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1. we consider the n-th order linear homogeneous differential equation

(1.1) nø) +f,a.,(t)xø-i) :0, n > 2,

hl, 
t¿ _:7, ...,n), 1, > t, h > 0.

ns of .84. (1.1), that- is the sei of
ropefties

'Ihe set.X, has the interpolatio
. . ., n . 2) il, for cach tu,o points ø
or 1[,raal nunrbcrs ly ,.., z, thcre is
the bonlrclarl' value concliíious

(1.2) /it(tr) : r., ,v,.ù(tz) : 1,,,, i : O, l,
where v is one of the nurnbers 0, 1, . . ., n _ 2.

We shall use the notatioir for i _ l, ..., n

",4t , tù 
- 

A,

I't'tslitutttl de Tehnicã de Catcul
Filiala CIuj-Naþocø

(1.3) ll ø,llp :
a+h

I;I a,(t) þ or)''o , if 1 < þ < æ,

î:!.:1pløJt)l if þ: q,
La,a+h l
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The purpose of this paper is to give some upper bounds for h, that
is for the lenght of the interpolation interval, These upper bounds are
expressed in the form of sone nonlinear inequalities, namely

(1.4) Ër, lla,ll¡k¡ <t,
i:t

where 4,, (i : 1, . . ., n) are constants.
The criterions of this type which assure an analogous properties to the
n*) þ, a. + hl of X,, have been obtained by several authors: see for
instance the referenccs in papers o. ¿nauÃ and n. RrprANrJ t3], l4l,
o. ARAMA l2), o. wrr,r,Err [9].

The sufficient conditions of the type (1.4) for the properties
Dl! lo, ã.+ hl obtained by the method which we use below, were given
by o. enauÄ [1] in the case n:4, þ:2, a. r.upaç [6], l7l in the
cases ,, ( 5, different þ, and author [B] for arbitrary n > 2, þ : æ.

In this paper we give the conditions of the type (1.4) which generalize
to arbitrary n > 2, þ > I results of [], [6], [7] and may be regarded
as an improvement of theorems in [1], t6], t7],

2. We need the following result of ¡. ',v. Bovr [5] (see [6]) rvhich
we formulate as

L e rn m a 2.1. If y: la, bl -* R is øbsolutely con'tinuotr,s on lø, bl
and. y(a) : 0, then

(2.r)
b b þ+q

\ltVl lþ lv'þ) l'¿t " 
(b - a)t't-o-s+ùt'K(þ,r' Ò[5lv'(t) l'd't]' '

for r Þ1, þ>0,0 < q <2.l'h,e best constønt KØ,;,r) is giaen by tlce

f o l,l,ou in g e xþr e s sion s

a) if þ>0, r> 1, 0 < ø < r, then

(2.2) x(þ, q, 4 : --!-9!!- þÞ+ø-'l I(þ, q, r)-t,
\v-t)\p+q)

ultere

o Iþ(, - 1) + (, -- òltt,
' t v-t)(þt-ù i

K(þ, q, r) :

.) If (I : r, tltett

(z.s) K(þ, r,Ò : f?,(í+)" B(Llr I r, ttþ)-þ.

From Lernma 2.1 we obtain the following two inequalities.

Lemma 2.2. !f.y: la,bf + R, u(t) e CL(a,b) and, u(ø):u(b):0,
then for 0 <q <2 kol,d,s ttre inequal,ity

b) If r : l, tltetc

q4(þ * q)-0,

t,
q>0
Q :0,

I
I

(2.4)

uhere I{(q, q,2) i,s giaen by (2.2) or (2.8).

I, e m rn a 2.3. ^If -u: lø, bl -+ ^R_is øbsol,utely continuous on 1", bl
a.nd u(a.) : u,(b) :0, tlteq, Ío, þ Þ 2 holds

b6
(2.s) \t,vl tþ dt < K(þ,0,2)(=")þ,+'[\,,,u)at]ot' ,

ahere K(þ,0,2) is giuen by (2.2).

lroof of l,emma*2.2. l."t .u: lø, bl --+ R be any function absolutely
continous on_ lø, _b). Then zør(s) : u(ø + b - t) - i(ø) is absolutely cori-
tinuous oyr lg.,ól a.nd ar(ø) :0, therefore from (2.Í) for þ : qj / :2
(0 <þ, q <2) we have

l)

(2.6) ll l"@ + b - s) - u(b)lu,(ø tö - r)lod, <J'

< (å - ø)K(q, ,r, ,) [\,,,ø + b -.,) t,dr]'.

Making the substitution I : a. I t - , in (2.6) we obtain

b

I u(t\u,(t\ t ¿¿ .I<(q' q' 2) h - o.\l I
J 

*\-i * \./ vvv \ 2q 
*,1,)

q

dtu',(t)

ancl

\ f"Vl - u,(b)Jr'(t) o dt < (b - a)K(q, q, z)[\"I(þ, ,r,rf - \[t +
0

r(q - r)

t'-o
- (q +þ + tþ)ltþ tl+(f-l)tltttþ tdt. c

dt''(t)
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thus for ar(t),.: tr(t) - u(b) absolately continuous on la, bl and ar(b):0,holds inequality

bh

(2.7) 
\l*,{t)*Ltt)lo,tt < (b - ø)r{(q, q, zll\*;,6atl', 0 <ø < 2.

By the inequalities (Z.l), (2.7) for c e 1o, t¡ *"obtain

I w(t)u'(t) lo dt <

5 oN rHE LËNGHT 205

(ä) h satisf,ies the follouing inequality

(s,1) '*-# l@rllp, n +!øztz-tt" lla"llp,h *

* +fPT-\f''' ^ 
(tt o,| p 

" 
h, t ¿ ø s ä ¿ 

^l 
relt - t t 2 q, 

| | 
a,ll 

o "ht) < v t,

(2.8)

then the inequality (2.4) follows frorn (2.8).

.. 'lh" proof of I,ernma 2.3 is anarogous to the previous one (cf. t6]),therefore it is omitted.

Rem,ørk 2.4. One can.easily verify tlta| if þ > 2 anð.u(t) + 0, t e lø, bl,then the equality in (2.5) is impossible.
For þ :2 fuom (2.5) rve obtain the wirtinger's inequarity, 

'amery

(2.s)
\w,(t)rtt " 

=ï\2u,, 

(t)dt.

3. The main result of this paper is the follorving

TlrnoRÞnr 3.7. Suþþose, th,at

(t) ør(t) e [-Þ,(ø,q.+ h), (2 I þ, < co), ønþ¡ e Lþ"(e,a,+ h)

(i:2, ..., n; l < þz < æ),

uhere

(3.2) ] + 1 : t, (h.: r,2), A(q,):Ei&!3_:-1.)tt-'t'n'
þ* llh \r "' 4qn

ctnd

llarllp,, llctnllp,, (i :2, ..., n) are definecl by (l.B),

I{(qo,q* 2), (h: t,2), K(2q,,0,2) øre giuetr, by (2.2) or (2.8),

Then X,,has theinterpolation properties Dp ¡a, a. + h), (v:0, l, . . .,n_2)
Proof. It suffices to prove that X, has propcrty pb'-zt þ, ø | hl.

Let us suppose that X,,has not property D!7-zt þ, ø i hl. Thetthere isa nontrivial solution x(t) = X,, and-theie are tlie'points' tr, t, (ø i r, I( l, ( & + h), such that

(3.3) st;)(tr) : fir-z) (tr) :0, i:0, t, ,.., n _ 2. I

We denote 
r

(3.4) xø-2) (t) : a(t). i

From (3.3) and (3.4) we get

(3.5) xl,-it 1¿¡:;rj,,- s)i-su(s)ds, (i :5, .,.,n; n > g),
,t 

,,

Substituting (3,4) and (B,S) in 8,. (1.1) we have

a"(t) 1- ør(t)u'(t) -l ar(t)a(t) { (l-s1;-,r1s)ds:9.

*) rn the cases ø : 2, 3 the left-hand siite of (s.1) we t¡eat as the sum trvo or threofirst componeots, respectively.

b

o 
+ (b - c)K(q, q,r¡[\r,,(( (, - a)K(q, q,z¡l\*

u"\(t)dt: ju',(t)at : +\Lu'2 t)I

,(t)dtf dt

If we choose c such that

dt,

nl

Dn,(t) - l-- (
i.=r (?-3) lJ

lr
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2ô7
ivrultþlying the abor'é eciuarity by a(t) and jntegrating from r, to tr, we Accotding to an inequality of ¡.. r,upas 16l (see inequarity (24.g0 we rìríì\write

t,

J

l.

Ii j r,nr, 
lo' 

orf''" < { (q,':v e''0" (r, - t,)z+rtt" ¡
tr

(3,6) a'z(t)dt : f ar(t)a'(t)u(t)d,t I
tr

ar(t)ar(t)d.t ! (3. r0) a (i)

D
i:3

lt I

t#+1U)\U - s)'-3,(s)tts d't.
,t lr

By Hölder's inequality with indices 2qrleq, _ l), 2q, f.rom

$nnlvi"g Hölder's inequality with indic
ri,''ï 'i"-t?sr"r'ä "t'r,9. iightlh",,J-Jü ':ì 1þlA';:;;rl¡l?,:u^"Jr:"rti:Ir: þrl(þ, - 1) to the ñext integrals, one has

Ii(t) :
lr

(l - s)t-3u(s)ds, i :4, .,., t, t e ft, tr)

follows

l.

I
lr

a',(
,, lt

t)ctt 4l\ ,,t) r' orl''" 
[5,

dt]
llqt 1,(4 < [j,, - 3)zø"(i-s¡¡12,i"-, or)'-''""1i

,' lr

a d,s
112,t,

t) Qt + s

(3,7)
- l" t

+f! ø,tt\', o,)''''l\'Þ{,)t 
^ atf'to" +

,, lr

: C¡(qr)(t - tr)i-z-t¡zq" !
lr

u(s 2q,d,S
| 12,t,

where

+
t,

Di:3 (i 3) l\ .,r,t þ"el

lol

,l''" 
[5 

rU, '" 5 
f, - s),-32(s)ds 

I'" 
o,]',,"

It l,

C,(q,) : 1 - 112q, ,(i:4"",n)

From I,emma 28 and Remark 24 we get
The Schwarz's inequality yields

I
I
,r

lu(t)p, lln (t)lo, dtf'to' <(3.8)
I
h

a(t) z0,dt
'o' . iFerytl',q, (r, - t,)t+rtt,J, rz ) 7,

and likewise from Iremma 2.2 we have ci (qr)
J
lr

(t - tr¡z't,ti-'r-' Orf'''l" 
I t

í,

t)
J

a (s)
2q" d,s dt

112q"

t.

j
l1

(3,e) u'(t)a(t)1t,A¡]t'o' * gþt!r,\rto, (t, - tr¡trø, J, I < gt 4 2,
Hence, we have the inequalities

whefe
I,

I¡ 4 C,(q,)Dn(q,)(t, - t,)r-zlj ,t¿ '0, Or]''o , (i - 4, " ''n),

J:\'o
,¡

ttlt¡dt 'lvhere

Dnkr) : lhqr(i - 2))-t1zo", (i :4, . . ., n)
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Finally, in view of (3.8) we obtain the estimates

l

l
hs

(3.l l) 1=+[K(2qr, 0, 2)

o f''o' 
r,kr)on(qr) (t, - tr)r-t ¡1¡0, r,

therefore according to (1.3) we get the inequality

t.,g#e',', llo,llr,h * +ffT2l,,o,llo,llo^h, +

+ 
riþ#42', o, 

llnullp, h, *

+ : n @ ù Iryf.pl',', ä;,),[#,fi -, t zc, 
tvtn¡, hi

which is a contradiction with (3.1). This completes the proof of Theorem3.l.
Remark 3.2. Since

K(2, 2,2) : +

hence, in particular, for þt: Qt:2 the condition (B.l) takes the form

|ø,|^h *"trlrY +

(3.12)

*+lttþ*"1'''(lo,l,h,*(+)'^äu+,1^,_:,1',^nool,n)<r*).

where

(i:4' ""n)'
No*', if we insert the inequalities (3.8)-(9,11) in (3,7), after dividing withl, I > 0, we have

I q K(q' !,' z)''o' (r, - tr)rto, 
f'\2 ' o 
,,

ûr(t) þt dt
I lþ,

+

* +[U!tt#]',', {t, - t,),+,to,l'\ ,,rr r.d.t],,', +
lr

* R(q, gy?)',0, (r, - lr)2+ tlo,l'\øruyr, ,tt 
lr,r, 

t12 
lr

+ + 
o @ l3f4 i,'^ ä ; ^[,* Å=)1 

-' t2q, (t, - t,¡t - t + r ¡ o,

l,

[\t.'ttlt'' 
at jtþ'.

t\

T

I
i

K(4, 0, 2\t¡z - 
l6n r/ã
r(r/4)I

Wtr observe that
Jhe-þeqgqlitv (3.12) in case n < s may be compared with the inequaritiesin [6], [7].

c nk,) D,(q,) : A (q,) *l#l' -','0,,

rvhere A(qr) is given by (3.2). Since t, - t, ç å, then

THEoREM S.S. !:! the co.fficients a,(t) e L-(a, a.+ h), (i: I,
ønd. h søtisfdes the following inbquølit5,

..rn)

t,

f
lL

alh
(3.13) I

4
h 4,7 æ + h2 cl'z Co + Éí:3

hillaill*
(, - s)r 4ø=Ðø=q < l*),(tr*tr¡trttå o or),,0 * I o,u) 'o','' (i : t, ' ' ', n),

T, 2n2
enU) htlP

h uhere llø,ll-, (i: l, ...,n) is d,efined, by (l.S).4

h'here þ:þrf.or i: i ancl þ:þrfor i:2,. i4 t) Compare the reference mark ln Theoren 3.1.

7 - Môthemalica 
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Tken Xnhøs the interþol,ation þroþerties Ol\ lo, d.+ hf, (v:0, l, . ..,n-2),
Proof. We show that Xo has property Dy-'t lø, a * å1. Suppose, that

X" has not this property. Then taking into account that L-(ø, a. + k) C
çLÞ(a,a +lù), v¡e may apply Theorem 3.1. Therefore by Theorem 3.1
we may write the inequality

R(q, _q,z)ttt l4rllph + K(q,:,2)',0 
llorllort +

(3.14)

* L,l'*#l','(tø,lprt, r A@þ_^ 
r +ld:;__ J,-,',0 1lø¡¡oh,) , ,,

where uþ + llq: l, þ > 2, A(q) is defined by (3.2).
From (2.2) we get

K(2q, o, r) : ry"' 0 * Uqy-' r(2q,0,2)*zt,

11 oN iHe LENcHT Zii

and the faú that l(a), (a ¡ 0) is continuous, we conclude from (8.14) that
t (lla,ll*h - llarll*¿'¡ 

-zl 2 ' .rca )-
(3.18)

+ R(2,0,2)
4

_h, + +Ð
r12

ø
(¿ - 2)t -õ llanll-hn >l

Since

(3.r5)

where

likewise

where

I(Zq, 0,2) :

ft t ¡2(:- tt tl-' lt + (q - t)tltttq-t d,t.2-q l

rq2,0,2) - 4 
"

fiå

it follows from (3.18) that

"t,,y +!# * *(r,,ta,n* t +D #) r r.

This contradiction completes the proof of Theorem 3.8.

as a J":f;å t""ä"fi¿? Jl""'l"oi"Ëri";"j, î.î,,l"rñ-"ïÞ1The 91n be found in [81, however in this paper we gave
a di this theorem.
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(l - t)-ttz tttzq-t dt - 
t(rlzq\t$l2l ,
t(Uzq -f tlzl

(3.16) K(q, q,r) :'# r(q, q,2)-0,

'I(q, q, 2) :

Ona can easily show that

(3.17) 
]i?.rt , 4,2) : r.

In view of (3.15)-(3.17), (3.2) and taking into account that f.or ø,(t) e
eL*(a.,ø+k)

llall* : lim lla'lle, (i : l, . . ., n)
þ-@ Poznøri

Pol.ønd


