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1. I,et Q q Rz a bounded domain and

(1) Lu : Auli.l2Buü,, + Cu'ri j- DuL { Fo/, I Gu : H
a.system of differential equations \\¡ith second order partial derivatives
lvith

(2) A, B,C, D,F,G e C(CI, Mrr(R)), H = C(e, Rz),

and % : ('Ltr, ur) a vecLorial-function, L!,: f) -, R2.
I,et e: (%r, xz) = Rz be so lhat w: lrlt, therefore l¿l : 1. In tS]roaN A. gives conditions to assure the validity

of maxi lus of the solution of a strong ellipticnonhom order partial differential equatiõns.fn following:
If there exist a e R, a I 0, so that foi each € = Cz(ç), R',) u,e have

(3)

then

(4)

(e, Le) ( -ø.2

l'(")l < -"" 
{Tiã 

lu(x)l, * ",'ä lø(r)l}

takes place Ior each solution u e C2(ç¿, R,,) fì C(O, R") of a strong elliptic
system of second order equations.
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The purpose of this note is to give the algebrical conditions to the

coefficients of system (1) so that the relation (3) migtrt be achieved, namely,
a maximum principle rnight occLlr.

rn this case the Dirichlet's boundary value problem possess at most
one solution. But, since F'redholm's alternatives occur the existence of
the solution ís being assnred, the solution exist, therefore, and yet it is
11n1que,

I,et us introdnce the foilowing notations :

with P(A) : (ûu - arr)z | Aarrørr,, . . and

(e)

then

(10)

where

2ao, 2bo, 2c^ t | 1(r:_:_:_ _¡r (notation and assurnption)
&tt - dzz br, - ba¿ cn - ozz

Xt: -d%u Xs: Ìl[xr, Xn: øMxz" Xu: NX,r, Xa: ØNXz

t : (xr, xr), lel:1' et: (xs, xt) : âe

ôx
"1n2 

--' l¡¿2

Tr(C)ld¡ - a(drt - d"ò - o'dtrf - Tr(B)lfr, - a(fn f,") - o'frn)

(s)

(11) M - (lfa'9)Á

Tr(A\lfr, - a(fr, - Ír"\ - e".frr) -'fr(B)1d2, - e(dr' - drr) - azdr"f¡/-
and

(6)

(1fø'?)À

f : (r, Le) : (e, Aerr) I 2(e, Berr) I (e, Cerr) !
| (e, Der) | (e, Fer) | (e,Ge).

while

(r2) Tr(A) : &n I a.", is trace of natrix A' . '.
L, : Tr(A) Tr(C) - Tr(B)'z I 0 (assumption)\\¡e seek lor tr'ax J in the following conditious :

lel : l, (e, er) : 0, (e, er) : 0,

(7) (e, crr) I (er, tr):0, (e, err) I (et, eo):0,
(e, err) l- Qz, er) :0.

After having eflected the calculations rve conclude that :

f : g¡x|* @rr l grr)xrx, ! drrxrx" I ilrrxrxo I Írrxúr -f
I Ítzxúa + ct\xrx? )- arrxrx, ! 2brrxrxn | 2b'xrx¡6 |

(6') | crrxrx¡ | crrxrxr2 j- grrx,, -l- drrxrx, ! drrxrx, I
-l f21x2x5 I,fzzxzxa ! ørrxrx, ! ørrxrx, ¡ 2brrxrx, I

| 2brrxrxro { crrxrxr, ! crrxrxrr.

Since rve har.e a problem of connected extremurn, ñ,e make use of the
lagrange's rnultiplicators rnethod. After long enough calculations we get
the follorl,ing results :

If
(B) P(A) : P(B) : P(c) : 0

For I,agrange's multiplicators r've get the following expressions

1 
- 

8zz - a2gt | ^ 
Af (d22 - dtt) * N(f"' f"\ 

Int- 
or_t 

-f ,, 
w\,.. 1) 

--tr
t ..zdn * dzt I fr, I frt , AI(drrøz i dzt) 1- N(It,a' I frr\-r* 

an_ l - 
-r--26"1¡

(13) - (1 + o'¡ 
Mz(azz - at) i 2AIN(t¡zz -- bt) I Nz(czz -- c¡) 

,' 2(o' - t)

^ o(dr, * drr) - a2d,r, -- dr, ^ a(Ir^ * frr) - a"lr, --1",

"r-T, ,it':-l 
1",

r __ Tr(A\ r _ j,.,t Þ\ , 'îr(C)
Â4: 

- 2 
, /r5::: 

- 
t t\D), /16::- 

- ,-'

Noting by f* the value of /, rve get:

Í* : M'(aav - arr) - 2MN(øbr, - brr) | Nz(øct, - cz) *
(t4) + Mld^i a(døe- d.¡r) - øgd,rrf * NlÍe, I a(Ír, - frr\ - ø'ftf

l¡aø
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Now r,ve suppose that:
grr { 0I 4gr.gzz_- (grrl grr), >0;

(15) clrrd",.(g,r i grr) - d,lrgrr - d?rgrr { 0;

drrã", - drrdr, # 0 (that is, D is nondegenerated rnatrix) .

,,- . Ir,,,o, Ír . 1) 
'lheconditio's (B), (9) a'd .(12) p1a5, the role of sinplify_

u1g the calculations that appear and permit an effective e*pressión áfthe variables.

" 
2)"conditions.(15) assure (see,.fo' exa'rple [1]) that the quadratic

ïoro. J rs negatirrely clefined, that is its naximum -is 
norrpositirie.

We have the foilowing theorem

1'HBoREnr I IÍ iL systen,t, (1) ^ sh,ong eltiþtic in d,omøin e,ä) m,øtrices A, B, C satisfy ilte relaìion lS¡, 1O¡, 1tZ¡,
äi) noøtrices D, G satisfu the relat,ions (1S),
i1r) there .is a" e R, cr. * 0, so thøt f* 4 - o.r,

tJoen

ta\x)l < -"" :l:?ã t,(*)t, å ,1:f lH(ù]

.. Rcut,ayhs .' 3) I,or thc strong
Tlrcoreru 1 gives conditions, for't
ouly relatir¡e to the coefficients of t
unit vector e r,vhich appears in the
_ 4) The Theorem 1 leads easily
Dirichlet's problern

(16)
I-u: [! i¡¡ ç¿

u, = cr(Q, Rt)
ot, : lø o1 åQ

where h=C(ðQ,Rz).
ft really takes place

THÐoREI,I 2 Und,er the conclitions of T'heorent, / frorn

5

(18)
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2. Exønr,þle I,et be system (1) in rvhich

-r,:1, , : li ål c
10

a

()

2

1

1

1

F
2

2
C: -1 3

-1 -21

I

We conclude that
(19) ø:2, L,:92, AI: - 431115, N: -9146,

f* : - 20473126450.
'We can easily find out that the conditions of Theoreur 1 are achieved,
\Ãre have therefore the following theorems

rHDoRErvr 3 If tke coefficients of systent' (l) are giaen by relations (18)
ønd, u:0,8797, tl'ten'

lu(x)l < t"""{2?ã lu(x)|, 
,--rrr"rrn-a:r 

lr1(ø)l}

where u e C2({L, R') n C(O, R'z) i's tlae solution of systenr (1).
THÐoREM 4 Und'er the conditions of Tlteovent 3 Dirichlet's þroblent'

has an un'ique solution.
Rentarh 5 In l2l C, n4iranda gives theorems of maximum for the solu-

tions of elliptic systems of second order equations r,vhere the matrices of
the terms rvith second order derivatives are diagonal, rvhile the respective
conditions are expressed by a certain vector n-dimensional.

In a next r'vork, r,ve intend. to irnprove n{iranda's results in the case
of nondiagonal natrices, and concerning the conditions, to be given only
relative to the coefficients
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Çluj-Nøþooø

(r7)
Lw :0 in f)
u = Cz(Cl, Rr) * u :0 in Q

u:0 on åOt

..- froof.llhe demonstration is obviously ha'ing as basis Theore'r 1within conditions (17).


