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1. et Q C R? a bounded domain and
(1) Lu = Aul, + 2Bul, 4 Culj, + Dul, + Fuy, + Gu = H

a system of differential equations with second order partial derivatives
with '

(2) A4, B,C,D,F,G = C(Q, My(R), H = C(Q, R,

and # = (u,, u,) a vectorial-function, #:Q — R2.

Let e = (%, %) € R® be so that u = |ule, therefore |¢| = 1. In [5]
I0AN A. RUS proved a theorem that gives conditions to assure the validity
of maximum principle for the modulus of the solution of a strong elliptic
nonhomogeneous system of second order partial differential equations,

In essence the condition is the following :

If there exist « € R, a # 0, so that for each ¢ = C?(Q, R*) we have

(3) (e, Le) € —o?

then

(4) |#(x)] € max !max |u(x)|, —12~ max |H(x)]
xeoQ o o

rEQ

takes place for each solution # = C*(Q, ") N C(Q, R*) of a strong elliptic
system of second order equations.
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The purpose of this note is to give the algebrical conditions to the
coefficients of system (1) so that the relation (3) might be achieved, namely,
a maximum principle might occur.

In this case the Dirichlet’s boundary value problem possess at most
one solution. But, since Fredholm’s alternatives occur the existence of
the solution is being assured, the solution exist, therefore, and yet it is
unique,

Let uvs introduce the following notations :

de |

€ = (xlx xz). le] =1; ¢ = (x:a: %) = —;
ox
0 o
() ey = (%5, %) = Te ;e = (%y, %) = A ;
ay 042
02 o
e1s = (%, xlo) :—8x;y ; €aq = %y, X1p) = a—;
and
(6) f = <6, L€> = <6, A311> + 2<6, Bel2> + <8_, Cezz) _'_

—l_ <3, D61> _l_ <€, F62> + <€) G€>
We seek for max f in the following conditions:

|€| . 1: <€, 61> . 0) <€, 62> N O’
(7) <£r 811> + <31, 61> - 0: <€, 612> "f— <€1, €0> = Os
<e, 522> 4 ey, €9y = 0.

After having effected the calculations we conclude that :

J = &nxi + (g2 + ) ¥1%e + duxiXy + dipxing + fur¥s +
+ fre%1 %6 + @uX Xg + a5 + 200%,%, + 26100020 +
(6") b ocr XXy CaXaXis - GonXE - doiXeXy + dppXpx,
b Sa%e¥s + fea%a¥s + AnnXa%y A AnaXaXg + 205252, +-
4 2005 %0 %1 + Co1%a%yy + Coa%p%ys.
Since we have a problem of connected extremum, we make use of the
Lagrange’s multiplicators method. After long enough calculations we get

the following results:
If

@®) P(4) — P(B) = P(C) — 0
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with P(4) = (a4, — @45)* + 4a,,a,, ... and

9 a= 2an  _ _Zwm _ _2m_ 4 4.1 (notation and assumption)

@1y — dgg Dy — bas €11 — Cag
then
(10) Xy = —AX,, %y = Mux,, %, = aMx,, x; = Nx,, x; — aNx,
where

1
2 ==
e 1+ a?

) Tr(C)[dyy — a(dyy — dgg) — a*dyy) — T#(B)[for — a(fu — fa) — a3f1s]

(1) M= (1 4 a A
N = Tr(A) [ for — a(fu1 — fan) — @%r2) — T7(B)[doy — aldnn — dys) — da’dyy)

L (1 + a%) A
while
(12) Tr(A) = a;, + a,, is trace of matrix 4, ...

A = Tr(4) Tr(C) — Tr(B)? # 0 (assumption).

For Lagrange’s multiplicators we get the following expressions:

A = gea — @%u +a M(dey — diy) + N(fae — fua) +
a® — 1 2(a® + 1)

+ a? dia -t doy + fra t+ S + M(da0® + dy) + N(f10* + for) .

at — 1 2(a* — 1)
— 2y M*ag — an) + 2MN(byy — byy) + N¥(cay ~ 011) ,
(13) (1 + a) .
. aldyy + dyy) — aPdyy — dyy _ alfia + fa) — @11 — fau
Ay = , Ay = ,
1+ a? 1+ a?
Ay = —T—”;ﬂ, s = —T7(B), A = — f’_z(cl

Noting by f* the value of f, we get:

[* = M*aa, — a5,) — 2MN(abyy — byy) + N*aci, — ¢5,) +
+ Mdg + a(deg — dyy) — a%d1p) -+ N(fo + alfee — f11) — 3%1a] +
14 a2

¥ gua — a(gu + 1) + @'y i
1+ a*

(14)
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Now we suppose that:
Bu <05 4guge — (812 + gu)? > 0;
(15) (€10 + 821) — Fhigne — dhig1y <0
dyidgy — doydyy # 0 (that is, D is nondegenerated matrix).

‘ Remarks : 1) The conditions (8), (9) and (12) play the role of simplify-
ing the calculations that appear and permit an effective expression of
the variables.

2) Qonditiops (15) assure (see, for example [1]) that the quadratic
form f is negatively defined, that is its maximum is nonpositive,

We have the following theorem

THEOREM 1 If i) system (1) is strong elliptic in domain Q,
ii) matrices A, B, C satisfy the relations (8), (9), (12),

iii) matrices D, G satisfy the relations (15),

iv) there is « € R, « # 0, so that [ < —

then

l#(x)| < max max |u(x)], iz max |H(x)|}
@t xeQ

rE60)

Remarks . 3) For the strong elliptic systems of the form (1) the
Theorem 1 gives conditions, for the validity of the maximum principle,
ouly relative to the coefficients of the system, thus eliminating that any
unit vector e which appears in the condition (3). )

~4) The Theorem 1 leads easily to the uniqueness of the solution of
Dirichlet’s problem

Lu=H in Q
(16) uw < C3(Q, R2)
# =N on 6Q

where & € C(0Q, R2).
It really takes place

THEOREM 2 Under the conditions of Theorem 1 from
Lu=01in Q
(17) u = CQ, R =>u=0in Q.
# =0 on 6Q

. Proof. The demonstration is obviously having as basis Theorem 1
within conditions (17).
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2. Example. Let be system (1) in which:
5 —1/2 1 —1 [10 —2]
A:lz 3]’ B:[4 —31’ C=ls 2

3 1 ] -2 01 —1 3
I A Jooe=10
We conclude that
(19) a=2 A=92 M = — 43/115, N = — 9/46,
J* = — 20473/26450.

We can easily find out that the conditions of Theorem 1 are achieved.
We have therefore the following theorems

THEOREM 3 If the coefficients of system (1) are givem by velations (18)
and o = 0,8797, then

(18)

[4(%)] < max {mx #5727 X |H(x>|}
where u = C¥Q, R?) N C(Q, R?) s the solution of system (1).

THEOREM 4 Under the conditions of Theorem 3 Divichlet’s problem
has an unigque solution.

Remark § In [2] C. Miranda gives theorems of maximum for the solu-
tions of elliptic systems of second order equations where the matrices of
the terms with second order derivatives are diagonal, while the respective
conditions are expressed by a certain vector n-dimensional,

In a next work, we intend to improve Miranda’s results in the case
of nondiagonal matrices, and concerning the conditions, to be given only
relative to the coefficients. :
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