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the aim'of this pa?çr is to. prove that every dynamical system ona locally compact sepárable metrii space is 
"mbedäabíe 

i"1o " time-entire
dynamical system.

Definition 1. þøir(X,f),uh,ereXisa-toþo!,,ogicøl sþace ønd, '¡rom'-ihá'þroi"ri iporiX x R into the sþøce ixiotns
(l) .f (x, o) : x Íor all x tn x
(2) f(f(x,t),s):f(x,, * s) for every x in X alnd. t, s in R.

Remarh 1. we shall also use the expression : f is a dynamical systemon the topological space X.
Def inition 2. Let L be ø Bøna.clt, sþace..Tr,re d.ynamical system

f on L is time-entire if f has an exþanxon rn serr,es

(3) f(þo,t) :þo*.þ,.t*þotr*... + þnt"+ ...
I number t, uhere tø: 1,2,
nr,ay be chosen arb in L.
system (X, Í) is a.ble into

øn homeomorþhism F of X in y so

(4) F(f(x,t)): g(F(x),t) . for eaery) x in X ønd, t in R.
Remayh 2. In this case, if we denote by g' :glr(ð*¡, (X,/) is iso_

i"phJî with (F(X), s'), which is a subsyst"- ór [v, s)ËäfiË,çi(;t¡,-nË
- ¿'I/\,1.



274 GH. TOADER
2 3

inNweputforaxeX

DYNAMICAL SYSTEMS 2Í5
Using a theorem of BEBUTov, Ð.

have proved in [1] that a d.ynamical
space and having at most one criti
entire dynamical system, Our goal is
theorem given by us in lB] for the

THEoRElr. Eaery cal syste
røble metric sþace is ble into

Proof. We remind that the shift
Y is def
y"fo( re
follo of
syste a

is embeddable into the shift system
definite on x rve have taken his prolongationf to the one point compacti-
fication î of X and then have enrb lz.After all / is embedded into a com
compact Jpace) oj lrr" shift system " tni
demonstration of the theorem it is

I e m nr a. Euery contþøct sr.tb on a Banach
sþøce Y is ctnbeclcløble ,into a tiut.

. Proof yI tl:y. Iemma. Y being a B ct-open topo_logy on C(R,Y) is generated by ttre

(s) d(x, y): 
?g *," {fr3ã llx(t) _ tU)|,; }}

æ

(7) (o(ø))(r) : x(s) e-'" eist d,s

-co
We have

æ @

(B) ll(o(ø))(r)llu < I llr{r)ll'" e-'" ds * nt 
\

e- s" ds n1
^1"*æ -æ

so that 9-(r) = N, that is <Þ is rvell defined. 1o prove that o is continuous,
we consider a sequence {x,,} which tends to i in X and an e > 0. Wé

may choose an r¡ ) 4 so that 
\e-"'d,s 

a *G. Because xn + x there is

a natural rao so tiatfor every ), no: d.(x,,, *) < !, that is for ll I < rl :
1

llx,,(t)-x(t)llv <1, Fo, sttchan:c 'î)

Ø @

(e) Lx"(x) - x(s)f e-" ei't d,5 I tta,{r) - ø(s)llx, ø-"'ds (
æ Y æa

I,el X be zr compact, invariant
I in R) subset of C(R, Y) and d
by f o.All functions from X are
is a constant nt, > 0 so that for

C(R, Y). For this we need to
(if it is real) by the complex
tention of the field of scdlars

uous functions g : R + yo for whichi
the Rieman' integral 

J llçØlli"e*t'd,t is finit. rf we clefine in the natural

way the addition un¿ ùi" multiplication by complex numbers, while thenorm we define by:

-; j g'- t' d,s J'2 2tn

J

e-" d,s < --j: )- Atn2l nt Bm {i È
lln

hence

(10) lla@") -o(ø)ll, < e.

Assume now that for an x e X:
@

(11) x(s) ei't d,s : g

æ

'l'hen for every À, t in R

æ

(r2)

Fix ø { ó and put

(13)

J
r(s + lt)ei't cls : 0

@

I

t
f

r12

(6) I e(t) llT e-,'dt

p(s) :Jr1'ar¡ d^we get a Banach space that we denote by N. To obtain a map (D from x
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We have

(r4)
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J J 
rt' I t¡ex, d,s . d,^ :0

rt must be shown that g, e N and that the series converges in the normof N, tr'irstly go : Þ(x) e N. Then çr(s) : gí(s, 0), that ils

ø -Ø
or appl5,ing trubini's theorem 16l :

(15) j etrl eist ds -0 for every t in R.

It-m.ay be deducedìå- trrl as in [4] (p. B9B) that e(s) :0. But a anð.
b being aútitr-ary it follo'¡,s that x-J0'^becau!e if w!'irrppo." *(tr) + 0for ø to = R, by the continuity of x, for r : llx(tr)llthere is'd ò > 0 l'o thøt

æ

(20) p'(s) : x(u) e-"" ,i"' (2u - is) d.u

@

and so

t,
t-

O ó
(2r) llp,(')ll', < ,, lul e-"'dw i 14

u7 du : m(2 + /" . ¡r¡¡
æ

-cO
f¡*ô

llx(t) - *(tr)ll < t for e\¡ery t = (to- Ð, /o + Ð).,Ihen * I x(t)dt e Generally

lol-ô ô
il æ

e$ *tt,), i)so that \ x(t)at I 0, which is impossible. After afl O(ø) : 0 (22) g,,(s) : 
_:Ð.ør{r) \ 

*t"l ¿-tt ¿ius 14h ,J1¡

implies. x:0,. h"rr"""oui.^ an injectionr { being a compact space and. (Þ
a,c_ontinuous injection it follo'vs that o is a hõmeomorþhism^fro- X_o,o(x) c N.

We define f : A@) X R :+ (Þ(X) by ;

(16) flq.@), t1 : Qlf o@, t)1.

J.t* "".ty 
t9 prgyg lhat f is a dynamical system on O(X), isornorphic (by

(16)) with tle shift systém on X. r,et us ptor'" that/'is'iime-entîre, ttít
is the function

(r7) g(s, r) : F[O(ø), /](s)

is entire rvith respect Lo t, Bttt

æ

that is

(23)
lt@

p,(s) < 2*D þr ( s ) lun ¿-,, d.u, :2m p,( , )À--0-' J

because

þi
2

if k:2þ)-I
(24) 'u'h e-" d,u - ,J;

@ O (2þ-L)| iÎ k:2p(18) g(s, r) : x(t ¡ u)e-*' eiß dLL :
J

x(u)e-@-{' ei(e-,)s du
2Þ +r

-æ -æ Whefe by þu and P,, we have denoted polyflomials and bV lþnl the polyao.
tnial obtained from þo taking all the coefficients in absolute value, After
a'77, go belongs to ly' for every natural n. T]he proof of the convergence of
the series (19) is the same as that of [l] (by formal changes).

Remarh 3. using the generalizarion of vi'ograd's theorem given by
'D. H. cARrrsoN in [2] it follows a similar result for local dynamical systems.
the lemrna may be applied also to systems for which an embedd.ing theorem
in a compact subsystem of the shift system is proved.

necessary to verify a lot of other thr
integral formula which is tru.e in this case l3l). That is:

(19) g(s, r) : Ë no(r) ,u.
,ï-0
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