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erentiable functíons,

c x is said to be a (Schaua"4 r",iïåi ff""Ë:i::î'îr(*; ti]ilOílltU "Ì"Çelerne't "f =x has an expansion (convergent,riih ;;ö"J ìo'tri" î"irrr¡il-¡¡

.f :D o,,-f,,
t:0

element ,/. We are interested in the
us15' differentiable functions /: (0, 1), rvith nt. >0, d > i.
otion of simultaneous basis for

1, ...) r'r'hich is a basis in each of
0, 1, . . ., m.. This notion is verv
(For details see il3l and [14], anä

A. Lct. F . Vp,.lt, .) anct G: (go, gr, ...) be simulta_
f í" r C*(Id) atìd C,,(Id') rcsþcctiu.cLy Ti;;; ii; tcnsor þrod.uctst"ro go, Jo,X,,g¡ h X gt, . . .) suitobte utn¿bcyed fontt. ø (simultane_ous c* 1Ia rd'¡.

'lhe first exarnple of a simultan
crÐsrÞrrsKr [2] and then used ind
scr{o-r\,rE¡.Er,n [12] to give a bas
srmultaneous bases were given
with any m > 0. One of the e
tndependently by RADECKI [B],
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to the usual scaiar procluct. The¡' 1t"¿ to otthonormal (simultareous)

bases {or-the spaces C;.11o) rvith any value of nt,2 0, cl > 1 and also for thc

correspond.ing Soboler/ spaces I|/i"Qo), rvith / e (1, co)'

Moreover scrroNErrEln has constlucted a simultaneous basis for the
spacc c,,,(T-), where'Il denotes the torus, for any rn2 0 [14]. These systeÍts
ãi" ìit"tf]åíåtiug jn the sense of sE\IAD!ìNr i15l with Tlpect to the diadic
iationalsl ancl tìrcy lead to interpolating (simultaueous) bases in the spaces

ú)"'(Td) u,ith an)' nt' ænd d"

The last author has proposecl als interpolating
simultaleous bascs lor tËe s'paces C"' Jl'"lr:lr:;f;

or 0( nt< 4.
e l'heorem 1).

ù[:{a¡'¡.''

rve have a (sirirultaneous) interpolating basis i11 c'(ßn), lor nt.à 0.

The nost irrteresting property of the considercd interpolatirig basis

irt 62,,,ià (l) is ttre order" atiol- of continuous f¡nctions by the

iti p"tti\t'sum, r'r,hichiis otl above by the modrrlus ol smooth-

ness of ord,er ')tn -l- 3, i.c. ;) tt appears that a sliglrt r'odif i-

cation of the Schoneield leads to interpolatirrg basis of splines

fo1 C2,,,rz (I) rvhich approximates r'vith the ord.er a",,ro(f ;;) tt slrottlcl

be noted that analoqorrs results \\/erc obtained by sur¡notrN [16] f-ot t-he

i"1"ipt1áti"g splirie ñases in the pcriodic case ancl by cr4srrir,SKr [5] for
orthónormaf splitt" bases on the interval,

IIere we are iuterested on1¡'in the propertl',,to be a simultaneous
basis" for the sl,stcnts proposed ty Schonefeld and therefore their approxi-

-utio"-propertics are irot-consiclered, this rvil1 be disctrssed together r'vitir

the modifie'd s¡.51gn of interpolating splines in anothcl Paper'
'l'he nain rcsult of this papcr concerns the nentiotred abor-e larniil'

of matrices and. is containcd- ìn"Iheorem 1. It shoulcl bc noted that this
if,"ãtã* is very irnportant for all investigations oI the interpolating splines

on the interval (non-periodic case) .

2. Spline funations. T,et S: {s,: 'i.= Z}, rvith Z: {0, -l 1' "'}t
be a setbf reals numbered as au increasing sequence: " ' ( sl*r < si <
irr*,< '. '
tiìe'äi which is continuoor) ,ru.0, is said to be'a spline function of ord'er

nt,'(degree nt I I) iff it is polynomial in each of the intervals I, :.{s;.-r,
s,).'Tñe clernelti oI S are-called knots of thc spliucs. f'he set of all spiiue
fínctions of order m, m> 0, with the same set S of knots is a linear space

and is denotecl here by c14r(R), R: (-co, co). In the sequel ive shall be
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inte C'!'(ø,b), ol splines restricted. to the interval(a, 
;i;:ïJ

eta .\Ã¡esh¿
in [1], [9-11] and f6l. The nost
We define them as follolvs. I,et
difference of order r taken at poi
and lor r> |

[to, . ' ,, sr;,f(')] : !",, .,., s,; /(.)l - [so,

sr-so
' sr-tt f ()l

the points being different. For each ø e z we define the ith B_spline oforder m, correspond.ing to the set s of knots by trt" ioir"ula

(2.1) Nl"') p¡ : (s;+,,-rr -. s¿-r) [r,-r, . ., ., s¡frral ; (.-41lnt], for I e R
yh^gt"_rl:_{-"¡{0, *}-)., foy t .1,2, ,,. Obviously, the fonction NÍ,)defiried by (2.1). is-a sptîne function fór each i e z because the functions
f"(t): (t -t)i*t are such u,henevel s:s¡ e S, for somei eZ.

.I,"Trn-a-. B.(cf. [6] and also flOl). Foy eaclt, i eZ ancl cøch m2.0
we hqac tke fol.louing relaiions

(2.2) Nj"')11¡ ) 0 and supp ;V!,,') : (s¡_r, sr:-'r¡+r),

æ

(2.3)
\u',"'){t)at: 

(s,:+r¡+r - s¡_t)lØ,t l2),
-æ

øn,d, for t = (- oo, co) we have moreo\¡el.

æ(2.4) 
,à ¡¿Í,r(/) : 1.

Tlre fi'ite system (NÍ,,,) ; supp Nj',') f\ (", b) * Ø) is a basis in thefinite dirnensional space c!'(ø, ó) of splines restricterf to the interval(ø, ó) f R.

- _111,, . . . ., lx, form a basis in the
o, s,) : Cf(so, s,,).
erivative of a spline is constant in
and therefore \\¡e can denote by

s from the rigLt, I,et moreover Dl'+z
t s; for .i = Z, i.e.

DT+t : D"'n',f þi) - I)" tt,/(r¡-,).
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Lemma L Foy eaclof = Ci(R), tlte sequence D'j'+z satisfiestlte.fo\lo'
uing cquatiorts

(2.5) DxÍ'"(rr) Di'*': (m *l) !(r,*,,*r -s,:-,-,)[r,-', ,..,si+ø¡+1 ;Í()1.j'z

'Ihis lemm¿L is equivalent to the formulas (7) and (B) of [1], but it seems
to har.e a slight11' simpler form. Also the proof is very simple. For this
let us notice that it is sufficient to prove it for /(s) :,/o(s) : (s - to)i*t
for any /t, e Z. Rut it is trivial in view of (2.1) and the follorving identitl'

Di't'f u: Qn ! 1) I òÁ, ¡ uhcneuer h, I = Z.

The B-splines correstr)orrding to the case of equidistant ktlots, i.c.
rvhenever

sr-s1-r:h': const' fot je7'

poSSeSSeS very interestirrg properties. Iior completness ir'e reca11 them
here. îherefore rve denote b5, tr4Í"'' t1-," original B-splines of SCHoENBERG,

i.e.

(2,6) À[(,"'tç¡: (nt, !'z)l-i - 1, ...., i i nt J l; (.--r)'I-'],

fot i e Z, t e f,{. F'or each nt, ) 0 u'e have the follorving identitl'

(2.7) f,,rt-) t: 
^[!':lj(t 

1- j): x,r::i|teq bt i, j e 7, I € R,

nhich denotes the translation invariance aud the symmetry of the B-spli-
nes in the case of equidistant krrots. The general case of h ) 0 is connected.
to the case of knoti at the integers u,ith a hc'lp of thc fonnula

(2.8) À/1")(l) : Mtù(t') v,ith l: so * h(/ l- | for I e ll.

ìiloreover-, the scalar products have the follou'ing lepresentation (cf . [111) :
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satisfy the conditiorrs

(2.11) GY\ : G\"'\ > 0 and G\,n) :0 iff lll s m I t,
(2.12) 

ÐG\,,,) 
: 1.

A no'-triviar property of the 
'umbers G\") ,ooy be expressecr by thefollorving

I' e m m a C. (cf. lll,], I.emnrr B, cf. also [l ]). The roots Il,ù, i :: + 1, ..., + (tn * t) of the funct,ion

(2.13) go,,)(z) : 'i G\,arr Ìor z+ 0
l: _¡n_l

are ct'll sint'þIe antl negat'iac. Moreoaer ,.ue nïøy ent4met.ate them øs foilous
(2.14) rlil, <... <
In tltis cøse we lt,uue also

(2.15) 
TÍ,,,) - (r!1¡-. tor i: + 1, . .., _f(tn I t).

Applying the notation (2.6) and the follorving ones D,., : I),,,f (s¡),

Dr+t : D,,rt fþ;) : l)rt rt,/(s¡_,), D,i*r: Di:Jr, _ l)i,rr,
for ,j e Z we can obtain from Lernma 1 the following

I- e m m a I,. ln lhe case of equid,ist.anf hnotJ, i.e. s¡ _ Sr_r : h, fot.j = Z, ue ltuue satisfiert ilrc foilozaing'rquot,i.on,
(2.16) p"nt¡o (i)Dï*, : þn, l2) lhlsn,r,. . ., si+r¡+r ; f( )1,

(2.17) 
DX,I\"ù(j)D,1,,, : (nr f 1) I [rn.,, ".., si ,.; f(.)1,j n't

(2'18) 
Ð-ry, j Dj" - nr!1s,,..., s¡. ,,,; f(.)1,j¿-t'

for øll i e Z and f = C:;, (R).

Proof : 'l'he eouatjons (2.Itì) {oll fronr (2.5) _ (Z.B).l'or thc proof of ç2.\t¡ tet,,r;;"trí"i i; (r) _/o rr (s) (see theproof o{I,em111a 1) for $¡hich /J,,,rr

'ia. or:-þlitï#,'ii,i"ii', "*:, , ,l:, 'åïit*: T:î:
(nt' | 1) ![s,_r, ,.., si+,,,; (.-ri)îr' - (. _s¿+r,),,+,¡ :

(2.e) \ ul'^)ç¡*rl"')1t¡rtt : x,I\'!'::,-2lU -,i) fot i,, j = z,
qJ

According to the last thrce Iormulas and l,emma lJ rve can statc that thc:
nurtrbers

(2.10) Gl'') : Ì[?";,!21)Ç) for I = Z
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j :7,

l

il

: (rn, )- 1)l þu. -l2)h[r,_,, ..,, s,_].,,,., j (._s *,)î*t] :
: (nt. i- 1)l À[\*) (,ä + 1), for all i, h, e Z.

An analogous proof deals for (2.18)

. _ 
11 th_e seq'e1 rve shall take the rrder of thc spri'es equal to (2nt, { 2),

rvith fixecl parameter mÞ 0, if nothing else is saiã. For this ttre indices á,r,

or 2m, f 2 respectivell' will be omitted very often,

3. Sorne speeial splincs. I,et us notice that for / e C2;" 12 (R) tine
eclLrations-(2.17) read as follou's

(3.1) DGy!iD:,,ts:(2ut, +3) ! I'i-ut,-2,...,i j-nt, i'-r; f(.)lj=¡'

fot i e Z, r,vhele the notations are nsecL

(3.2) D2u+3 * D'¿Dt"f(j-) : þ2n¡3 Í(i _ 1+) for j = ?,,

(3.3) Ç@) - À,Lrr,i;,?o) : (tvltù, xtlla¡ lor I = z,

(cf. (2.e) and (2.10)).

r,et us denote by Ç2,,+z = Ç2t,¡2 (0, n,) the space of splines of ordcr
2nr, 12 o\ tlne interval (0, ?) nts 0,1, ,.,, h, jLÞ
2 2nr, J- 3. To investigate the of the splirre 

'basis

in C2n t 
'z (I), let ns consider the definecl äs follows.

The splirre / belongs to C2,,,,,+z itio's,, are fulfilled

(3.4) D2,D-i3 - 0 for

in cach point or thc intcrval (0, n). But trrc urriqrre porynornial of degr.eenot exceeding2ur. f 2 r,vi'r t'._'rt.> 211 +.î..r;;;l'ò,r::' . , ri equats zcr.otoo. As a sinrple corollary,u" obioln the'fo1lã*iirrf""'
of sþl,ines of ortler 2nt, j- 2 on tlte in_
ortt conrli.lions (3.4) is (n I l)_liutctt_
n1(lltel.J) dclct,n¡incl b),ils anl.1,cs /(i),tn> 0.

., !'r)iagonally exponerrtial rnatrices. we begi' rvith the basic clfiri-trons givetr ilr flre foìlorvirg

Dcf initio,r,l). '_fltt.ftt.ntily 
{A,[,,.:tt._ 0, 1,...] oJ utalriccs.11,,_: (.1[,,;¡,¡; i, j - 0, l, . ..,u) ¡, ,,í¡¿''io 1,,

,n, lård/,#rrt"ri!,'ì 
cxþoncntictl (d'") ,ff for till rr' thc folloruing est,írnates of

(4.1) l'],.r,,;¡,il( C; qti-it, Ìor i, j-- 0, . .., tt,, tt.Þ 0,

0,qe(0, t',.
,::r,!,?,,,;)l;:,n1,",;i,,:il\:;!,::;::,!";î:),;;:l;i;
.¿"

(4.2') # {r' ,l[,,;¡,¡ # 0] < r( fori:0, ...,tt,, to2 0
(ot

(4,2") ll {i:Ì|,,;i,i * 0} < 1( tor i : o, ...,11, n } 0,
respectivcl¡'), uitlø 1{ > 0 ind.eþercl.,tl oJ .i, (ot .l) an, ,.3,,' ol l-shape of the r."und kincl, u,ith Ì -'t0, i, . I ilf for all tø Þ0(4.3) .[[u,¡,¡: 80,¡ for ,i : t I l, ..., t,t -- I - l, j :0, ...,,n.

40. al,.tn,ost d.iagonal (a.d,) iff for ctll n wc h,aue

(4'1) a,[,.i,j :0 zuJtet,¿e.uer li - j! > L,
'íth sont.e constanl L i,ndeþenclent oJ. n.

Note that (4 3) implies (4'2") and that (4.4) implie s (4.2,) atd (4.2,,).'Ihe follor¡'ing lemrna is not âitticutt to be proved (cf. L7l).

,lix + 1, tt, - i1x, .,,,11,

rt is obvious that this space 
-Ç,,0 

il at least (n I l)-dinensional. Accordingto (3.1)_ each .f u C,,o satisfies the equations (8.1) for i : rn l_ 2, ...",n'--nt,-l, if rve take into account (2.11) and e.a).L"t us notice ilrut ttl"natrix (Gl!t; i, j: nr, 12, .,., ,n -,n - i) îs no'-singular as th;
Granrnr matrix lor the lincarly independent system of splines (Ml,ù, i::- *t, 12, :-...,11 - nr, - 1), (cf. I,emma ll ancl (9.3)). Therefore the
es;1a\toqs (3.1) give us a one-to-one correspondence béi*een the values
I)?'"+3, j : rt + 2 ..., jx - m - 7, and thè values of the differences

(3.5) À2-.r'g-- li - nt, - 2, .,., i *m+ 1;/(.)1,
with i : m I 2, ...., tø - nt. -- i..

Further, let us consider the nra a.,,: C,,.,s _, R,r+l

= {(r)..Accolding,to. the tieruåi l{er ø.,,
rs trrvral. ^Indeed, let / I, . . ., n,. The
(3.1) and {3.4) the (2m -f ,í.+s ¡ ót this fun
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I, e m m a E. Let {M,,) ønd {N,,} be tao d'e. fantil'ies of matrices uith
th,e søme set of ind,ices n,:0,1, .. . ønd' for eack n let tlt'ent' be_9f n | | rous
an,d col'wmns,-i.e. À[,,: (M,;¡,¡; i, i :0,..', n) ønd N' : (N,,;¡,j) i, i :0,
.. ., n) for n2 0.

(T,1) ry rnoteol)er {M,,) is of ø.n.r. or {N,,} is of a.n.c', then the family
of þrod,ucts {M,o À:,,: rr ) 0}, where

(M,,oN,,)i,r, :f 00,,,,,'Nn;¡,¡ for ì, lt:0, ..., n,
j:0

is d.iagonøl'ly exþotoett'tiøl too.

(T.2) IÍ tke famil'y {M"} is of tke l-shaþe of I'ke second, hind', with l> 0,
and, with some þositíue constønt b > 0 'in'd,eþend'ent of tø, the following estimøte
hol,d,s

(4,5) ldet (n4,)l>b>0fcr ølt nÞ0,

then tke inuerses {(IVI")-'} fonn a d'iøgonøl'ly exþonenti'al fam'ily too.
The detailed iroofs of the above theses are contained in [7], I,emmas

11.13 and Theorem 2.

It is useful to introduce also the notion of rotatively symmetric rna-
trices, which means for the matrix M : (M¡,¡;i, j - 0, . .., n) that

(4.6) Il[¡,j: M,t,i,n-j for all í, i :O, \, .. ', n.

Obviously, the product of two rotatively symmetric (z's.) matrices is
a r.s. matrix too. Indeed, for any pair (zi, Þ) we have then

ìJ tI

D tutr,t . Ni,o : D M*-,,^-i N,--i,n ¡ = (M oN),,-i,u-r,
j:o j:o

s'henever the matrix ¡r: (À';,r, , j, k - 0, . .. , n) is also r.s.

Note also that the d.e. property (4,1) leads to the follorving uniform
estirnate of the sums

(4.7) Dll[,,,,,¡l)C. (1 - q)-1 lor i:0, ,.,n, nÞ0.

As a simple corollary of (a.7) u'e easily obtain the follou'ing esti ates of
the matrix norms

rnaxll ?V1 . .X.1

(4.8) llpr,,ll : px t#l . t (l - q) -'

for all tr,) 0, whenever (a,1) is satisfied.

5. The inverse matrices for Gli-). our purpose is to investigate the follo-
wiug inverse matrices

(5.1) M:i') : Ç!i't¡--r 1or n:0, 1, . ,.,

rvhere the matrices Gjí") are given as follows

(5.2) Gli'l),,¡:Gj"!),: ç1'1, tor i,j- 0, . .,.,17,

and the numbers Gf;"t are given in jec. 2 (cf. also (g,g)).

- According to the propertleq of .the n'mbers GÍ'a given io sec. 2 (cr.I,emma B) u'e can state the following

I, e m m a 3. Thà,,fønúty {G!"\ -, (4 4))
and..hence of ølmost null,- cotuintts' ønd.' nts arcuniformly boøtnded and, Ircnce the fø orenuet,
ectch Gli), nÞ 0, is non-s,íngul,ør,'sy

Now lve are ready to prove the main restul.
THEOREM r. Tke inuerse matrices Mli') : (cri'))-' u,ith fi ,tl

: d1øgonally.exþonentiat føru,ity, i.e. (cf. (4.t¡) uún ;;;;'; 0tt 
.< 

q ( l, independent of ru, the foltóu,irrg éitimates hold e,matrices elements

(5.3) lufi),¡l { C . qti-it foyi,j: 0, . . . ., n, tt.> 0.

Proof " rt is ob'io's that the d.e. property does not depend on a
finite number of elemelts oj the famill, {Myi} Thus it is sufficieìrt to fro-t'e (5,3) for.large g_nough n. F'or-this let-uJ ta'kå n> Ztn +-t.îet us introducemoreover the following'ratrices C,: (C,;¡,¡; j,h:0, .1., 

"¡, iotãi"---

(5.4) C ,; j,h :

(y(í!.-r)i rvhenever h : O, . . ., lfl,
Hj,r:i/¡-¡u'henever å : m + 7, ..., n - nt, - l,
(ll:nl ,,,-o- )"-j r,vhenever Ë: n-n1.,...,n.

Inthisformula TI,ù,1- -1, -2,,..,ffi* 1, d.enotetherootsof the

function gdr,)(z) (see.r,emma c). The numbers f/j"') are the coefficients ofLne laurent expansion

(5.s) ¡roa þ): Ë a!,,r,'

of the function

I INTERPoLATING SPLINE BASÈS '13
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(5.6) ¡t'a@) : (g(,)(z))-1,

cleiiried in the annulus r { lzl ( z-t, r'r'here r = (y\!\, l) (see (2'I4)).

I'enr ma 4. Tke family of nt,atriccs {C,,'.nÞ 2n't, i I} is d"e.

Ihe proof of this i"**n is basecl on ihê following esiirnate for the

l,anrc¡t coefficients Ht"'), rvhich ma-v be obtainecl from the Cauchy fo¡muia

l//!'t¡ ç Cr'A)!,t, Jor all l=2,

rvitlr constants Cu > 0 aud Çn u (0, l) clepending only- o7'I 1t1'.

Now let us apply the Cauchy's formula for sums of prod.ucts of t$'o
absolltely colver-gènt I,aurent series. We obtail the' from (5.6)

(5.7) D, Cj'!,nl'!j: 8¿,¡, lor any pair 'í, Ì¿ e'L.
Fn

'Ihis ieads to the first. part of the foilou'ing

I, e m rn a"_5. The ruøtríces D,, clef inecl as folloze's

(5 B) Dn: Gn 'C,, Lor tt'¿ 2ut' ! I,

¡orrr a d.e. før,tt.ily, zøJticJt, is nl,oreol)et' of nt-sh'øþa r.tf th.e secrtnd lt'irt'cl (see (4.3)).
'Iìor large önor.tg7, rt., th,e detcrntinants ore estitt,cttctl, frout Lteloto

(5.9) lclet (1),,)l> b > 0,

b), ct cott,sttutt b > 0 'írttleþen'd,ant of tt,.

Proof : 1'he required property (4.3), i.e.

(5.10) D,,;i,¡ : åi,r

ì.or'i, l¿ : m - 1, .. ., tL - n't' - I tollows lrorn (5'7) and for i == ttl I l,
, ., iL - r11, - I, h :0, ..., nt', m -- tt't,, ..., %,itfollows from the defition
oT thc roots yj'') and. the relations (2'15).'lhe d.e' property of the Tamil¡'

{D,,} Tollows norv from I,emmas 3,4 and (T.1) oI fernma E.
Norv r,ve are going to prove that (5.9) holds for large _enough values of z.

Filst let us notiðe that D,, is rotatively symtrrctric and therefore

(5.11) det (D,,) : det (D,ç,,"¡)2 I O(q|'),

as n + co where Qn = (0, 1) is this number rvhich exPresses the d'e. property
oT the farnily {D,}. Moreover u¡e har.e used the followillg con\/ention of
notation for the submatrices

Du(o;þt: (D,¡r,¡ ) i e Jo, j = J9) for ø", 9: tt, b, c,

with J*: {0, . .., tn}, Jo: {m + 1, . ,., n- rn- l}, J,: {tr' --'t'tl', ...,n}.

It should be noted that in the detailed proof of (s.rl) we have used theIact that.{¿,} is of. rn-shapc of thc .È"onä kind.- '"'^^,
on the other hand fãr eacrr n-> 2m I f ì" "u' state the forlorvirrg

(5'12) Dn¡a;a¡ : Dzn¡t1a;a¡:Gfl)+r@,n) e czu¡l(a;o) *Glrüi) rrønl o cztn¡-r(a;a).

needed to prove only that the subma-he co.nveniènce rve jtralt aeal-witilì;t

it l'Xi j,"Ë.ïi; 
", the vanderrnonde

c¡c;o) : czm¡r1cio¡ is non-singur", ¡""!it;ärìn" r"t#;,itt" 
ttt" sttbrnatri'x

(5. 13) C1";n):81,;o¡ oC6;n¡ol,
lvhere the notationes are used

E¡";nl :(8;-,,-,,0 i j : nt,J- 1, . ..,2m + I, h: 0, . .., m),
r' : ((yl:'!,,,--r)''" ' Ìj,k; i, /t. :0, . , ., ,ilx).

The property (see foemma C for definition of y(,,))
nr+l

Ð G\^) 1^rr*t¡t:0 for i: _ 1, ,.,, -ttt, -- t_l__n_t

may no\,v be rvritten as follows

(5'14) {Et,,,l). o G¡";n¡oCln;n¡o (1.):r i Gto,n¡oC1n;a¡ -f
I Ck,;,)o81,;o¡ oCg;n¡ ol:0,

where 0 denotes the null rnatrix (o,.n: 
.0.; i, j:0, . ,., m), f'deed, the(i, i) th element of the l"tt rr"ïJ'ìiài'îutri* equals

L¡,i :!.8r-.-r, ¡ G,t -p (T,-,,-r)o'-,,-t ð,,¿ * DGo-, (y¡_*,_r)q Iþ,c, | 
(¡

+ [ Cr_rf þ_,b_t,(] (\,_,, _1)r+,,*1 g,,i : 0,

tor i, j s Jo: .10, ... , mj, the indices q, r rsnning over ,î" and. the indexp over J-: {m' + t, : ..','2rn + rj.-ð"ì;puri,rg is.rä), 
^ 
fËlsl and (5.14)

:H-"J:îtî":i?,::lt 'å¡*"'t'i" ò,,,)"'", ï"ii. ',i,li;;;ä, à'p,,ia,,"t or'i,onI

Dnlt;o¡ - - (Eo;*l)1' oG1";o¡ oC¡o;o¡ o (f)-r,
because Gt,'or is a trigonal matrix with positive elements on the main dia-sonal (comþ, L"**"' n-i";ïi;;;*ä';,å (2. 

')), 
q.e.d.
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As a sirnple corollary ol I,emma 5 and (T. 2) of I,ernma E we get

that for large enough values of n the inverses (D,,)-'exist and they form
a diagonally exponential farnily 'rvhich is moreover of the rn-shape of the
second kind. For these values ol n we can rvrite (c1. 5.1))

Mþn) - C,o(Gl','ù oC)-'r: C,o(D,,)-t.

Applying to the obtained formula the properties of the matrices C,,
given in I,emma 4 ancl the properties of the inverses (D")-' given above rl'e
get rvith a help of (T.l) of I,emma E that the farrill' {Aføt¡: {(G,,{"'))-r}
is diagonally exponential too, q.e.d.

6. Construction oI the bases. For each N : 2 V à 2m f 3 let us de-
note by C"iil" I) the space of splines of order 2nt. t 2 (degree 2m | 3)

rvith knots at

,.,, : i f<¡r i - 0, I, .,., J,

ancl satisfying the boudary conditions (cf, (3.a))

D2ù+3:0 for j :1, ..., nr I l, n - nL, ..., ?t,

rvhere the notation is introduced

l)zh.t3: þzu,,, ,/(rn,;) ,lor j _ l, ..., N.

It is not dilficult to obtain the correspondence between the just intro"
duced spaces C'i'f2 U) and the spaces C2;,'u+2 investigated in Sec. 3. frr
particular the Îormula (3.1) and Lemma 2 deal if sorre suitable changes are
made, e.g. there is a one-to-one correspondence betrveen the elements / of
CTo*' I) and their values,/(t",,), 'i:0, ..., N. ì'Ioreover the equations

N-2¡- I

(6.1) .D ^ 
Gj?, J)2hr+s : (2m + 3) ![s¡,,i_,,_2, . . ., sN,i+,¡+, ; ,f(.)],)-ñ+2

are satisfied with i:m+2,...,N- rn-1, for NÞ2nt, 13.
Applying the above notations \ /e can define t};,e nth diadic point of the

iuterval I as follows

I 3 iñt¡npc¡rartñc splrNË BASES 
ff

1" For 0 < ø <. 2rn t 2 griù is the 
'niq'e porynomial 0f degree notexceeding n such that

(6.2) p:iùV.): 8,,, for I : 0, ..., 11, 0< ø< 2nt !2,

,,oru"1 
For n2 2nr' -¡ 3 g(,:') is the rrrriclue elernent oI Cjl(¡, (I) rvith thc:

(6.2') p:::t (t.): å¡,,, lor i:0,...,2^t, n è2tnlS.

,..,, 
"),irtlr 

r:i 
ï: 

reac15- to conrptetc. the proot oI ilre ïollon,ing theorem for

'llEoRÐM 2. For e ctch nt. ) 0 th,c scq,tlct,tac (Vt ,,t , n Þ 0) forms øn intey-þolatitr'g simuLraneous bT,si,1lor,tc rJq,a(^lt.Sf:¡¡¡.¡ (":tn', (ì), t.c. t'r is, basisi.tt. eøcJt. of thc sþnces Co Uí, ,o,iii ,ír.r,'*n: u, . .,2nt ! 2.we sharl repeat here onrl't-hc uráor'origirrar'gi'crr lr¡' scrro'ctelcr Ilíì]ror nL:0, l, a'd nroposcd r"t Àir'i-iruru.E ãi,,,'ìri,;;ià'; *,c sha, onrirsome ctetaits, tor w¡ici ,* ".il;';ä"lräi anrt f t{ì.I,et us cl.enote br.

whe¡e we define N and u as the unique nu.mbers satisfyìng ø : N Ì u
l{ :2w, with integers ¡,r, ) 0, 1< u< N, Ìor nÞ 2.

F'ollowing Schonefeld we can define now the proposed bases, I,et the
parameter mbe a fixed non-negative integer. The functions g(,¡) e Çz*-z (l)
are defined as follows

S,.f :Ð^n,(f)oy') lor n == o,l, ...
the nth partiar sum oT ilre expausion 

'.iflr coerficie'ts

,,,, ¡¡¡ :[f.(,t"! tor n '- o\rt ll7) .\,, ,J'U,) t'or n2 t,

.S,, defined as above Îonn ann.{(X)._'l.he irnage of S" for. the¡efo¡c u,e uiant to frrove

sz,, 12 (tr) : U ú.ï,;_ l({)
.\'> 0

tn:
rt flcr n :0,1,
sz¡{,2.,-r for n :2,3,

tvhcrc J :2r' is crt'nsc in tht'-Banach sr)a_cc ('2D : (I). Irdcccr, t'e (2m r2)trd derivativcs or tr ã 
"råi"å"ìJ;i'3;;1,.J 1ìj. ràr,,, 

" ä¿;,..¿,:.ï ', the space orcontin'ous fr'ctions nr oü-foiyfr,rorr-"'#itr,-u d"ä".,.;ït break_points.
2 -- Mathenatica 

- Revue d,analyse rjunérique et de théorie de l,approximatio¡r, tome 5, 1g?6.
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Therefore we can approxirnate any f e Çun1-2 (I) bV the following element
of Sr-+, (I)

i(t):"i)*D:yth + H2ú,1.2 s(t),

where g is the polygonal which approximates the derivative D2m+2 / and

I
0

this section we want to finish rvith the follorving

,,,"r7:irhkrf ,{'í",f{.;* 't )2t¡t |3 thc fømctions eli") ,l,¡ín,d l,,¿ sec. 6

lDkgt''l(t)l{ Cq,lt-t,,1nh for all t e I, J¡,:0, ... ,2nt, !2, nÞ 2rn lB,
ruiilt, constønls C > 

9, !, = (0, l) rteþcnd.irog onty on. tn,.Proof . I,et us nofice tfrot ã""óråirrg to (6.1) r^,c can *,rite

¡¡?rt +s : p2,t+sru,)(rr",¡ _) :",*fu-r' {nr, I s) | L?,,,+ 
,IVItiJ,¡,,,

iithete

^2n+3q¡ * [ù2N,i-ar-2,.

2N-m-1
, s2N,inrzar ; ,p!:')!.)l for i : tn { 2,

Accordi'g to (6.2,) Ll, frr :0 
'or lø _ (2, _ 1)l> ut, | 2, Appl¡,ingtheorcm l, we can estirnate ilre numbe rc p].,,,¡s ua ,orroou,

lD\"'*'l * f ,o,r-rr I [sz¡,,r-,,--2, . . ., s2N,i+r¡+r ; gji,)( .)] <
( C'qrrzv-r-il !{znr¡s for 7 : nt, _12, ...,2N _ ,, _ l,

t'hete the constant ,c' ip i'dependen t or ry anð. q e (0,1) is indepe'dentott tt' too' tsut trre (2rn ! g) t,ï ¿;i""tùe is consta't in each of trre inter_
I'i""f¿:¿;;,fC UL 

*-'J;;'öii'iora, r'',;;i;;^ rä cacrr ¿ = r ir

Hg(t) : g(s)ds for I e (0, 1)

As a further conseqúence we obtain th^l S2n+2 (X) is dense in each of
the spaces CÈ (I) with h : 0, . . .,2m | 2. Noi.r', it is sufficient to prove
that the norrns of the projections S, are turiformly bourr.ded lor n) 0, il
we consider them as operators defined on the spaces CÀ (n) with a:ny h :0,
...,2m-1 2. In the case oI n: N :2r" Þ 2m 1- 3 it is sufficient to prove
that the following estimation

(6.3) llDo S*,/ll * 1( 
o=1lç_o I [sr,, , , . ., sN, ¡.t r; Í(')ll

holds for eachf = C(I), h:0, ...,2m. ")-2, with a constant K depen-
cling only on rn,. Bttt in fact this statement concerns t1-re spline S"/, because
./(s",r) :,Sr./(s^*,,) lor i,:0, 1, ..., N. I3y a stand.ard cornprrtation presen-
tecl c'.g. by Schonefeld [13] it is sufiicient to plove the following

I, e m rn a 7. T'ltc nortns llÌlft,l¡ of the ,inaerse ruatyices for GQn) (see
Sec. 2) are un'iforntly bou,nd,ed, b), ø co'nstøtot deþencling onl,y on nr,.

But this lemma is n imrnecliate conseqrlence of Theorem I ancL for-
mulas (4.8).

To obtain the connection l¡eti-ueen Lemma 7 and (6.3) let ns relvrite
the equations (6.1) in thc fonn

N-il}-1
D?il+l: þ2tt¡s s^/(rr,¡ -- ) -- Ð (2m f3)1Mfi,\,,L2.+s

i:ttt ) 2

where L1'"*t: lSu,¿_rr_2, ., sN,i r_,,,r_r; Sno ,/(')1, i : m + 2, ., ,, lY -
- n - l. According to lemma 7 lve obtain that

max ¡D|"'t'l < 1r rnax ¡Âf"'+31 for N : )ri , 2m l- 3,
jt

where the subindices i and 1 run o\/er the set no 12, ..., N -m - l,
with a constant K depending only on i1,t,. fn the proof of (6.3) rve need
only the generalizecl I,agrairge formula : IÌ Dkf is corrtirruous in the intcrval
(so, sn) then there exist a point s e (so, su) such that I Dol(r) :

hl 
J \ t

sz¡¡,¡-r (l(sz¡¡,i
and if rve denote the continuous from the right version of the (2ur. I s) rð,rlerivative by þ2,,+s gli,,) th"o accordi'g to the estirnation

l2v - I :/l< i"V - t,,1 +C,,,
rvit¡ ¡" independen t of n the inequality

lDz'n+s gyù (t)l 4 crl"v- t¡t 7.¡2tt13

2N-nt.-l
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holds with c > 0' q = ,9, 1) i'depenclent of n. The lemÍìa fotows nowby i'duction with rcipcct to i. I,et .ìr roppor" 
'amely 

tlrat the l,emma holdsfor some h : r ' '2' 
..'. .-., 2rt I B. -g-;;ìrse 

trre 
-ii -jï; d.eri'ati'c orgli) is continuous in I thcn rvc fru"ã-

Dk-|9:,iùþ) : Dh-t7Øùv') + I Dog lrt)
1t

s d,s

äli" 
according to the r'agrange for'rura /' ma1, be choosen in such a wa)

pe-rg(,n)(t,): (h_ l) ![s2¡¡,;, ..., szr,,¡+/r ; g:i)(.)]:0
and ll'- ll < 1 . 

"" 
the hypothesis rve obtain then-N

lDk-tp::,,) (Ðl < h
¡nn r!") 6¡¡n1ax '

l'<s<f ;\I

which leads after a simple reformuration to the thesis for /¡ - r.
7. Final r.emarìrs. Àpplying ,I.heorem l and I,emma I we are ablerÌloreover folloq'iug e.g. tain the approximative¡rropcrties of the aoplied e them here because wehar.'e find that the Scho¡ ly rnodified leads to sys_tcrns rvhich posscsses so

"ì-ãti". "r."üiiåä'o"t*,, 
; (for the o¡der of appro-

'4chnowlcducnrcn'ts.'I'hc aLtthor rvoulcl like to thank r)roïesso¡ Zbignielvciesielski for rlal'ebl. ¿ir"Lrssio". 
"rrJ'nalry suggestions co'cerning this
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