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Then from Theorem 1 it follows that there exists ar-r r,2n s zl ( oo sucht!?! .It: sp (1, t, et, sitl.l, cosl) is a CSp or1 t0, ;i *ho." d.omain ofoerlnluorl can þe extended with two distinct points ai most.

Receivecl 10, IV.1974

- fn this paper, rve intend. to give a method for the approximate solution
of the following caucurr problem:

(1) [i (:,.ï:i,,*,1,r,::0,
$'here þ,q-Cla,bl

The idea consists in attaching to problem (1) several ceucuv problems,
in which the differential equatiõns ãre with'constant coefficienis.'We consider a partition of the interval lø, bf witir- the knots :

%o : ñ, X1: g + h, .,,, %r, : a. I nh :b
On the interval lxo, xrf we formulate the problem:

Io" * o (t#)r' + r (ulz'), :o
I
I y(o) : yo, y'(a) : !'o

'rhis problem þaq a unique solution r,vhich can be wïitten effectively.
We denote this solution by !n,.fn the interval lxu %rl, we consider the following caucg¡¿ problem:

' I y" + o (t#)r' + q(L+þ), : o

I
lY@t) : !,,(xt), Y'!x'') : YL,(rL)
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The solution of this ploblern exists, is unique and it can be written
cffectively. \A/e deliote it b1' 1,.. .

- We iroceed in the ror"å íuåi, for the interyals l_xr, t¡rl, . . ., 1x,,.-1, x,,l
and rve gct the corrcspondirrg functions !,^, . ..,9u_.

We derrote rvith.1,,, the fùuction defineä on t-iró'i¡tervai la, bl having
tlre property that its restriction on the interval lxo,r, xo1 is ôqual tõ
Ynr, h:7,2,..',1t'

'Ilre functiol y,,, is 1n approximate solution of problem (1).
In r,vhat folloivs, rve intenå to estimate the error^ rvhich occirrs in this

rnethod of approximation.
For sirnplicity l'e make the follor,vilg notations

/ :1râX {l + lllll, llqll}

Pn:þ?e*'n-')
\2)

Qn: Ç(tp+-|a-tl\2t
,P and Ç. are step functions defined on the interyai la, b) with respect

to the partition given by means of the numbers Pu a:nd reipectivelS'^ Ç*.
. Using the cstimatio' given in (f11, p. 86), foireach paitition õt tüê
interval, ive get the estima-tio1.

ly(x) - y",(x)l + U' @) - yL,(x)l ( e . tt, eLh

ly(x) - y"^(x)l * ly'@) - yL,(x)l ( e .,, . ¿n(I I c'n)

ly@)-y,,,(x)l*ly'@)-il,,@)l{ e'tø. ru(7 + e',,) + .., I e('t \u¡
where

E : max {ll1 -- Pnll"ø,tt, llq - Qull"ø,rr} . llyll"ø,¡r,
F'rom the above estimation it results that

. nhL

llY - Y,,ll,,¡o,r,1 ( e . h, e"nft
\4¡e notice that the error- tends to zero when It, tends to zero.

Dxample
\Ã/e consider the clrrctrv problem

!" - x3,:g
v(- 1) :1
v'(- 1) :0

and rr,e construct an approximate soltrtiotr corresponding to the knots
-1 ; -0,5; 0; 0,5; 1,
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the cornputation algoritm of the approxirnate solution is described
in the programming language FoRTRAN. Next, rve give this program and
the corresponding approximate solution rvhich was obtained using the
computer rlErrrx c-256.

The solution is ;
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DrìIENSTON x(20), .4.(20),B(20)
P(U) : O

8(U) : U
REÄD (10s, 1)x,r,Y,DY,1"S
l'oRMAT (r2,rr10.5)
MMl:n[_ 1

DO 60 K:1,t{
x(K) :T+ (S-1') * (K- 1)/r\nr1
DO 70 I(:l,n{Ml
A(K) : P((x(K) +x(K + 1))/2)
B (K) :Q((x(K) + x(K+ 1))/2)
wRrTE(108,3)
rroRtvraT(1 H1, I 9X,20 ( 1 Fr*))
wRrl'D(loB,4)
IroRIIAT( I ]I 1, 1 9x, 2 OII*Y" + P (x)Y' + Q (x)Y : I *726¡ç,

2O ( 1 H* ) /20X, I H*, 6X, 8r{Y (XO) :YO, 8X, lIJ8 120X,
1H*,6x, 10Hl.',(XO) -Y',O,6X, lII*/20X,20/1H*))
wr{r1'D(108,5)
FoRi\rAT(///,18x,',SÐ CONSTDDRA CAZUL PARTTCUTTAR',/18X,
29(1H*)/25X,14r'r* Y"-XY : 0 * 125X,14(1Ht)/25X,
llH* Y(-1):1 */25x,11FI*Y'(-l):0 */25x,14(1H*))
DO 10 I{:1,n[M1
wRrTE(r08,6) A(K), ts (K),K,Y,K,DY
rroRt{,c.T( 1 II 1, 1 9X, 3 I ( I H*) /z0X,5H*Y',l +,F7.5,4II Y', +, F7.5,4HY : O */20X
,31 (lH*)/20X, 1 H*,8X,3I{Y(X,12,2lr) :,F10.5,4x,1H"/20X,3 I ( 1H*)/20x,
1 H*, BX, 4Fr\¿', (X,r2,zIJ) :, F I 0. 5, 3X, I H * /20X, 3 1 ( I I{* ) )
D:A(K)*A(K) :4*B(K)
r¡'(ABS(D).r,T.0.00001) Go To 30
rF(D.rrT.-0.00001) Go To 20
DR:SQRT(D)
rì.1: (DR-A(K))/2
R2: -(DR+A(K))/2ÐR1:ExP(R1*x(K))
r1R2:EXP(R2*x(K))
c1 - (DY-Y*R2) /(DR*Er{1)
c2:(Y*R1 DY)/(DR*ÞR2)
I<Pl :K-l- 1

ER3:DXP(R1*X(KP1))
ER4:r.)xP(R2*X(KP1))
Y: C1*ER3l- C2xER4
DV : Rl *C1 *ER1 +R2*C2*ER4
\Á/RITE(108,7) C1,R1,C2,I{2,K P1,Y
F ORMAT ( I Il 1, 1 9x, 5 7 ( 1 H * 

) /2 O X, 7 H*Y (x) :, r' 1 O. 5,4 I{EXP (, F'7. 5, 3HX) +,
F 1 0.5,3HDxp (,rt7.5,4I{X) */2OX, 1 H*, 1Bx,3}lv (X,r2,2H :,81 5,9,
14X, 1l{*/20X,57 (1 rf +))

Go To 10
rrr(ABs(A(K)) r,T.0,00001,^\ND,Atss(B(K)).r,T.0.00001) Go To s0
GO 1'O 40
C1:DY
c2:Y-C1*X(k)
KPl:K+1
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Y:c1*X(KP1) -l- C2
DY:Cl
wRrTE(108,8) Cl, C2,KP1,Y
FORMAî( 1 I{ 1, 1 9X, 33 ( 1 Hx) /20x,6H*Y (x) :, r' 1 O.5,2HX l-, HF 1 0, 5, 1 H*/20X,

a lH*,3x,3rry(x, 12,4H) :,815.9,5X, 1II*/20X,33 (lII*))
GO 10 10
ALFA: _L(K)12
BETA:SQRT(-D)/2
SB:51¡1sBtA*x(K))
cB:cos(BÐTA*x(K))
ÞPA:EXP(ALr¡A*x(K))

C 1 - ( (AITFA*Y - DY) * SB + B ETA*Y* CB ) /( BqTA*EPA)
c2 : (BETA*Y* SR - (AITFA*Y - DY) 1 /2CB ) / (BETAf EPA)
KPl:K+1
EPAl : EXP(al,ltA*x(KP 1))

sB I : srN(BÞTA*x(KP 1))
cB1:cos(BETA*x(KP1))
Y:ÐPA1*(C1*CB 1 +C2*SB 1)

Dl¿: EpAl * (C1 * (ÀrrFA+CB I : BEIA*SB 1) + C2+ (ALFA+SB 1 + BETA* CB 1) )'wRrTE(108,9) Är,FA,Cl,BETA,C2,BETA,KPl,Y
FORMAT(lIIl, 18x,7 r (1H'¡)/19X, l0H*Y(X) :ExP(,F7.5,3HX) (,D1 1.6,

A 4HCOS(,F7.5,3rfx) +,811.6,4IISrN(,F7.5,3Hx)) */l9x,1H*,23x,
B 3HV(X,I2,4II) :,815.9,22x;lE* I rgx,7 1 (1 II*))

CONTINUÞ
STOP
END
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OBSERVATIONS SUR LA NOTION DE CONVEXITÉ

I
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The solution is

L I,'idée de f interpolation, ayant comme point de départ les oeuvres
de Cauchy, de T,agrange et celles d'Hermitte, s'est der.clopée non serllement
vers 1es méthodes de calcul, mais aussi vers l'étude c1u comportement par
rapport à un ensemble de fonctions, doué d'une certaine propriété d'inter-
polation. Pour préciser, il suffit de donner comme exernple 1a théorie des
fonctions convexes d'ord,re suppérieure [5], et la convexité par rapport
à un ensemble interpolatoire 11 ,2, 31. I,a convexité d'ordre suppérieur
n'est autre chose que 1e résultat de l'étude du comportement d'une fonction
par rapport à l'ensemble des polynomes d'un degrès fixé, qui ont des valeurs
communes avec la fonction considérée, sur certains points. On exprime le
résultat de cet étude par 1e signe des différences divisées l%r, xr, . . . , xu+z ).ff ,

quand il s'agit de la convexité d'ordÍe n, n, )- -1.2, Soit f :une fonction réelle, définie sur un ensemble X c R R étant
l'axe réel. I,e nombre n > -1 étant donné, on suppose que l'ensemble
X contient au moins n + 2 points distincts. Considérons les points

(1) xt l nz < '..
où' x¿ e X, 'í:I,2,...,n *2. Le fait que la fonction / est convexe
d'ordre ø sur les points (i) s'exprime par f inégalité

v(x) :
1.18872 e0.86603, + 0.21031 s 0.8GG3t,

0.BgB55 eo.tu + 0:30796 s-0.5v ,

1.20651 cos (0.5ø) + 0.39183 sin (0.5:v),

1.12945 cos (0.86603 x) | 0,57373 sin (0.86603ø),

x = (-1, -0.5)
x - (- 0.5,0)
3 e (0,0.5)

a e (0.5,1)
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(2)

oìr Z
,/ sul
aussl

.f(x,,.r) - L(Lr,i frt, %2, ...¡ %tt_t_l ;"f)(xr:r) ) 0

(9,r; xr %2, ..., xn+t,/) est 1e polynome de fagrange construit pout
les points x¡, i : 7, 2, . . ., n, + l. L'inégalité {2) peut être exprimée
paf

ltr, frr, . , ,t htt+2; "f) > ()t(3)


