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The aim’ of this paper is to prove that every dynamical system on
a locally compact separable metric space is embeddable into a time-entire
dynamical system.

Definition 1. A dynamical system is « pair (X, f), where X 4s
a topological space and f is a comtinuous function Sfrom the product space
X X R into the space X satisfying the Jollowing axioms : '

(1) f(x,0) =x for all ¥ in X
(2) f(f(x,8),s) = f(x,t + s) for every x in X and £, s in R.

Remark 1. We shall also use the expression : fis a dynamical system
on the topological space X.

Definition 2. Let L be a Banach space. The dynamical system
Joon L is time-entive if f has an expansion in series

(3) f(jbo:t):jbo-l"ﬁlt-}—j)otz—}—...—{—j}nt"—{—...

which ts convergent in novin for every real number t, wheve Py (for n=1, 2,
3, ...) are dependant only on p,, which may be chosen arbitrarily in L.
Definition 3. The dynamical system (X, f) is embeddable into

the dynamical system (Y, g) if there is an homeomorphism Fof X in Y so
that :

(4) F(f(x, 1)) = g(F(x),t) - for every x in X and t in R.

Remark 2. In this case, if we denote by g = glrxyxr, (X, f) is iso-
morphic with (F(X), g'), whichis a subsystem of (Y, g) because g'(F (X), R)=
(X). . :
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Using a theorem of BEBUTOV, E. A, BARBASHIN and ¥, A. SHOLOHOVICH
have proved in [1] that a dynamical system defined on a compact metric
space and having at most one critical point is embeddable into a time-
entire dynamical system. Our goal is to apply a generalization of Bebutov’s
theorem given by us in [8] for the demonstration of the following :

THEOREM. Every dynamical system defined on a locally compact sepa-
rable metric space is embeddable into a time-entive dynamical system.

Proof. We remind that the shift (or Bebutov) system on the topolo-
gical space Y is the system f, defined on C(R, Y) (with the compact-open
topology) by f,(%, f) = x,, where x,(s) = %(f 4 s). In [8] we have demon-
strated the following property of universality of the shift systems : every
dynamical system definite on a locally compact separable metric space
is embeddable into the shift system on 1%, To prove this, for a system f

definite on X we have taken his prolongation f\ to the one point compacti-

fication x of X and then have embedded f, into the shift system on 12,
Atter all f is embedded into a compact subsystem (that is defined on a
compact space) of the shift system on 12 Taking this into account, for the
demonstration of the theorem it is enough to prove the following.

Lemma. Every compact subsystem of the shift system Jo on a Banach
space Y is embeddable into a time-entire dynamical system.

Proof of the lemma. Y being a Banach space, the compact-open topo-
logy on C(R,Y) is generated by the metrics :

(5) U ) = sup min fmax () — y0)ly; £}

) T<0 T T

Let X be a compact, invariant (that is f,(x, {) € X for every x in X and
¢ in R) subset of C(R, Y) and denote the restriction of Jfo to X X R again
by f,. All functions from X are bounded because, X being compact, there
is a constant m >0 so that for every x e X: d(0, x) < m, therefore
#(@)lly = [l%(0)]ly < d(0, %) < m. We shall use a transformation like
Fourier’s used in [1] but for functions from C(R, Y). For this we need to
use complex numbers so that we replace Y (if it is real) by the complex
Banach space Y, obtained from Y by the extention of the field of scalars
([7], pp. 5—6). Let the set of continuous functions ¢: R =Y, for which

0
the Riemann integral f Hgo(t)”f, ¢~ dt is finit. If we define in the natural

way the addition and the multiplication by complex numbers, while the
norm we define by:

[ 0 ]1/2
®) el =1 { e, o ar J

E

we get a Banach space that we denote by N. To obtain a map ® from X
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in N we put for a x « X:

(7) (@ (x))(t) = S x(s) e == et ds.
We have )
®) I@EN@ly, < {156y, e ds < m { e=rds = m oz

so that ®(x) € N, that is @ is well defined. To prove that ® is continuous,
we consider a sequence {x,} which tends to x in X and an > 0. We
o0

may choose an n > 2T 5o that S e~ ds < —=—. Because x, — x there is
: € 8m \/rr
n
y 1 .
a natural 7, so that for every # > n,:d(x,, ¥) < —, that is for [#]< M
n

l|x, () — 2y, < % For such a #n:

«©

< {lnls) — w9y, e ds <

(9)

[%,(x) — x(s)]e~s"eist ds

lgkl'\S

Yo —o0
- c
) [s g € g * E
S; Se‘-s ds—f—Z-ZmSe ds <2—“y—;—a_—f-4m-m_—~%
hence h
(10) [®(x,) — O(*)[ly < e.
Assume now that for an « € X :
(11) S %(s) et ds = Q.
Then for every 2, ¢ in R:
(12) S x(s + Neist ds = 0,
Fix a < b and put:
b
(13) o(s) = Sx(s + n)da
a
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We have

b o
(14) S f x(s 4+ e ds - dx =0

or applying Fubini’s theorem [6]:
(15) S @(s) et ds = 0 for every ¢ in R.

It may be deduced from (15) as in [4] (p. 398) that o(s) = 0. But a and
b being arbitrary it follows that % = 0 because if we suppose x(f,) # 0
for a ¢y € R, by the continuity of x, for » = ||x(¢,)|| there is a 8 > 0 so that

te+8
lo(t) — wtto)ll < L for every te (t,— 8,4 + 3). Then 218 S x(t)dt e
14—8
1o &
e s[ x(to), %) so that S x(f)dt # 0, which is impossible. After all ®(x) = 0
lo—90

implies ¥ = 0, hence ® is an injection. X being a compact space and @
a continuous injection it follows that @ is a homeomorphism from X on
®(X) C N.

We define f: ®(X) X R - ®(X) by :

(16) FI®(x), 1] = @[ fo(x, #)].

It is easy to prove that fis a dynamical system on ®(X), isomorphic (by
(16)) with the shift system on X. Let us prove that f is time-entire, that
is the function

(17) gs, 1) = F[D(x), ¢](s)

is entire with respect to ¢ But

(18) gls, t) = S x(t + u)e—* eivs dy = ( 2 (1) e~ —17 pilo—ts dy.

The function x(u) e~(—1"eilu—tis being analytic with respect to ¢ for every

#, continuous with respect to # for every ¢, and bounded, it follows that g
is analytical with respect to ¢ (for the ordinary case this property is proved
in [5] pp. 295—296; for functions with values in a Banach space it is
necessary to verify a lot of other theorems ; the starting one is Cauchy’s
integral formula which is true in this case [3]). That is:

7o)

(19) gls, t) = D ay(s) .

k=0
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It must be shown that ¢, € N and that the series converges in the norm
of N. Firstly ¢, = ®(x) € N. Then ¢,(s) = gi(s, 0), that is

(20) ou(s) = 5 x(u) e~ eivs (20 — 4s) du

and so

(21) lea(s)lly, < m {2 S [] e du + |s| OSO em¥ du] = m(2 4 «/E - |s]).

Generally
(22) eals) = 25 2als) | w) o= et
=0
that is
(23) lealoll < 2m 22 I,l(1l) § # e~ dus = 2 P 5]
0

because

o i it h=2p 41
(24) Suk e~ du = e

0 'Zm(zib—l)!! if 2 =2p

whete by $, and P, we have denoted polynomials and by |p,| the polyno-
mial obtained from p, taking all the coefficients in absolute value. After
all, ¢, belongs to N for every natural n. The proof of the convergence of
the series (19) is the same as that of [1] (by formal changes).

Remark 3. Using the generalization of Vinograd’s theorem given by
D. H. CARLSON in [2] it follows a similar result for local dynamical systems,
The lemma may be applied also to systems for which an embedding theorem
in a compact subsystem of the shift system is proved.
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