

has ¡r,Ìi tire rcc¡trirecl properties.
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Conversely, if. f e Xf, is such that the conditions 1), 2), 3) hold, then
for every y eY,

d(*,vo):lf@) -luo)l:lÍ@) -Í(v) I s ll/ll"d(*, v): d(x,v),

rvhich completes the proof of the pr
rrop^ositio i 5. fttY be-ø subset of X, xo-eY, øncl

x e X -7. tet lo eY be an element roximation of xby elements

of Y. The follouing cond'itions a're eqx iualent :- i) lo-eY islhe only element of best aþþroxint'øtion of x.

ä) There is no y e Y, !* yo and' "f = Xf such, tloøt
a) ll.fll" : I
a) Í0') : Í(Y)
c) lf @) - "f(y)l : d(x, y).
Þrtíoj.'I,ed us suppòse-that i) holds and that there is t eY, !* l,

and f = Xf such that a), b), c) hold. Then

d(x,y):lf @) -f ø slf @) -Í(y,)l*l/(v.) -Í@l:lÍ(x) -Í(v,)l:d(x,vo)'
Therefore, I is also an element of best approximatiott of x, which condra-
dicts i).

Nów, let suppose that the condition i) is not accomplished. Then thcre
is y e Y, i* Yo such that

d(*, Y) : d(*, !o) : d'(x,Y)'

By proposilion 4, there is Í = Xf such that ll/ll" 
= 

l,.llv..:0. and--lf(x) -:¡(y)l-: d,(x, y). From /lr:0 "it follows thät f (yò :0 :Í(y).Therefore
the condition a), b), c) hold'

I.etY çX and xo eY.I,et us denote

(14) Yr : {f IÍ = xf , Ílr: o}.

}'orr,yeXwedenote

48 COSTICÀ MUSTATÀ,

(15) cL¡(x, y) : sup
,eyr _{0}

lÍ@) - f(v)

We have the following inequality:

(16) d'¡ (x, y) < d(x, Y)'

rndeed, for all Í = Xf and for all x, y = X,

lf @) - f 0)l = llÍll* 
d(*' Y),

so that, lor f# 0,

tÍ@) - f@t
llfllx

sup Vl-l-J!^ | < d@, y)
¡-*f;'-16¡ llÍllx

sulr lÍ@.: Í(x) I a sup

¡-yt'-,u¡ llf llx ¡- rfi^-10¡

tf@) -Í@t
llÍllx

Proposit ion 6. Let Y CX .and,- yo 5Y-, * 
= 

4--Y' Tlt'en',

e Y is'an element of best øþþroiimation foi x by el,ements of Y i'f and' onl'y

4

and.

Therefore

d'¡(x, Y) :

!o
tf

< d(*, y)

(17) d,¡(x, !o) : d(x, !o)'
Proof. I,et lo e Y be an element of best approximation for r. Then,

bv Proposition 
-4" it follor s that there exist an êlement .f = Yt such that

llÍll* :'l and. lf (x) - Í(y)l : d(x, yo). We have

d'¡(x, !o) : sup ls@)"-',euo)l 
'lf@)"-',Í(v")l: d@' yo)'

,-vri1o¡ llsllx llÍllx

and, because of drr(x, io) S d(*, yr) we have (17).' 
Conversely, if (17) holds, then for all y e Y we have:

d(x, yo) : d,yt(x, io) : stlp lf@)':f(vò I 
-

,="i10¡ llfllx
srl' lf(x)-fT)l:

¡=ori1u¡ ll/llx

ll/llx

< d(*, y),

: d'vt(x, y) s d'(x, y).

I{ence ! o e Y is an element of best approximation for ø by elements of Y

Remarks.
10. I,et (x, d) be a linear metric space, the metric d, being translation

invartant, aid xo': 0 e X. If Y is a subspace of X, then one can choose
the function/ in I roposition 1 such tlnal f = cx'where c" denotes the

ccne of subadditive function in xf, [4]. The subadditivity of function /
follows from the proof of Proposition 2.ll4l.If X is a normed linear space,

the pace of X, tlnen Proposition I holds
'"r'it 

inequality (10) in Proposition 2 can
be thã usual metric d(*, Y) :lx - Yl,
xo :0 e .Il and

y e l-1, 0l
ye(0, 1)

a e (1,101

0

t@): x
I
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'I'iren /{-r)(0) : t-1, 0] and for all v e rr2,l0),

d(*, t-1, 0l) = 1 : l/(l)l '
ll/llx

If x is a rne.uric space, Y a closed subset o1 X, xo e }" then for every

function .f = Xf of the forn f (x) : xd(x, y), À e 11, the relation (10)

holds with the sign ,,:".
rf x is u "o'-"á linear space and .f u x*' thcn (10) holds rvitli the

sign ,,:". (Ascoli's Theorem [6]).
30. If X is a normcd- lineai space and f = X*;then the conclition (12)

is ecluivalent to :'(J)' There is øo = X suc-þ !¡ltlÍV')l : ll/ll'll*oll'-.
Ìir¿""¿, since i -/(-r)(0) i Rx'i, 'foí'eveiy !,¿ X -¡t-tt(O) there is

), e Il and.'yn € /(-t)(0) such that % : lt -f Àøo' Then

lf@) - f(v,)l : lf@) - l@ - Àøo)l : I Àl'lf@o)l : ll/ll'llroll'l rl :
: ll/ll'ä* - @ - ì'xo) ll : ll/ll" 'llx - v,ll'

Ëvide'tly, i¡ f e X* C Xf, the norm (2) agrees rvith the usttal 'orrn 
of

linear functionals).
'Ihe converse implication is obvious'
B), a theore- oi i. c. JAMES [6] it follou's t]na,L (12) is a uècessary and

sufficiént condition for /{:tt(0¡ to be proximinal
40. Prop !o 'l'heorern 1.1, p. 16, .l5l and to Plo-

position 2.1i 15 is analogous tã thc'l'heorem 3.1, p.

96, [5] and

'¡gl,.EIìÞNCD
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guELQUilS CONSTDERATTONS SUR r-,,A. RESOLUTTON

AppROXIMATIVE DES EQUÄTIONS PAR L!ì PROCÉDI1

DE LA CORDE
pat

RADU POPOVICI
(Cluj-Napoca)

I,'étud.e aPProximative des équa-

tions'qui. re dé d'e la ,,corde"' Après
un pfemlet a compafaison des deux
*ètiro¿"s, 1' tes : la première contient
áes 

"onsiáérations 
sur le procédé de la corde, la deuxième étant dédiée à

1a genéialisation d.e ce piocédé et à 1a discussion des résultats obtenus'

0. soit -f : lo, å] +R irne fonction relativernent à laquelle on formule
1es hypothèses suivantes :

H::n Y; 
uut',

classe des fonctions f clui satisfont au:r hypothèses (i),
(ii) ogie, soit Ir(a, b), I"þ, b) et In(n, ó)..lcs.classes des fonc-

tio iespectiveàent, attx h,r'pothèses (i), (ii)' et (iii) ; (i)'
(ii) (ii)', et (iii)''

On a alors le théorètre:
THÍìoRilMIl 0.1. Si f = It@, b), (¡' : 1,2,3, 4), ølors I'érlttat'iott'

0,1) f@):{)
& ulrc røcine tt'nique a'+ e fa, bl.
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