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1. We consider the n-th order linear homogeneous differential equation

(1.1) X0 43", () x=9 = (, n>2,
=1

where the coefficients () « L# [@a+n), 6=1,..,m), p>1, h>0.
We denote by X, the set of the solutions of E,. (1.1), that is the set of
functions x: [a, @ + h] - R with the properties

a) x"-N(¢) is absolutely continuous on [a, a + 7],

b) x(f) verifies E,. (1.1) almost everywhere on [a, @ + h].

The set X, has the interpolation properties DY [a, a 4 hl, v=0,1,
- oo o — 2) if for each two points a < ty <ty < a4 hand for any system

of n real numbers #,, .. ., 7, there is a unique solution x(f) « X, satisfying
the boundary value conditions
(1.2) X0 =7,  a) =v», =0, L., n—2
where v is one of the numbers 0, L...,n—2
We shall use the notation for ¢ — L, ...,n
ath
1 ;
5 (ra@ra)”, i1<p<on
(1.3) | a; ||, = a
ess.sup | a;(t) | ,  if p = o0,

[a,a+4)
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The purpose of this paper is to give some upper bounds for %, that
is for the lenght of the interpolation interval., These upper bounds are
expressed in the form of some nonlinear inequalities, namely

(1.4) ;Ai la; b <1,

where A, (1 =1, ..., n) are constants.

The criterions of this type which assure an analogous properties to the
DY [a, a + h] of X, have been obtained by several authors: see for
instance the references in papers o. ARaAMX and ». rRipraNvU [3], [4],
0. ARAMA [2], D. wiLrETT [9].

The sufficient conditions of the type (1.4) for the properties
DY [a, a + %] obtained by the method which we use below, were given
by 0. ARAMA [1] in the case # =4, p =2, A, Luras [6], [7] in the
cases # < 5, different p, and author [8] for arbitrary n > 2, p = .

In this paper we give the conditions of the type (1.4) which generalize
to arbitrary # > 2, » > 1 results of [1], [6], [7] and may be regarded
as an improvement of theorems in [1], [6], [7].

2. We need the following result of . w. Boyp [5] (see [6]) which
we formulate as

L emma 21. If y:[a, b] - R is absolutely continuwous on [a, b]
and y(a) =0, then

(2.1)

b b AR
Sly(t) 7 1y'(@) I'dt < (b — a)rb=P-0t0 K(p, ¢, #) [ S | () l"ﬂ] o
for v 21, p>0, 0 < g <2 The best constant K(p, q, ) is given by the
following expressions
a)if p>0,7r>1 0<qg<v, then

(7’ . Q)Pp 4 — -
2.2 K(p, g 1) =———LF_gore—r I(p, g, 1),
(2.2) BT (2. 2. 7)

where

B il [1&(7—- 1) + (}' "_'_)’1/'
(r =1+ 9

and
uﬂ%nzip+@:ﬁ

o Yy —
5 9

¢

}~(q+p+r/>)/fﬁ 1+ (9 _ l)t]tupﬂ dt.
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b) If » =1, then
K(p, ¢, 7) :{qq(;b +97 ¢>0
1 , g=20.
c) If g =17, then
23 K(p, v, v) = 122 [t )" -
(23) (b, 7. 1) = 2= (A By + 1, p) .

From Lemma 2.1 we obtain the following two inequalities.
Lemma 22. Ifw: [a,b] » R, w(t) = C'a, b) and w(a) = w(b) = 0,
then for 0 < g < 2 holds the inequality
b b
(2.4) ywmwvnwtgﬁ%flhb_awgwww¢,
where K(q, q, 2) is given by (2.2) or (2.3).

Lemma 23. If w:[a, b] » R is absolutely continuous on [a, b]
and w(a) = w(b) =0, then for p > 2 holds

(2.5) gmmww<K@ﬁ¢W;ﬂm“§wwmrﬂ

@

where K(p, 0, 2) is given by (2.2).

Proof of Lemma 2.2. Let #: [a, b] — R be any function absolutely
continous on [4, b]. Then w,(s) = u(a@ + b — s) — u(b) is absolutely con-
tinuous on [a, b] and wy(a) = 0, therefore from (2.1) for p =¢, » = 2
(0 < p, ¢ <2) we have

b

(2.6) (I wla -+ 0 —s) —u@)Jw(a + b —s)pas <

a

b

sw—@K@¢m[ywm+b_gP@r

Making the substitution { = a - b —s in (2.6) we obtain

|t — w1t < 0 ~ 91K (g .2 | {wei e

a
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thus for w,(f) = u(t) — u(b) absolutely continuous on [a, 8] and w,(b) = 0,
holds inequality

(2.7) Slwz(t)wg(t) vat < (b — a)K(q, ¢, 2)[Sw;2(t)dtr, 0<gqx<2

By the inequalities (2.1), (2.7) for ¢ < (a, b) we obtain

ywwwwnwt<

(2.8)

c

< (e —a)K(g ¢, 2) [ S w‘z(t)dt]q + (b — 9K(q, ¢, 2) [ g w'(t) di f’.

a

If we choose ¢ such that

§w’2(t)dt - §w’2(t)dt = % § w'2(t)dt,

a 4 a

then the inequality (2.4) follows from (2.8).

The proof of Lemma 2.3 is analogous to the previous one (cf. [6]),
therefore it is omitted.

Remark 2.4. One can easily verify that, if p > 2and w(t) 2 0,¢ < [a, b],
then the equality in (2.5) is impossible.

For p = 2 from (2.5) we obtain the Wirtinger’s inequality, namely
h

(2.9) Swz(l‘)dz Qi S w' (£)dt.

7’
N @

3. The main result of this paper is the following
THEOREM 3.1. Suppose, that
() wl) <Lt (@ a+h), 2<p <), a)<Llhath

(=2 ....1; 1<p, < ),
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(if) % satisfies the following inequality

K(q,, ¢,, 2)1% K(g,, 7., 2)1/%

(3.1 R BB sl A LD, g
17K (2, 0, 2) ]t/ SN i — 2 Ji-1/2 .
+E[ | q2 )J (Haz”p, P+ Alg) ;(i— 2) | [2%(;_2)_1] ’ ”“;Hpah) <19,
wheve
P 1-1/2q,
(3.2) il =1, 2), A(gy) = Bela — 111
Py 43 4q,

and '

Naallp lallp, (G =2, ..., n) are defined by (1.3),
K(gy g 2), (R =1,2), K(29,, 0, 2) are given by (2.2) or (2.8).

Then X, has the interpolation properties D [a, a + 4L (6b=0,1,...,2—2).
Proof. It suffices to prove that X, has propcrty D®—2 [a, a + A].

(n—2)

Let us suppose that X, has not broperty D) [a, a 4- A]. Then there is
a nontrivial solution #(f) & X, and there are the points ¢, ¢, (a < #, <
<ty < a -+ k), such that

(3.3) XO(t) = 20D (t) =0, 1 =0,1, ..., 1 —2
We denote o 4
(3.4) x0=2 (f) = (f). i

From (3.3) and (3.4) we get

S(t—s)f—sv(s)ds, (=38 ..,n; n23).

by

(3.5) a0 (f) =

G —3)1

Substituting (3.4) and (3.5) in E,. (1.1) we have

" t

V) 4+ a@)'(l) + axt)ot) + 2 a;(t) -

e e

*) In the cases # = 2, § the left-hand side of (8.1) we treat as the sum two ot three
first components, respectively,
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N{)ultiplying the above equality by v(¢) and integrating from ¢, to ¢, we
obtain

(3.6) S,v’z(t)dt - S‘ul(t)v’(t)v(t)dt + S :zz(t)vz(t)dt T

4H 1 I

!

n E S#(‘;“ o(t) S (t— s)i=3v(s)ds dt.

i=3
b

Applying Hélder’s inequality with indices P12 2, g1 = pif(p; — 1) to the
first integral on the right-hand side of (3.6) -and with indices Pe > 1,
72 = paf(p2 — 1) to the next integrals, one has

f”'z(”)dt < [ S |y (£) P+ dtJW‘ [ §]v'(¢)v(t) ]%dth‘ x

h 5 1y

ts 4

(3.7) + [ {lasyp at] ™[ (oo dtJ‘”‘ +
b [ :
i 1 1/p, Al 7 1/q,
+ X [,S ]at(t)fi’edt} [ §|v(t)iqﬂ lJtS (¢ = sy=ra(s)as [* )™,
From Iemma 2.3. and Remark 2.4 we get
s
@8 [Stetopan < 2 [FEELDR e, g1,
h

and likewise from Lemma 2.2 we have

B9 [ f@owima™ <Koty 1< g, <2

where

AL S‘I?v’ﬂ(t)dt.

h
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According to an inequality of A. LUPAS [6] (see inequality (24.3)) we nia
write

t 3

(3.10) [ S|v(t) S v(s)ds

I 4

" < Hen B, s .

2

By Hoélder’s inequality with indices 2¢:/(29, — 1), 2¢, from
!
() =H(t — 5)~%(s)ds, | i=4,..,m te [l 4]
f

follows

2 t
L-(t) < [ S (t = 8)2%(1'—3)/(21],—1) dsr—lﬂqa[ S | o(s) [20 ds]qu _

{h ;
t 1/2

= Cilg(t — tyi-r-uen [ { lv(snws] "
[

where

() = | =1 -,
C1(92) ’242“ i 2} . 1] » ('L s e ey, %).

The Schwarz’s inequality vields

§[’U(t)|‘1¢ [L; (t)]% dt]l/qz <

t

Iy=

b fy !
< Cilgy) | [ € — e ] | oo o fo(s) o s at) ™.
I ; ;

Hence, we have the inequalities

3

L < ClgaDla s — =2 o) dt]"“‘, (i=4...n),

f
where

Di(gs) = [4gs(6 — 2)1-120, (1 =4, ..., n).
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Finally, in view of (3.8) we obtain the estimates

K(2q,, 0, 2)7Ua .
B L<g [T CaDig e — et ),

Now, if we insert the inequalities (3.8)—(3.11) in (37) after dividing with
J. J >0, we have

t

D SRRl g — o[ (el de] ™

4

U]

+§F@§ﬁrﬂa—mWMUmwm4m+
[

f
+5@@WW@—mwmumwmﬁm+
TEE
h

n .
K(2¢5, 0, 2) Ut~ 1 i—2 ]1—1/24. (ty — t)i=1+ 100
-1

1
+5A@”[ 2 fﬂu—mJ%u—m

fs

[S | (2)]7+ dtfm'

f1

We observe that

1 i —2 1—1/2¢,
Ci(g2)D;(g2) = Algy) PR [Qqﬂ(i —2) — 1] '

where A(g,) is given by (3.2). Since £, — ¢, < &, then

fs

Uf"hwﬂ‘%jp@wvﬁrmShwf%?”@mvﬁrh(i=1'“”"x

where p = p, for e =1 and p = p, for i =2, ..., 4.

A e e

L5
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Therefore according to (1.3) we get the inequality

K(g1, ¢, 2)Va
2

K(2g, 0, 2)

1<
2

laalla + 5 [ ] haallp e +

K(qy, qq 2)1/02
= sl A -

1 K(2g,, 0, 2Tt g~ 1 i—2 1-1/24, ;
+ 5 Alg) [ ) g;hJﬂbm_m_J a1,

which is a contradiction with (8.1). This completes the proof of Theorem 3.1,
Remark 3.2. Since

4

n2

K(2 2, 2

hence, in particular, for p, = ¢, = 2 the condition (3.1) takes the form

Halerlak_}_2Ha:r|:zh3+
(3.12)
1 [K(4, 0,272 . 394 " . i o | 1.) ,
+2[ 2 ] (”azllzh +(z) ;:4(i~2)![4i—9l llaillah'| < 1%),
where

K, 0, 2 15
T(1/4)p

The inequality (3.12) in case » < 5 may be compared with the inequalities
in [6], [7].

THREOREM 3.3. Let the coefficients a,(t) « L*(a,a + k), (i = 1, ..., n)
and h satisfies the following inequality ! 23

1 1., B Fillasl o,
(313) 7 h”“l“oo + ;k ”ﬂz”m + 22 ’;3 (i3I @56 =2 56 =2

< 1%,

where ||a||e, (6 =1, ..., 1) is defined by (1.3).

*) Compare the reference mark in Theorem 3.1,

7 — Mathematica — Revue d’analyse numérique et de théorie de 1'approximation — Tome 4. No. 2/1975
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Then X,, has the interpolation properties DY [a, a +h], (v=0,1, ..., n— 2).

Proof. We show that X, has property Dy~ [a, a + %4]. Suppose, that
X, has not this property. Then taking into account that L*(a, a 4+ &) C
C L?(a, a + %), we may apply Theorem 3.1. Therefore by Theorem 3.1
we may write the inequality

Ko 2. B0 g KO0 g e -

(3.14) .
1 [K(2¢. 0, 2)]1/a 2 - 1 i—2 ]l—l/2fl ) . h') 1
3[4 (”“2”"’” A% i lagmn ) el > 1

where 1/p + 1/g =1, p > 2, A(q) is defined by (3.2).
From (2.2) we get '

(3.15) K(2q, 0, 2) = £2% (1 + 1/g)- 1(2g, 0, 2) 2,

where

1
129, 0, 2) = S (1 — )= V2 fu2a—1 gf =

0

T(1/2Q) T(1/2)
T'(1/2 + 1/2)

likewise
(3.16) K(g. 9.2) =211, ¢, 2

where

1

1(g . 2 ={[1+ 5= 24| 7 11+ (g — Dt
0

Ona can easily show that

(3.17) lim I(g, ¢, 2) = 1.

g1+

In view of (3.15)—(3.17), (3.2) and taking into account that for a,(f) =
€ L*(a, a4+ h)

@l = lim |[a;][,, (=1 ..., 1)
p—0

T

=
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and the fact that I'(«), (« > 0) is continuous, we conclude from (8.14) that
1 (Hallo? sl
Ef——+3 |+

2 72

(3.18)

K(2, 0, 2) e 1S5~ 1 i—2quz
tE=E=— (Hﬂzilmh +3 ;(i—Z)l[Z& __5] H%Hooh) > 1.

Since
K202 =24,

it follows from (3.18) that

Madle — Bllaglly,

4 2n?

13- Wil o, ) > 1
201 (i — )Y (2 —5)(F — 2

This contradiction completes the proof of Theorem 3.3.

+$@www+

Remark. The inequality (3.13) in the case #n = 5 may be regarded
as an improvement of the inequality given by Theorem 2.1 in paper [7]
The condition (3.13) can be found in [8], however in this paper we gave
a different proof of this theorem,
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