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I. In this paper we extend the notion of convexity to functions with
interval-values. Denote with R the sct of real numbers, with I(R) the set
of closed intervals of R, with a, &, ... the left extremities of intervals, with
@, b, ... the right ones. On 1(R) we shal consider the usual operations from
interval-arithmetics (see [1], [2]), defined by the next formulas :

{a, @] +-[b, b) = [a + b, 4+ b)
l—(l, d.] W [[2: 5] = [@* [_7., a— é]
a, @10, 6] = [min {ab, af, ab, 4B}, max {ab, &b, ab, db}]

@ @1: [, 8] =[a, d]-]- Y], 0g 5

—

Also we shall organize the set [(R) as a metric space, with Haussdorff’s
metric, which in this case is given by

A function f: E - I(R) (E CR) is called I-function (Interval-function).
We attach to this function two real functions J and f (defined on E):
f(x) =min {{}, x e E
b L flx)
(2)
f(%) = max {y, x<«E
t<=f(x)

The connection between the continuity of the 7 —functi01_1 /, according
to the metric (1), and the continuity of the real functions / and / is given by:



|
|
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THEOREM 1. The I-function f is continuous iff [ and f are continuous,
(The continuity of the real functions f and S is the usual one)
Ou I(R) we consider the following ordering :

(3) la, ] <,{b, b] iff @ < b and 4 < .

The notation [x, y; fland [x, ¥; /] stands for the usual difference
quotients on the points x, y = E (see [3]) of the functions f and f.
The difference quotient of an I — function is given by:

Definition 1. The difference quotient of I-function f on the points
X,y € E s an interval, denoted with D(x, y ; ), given by

(4) D(x, 33 f) = [min{(x, v: f1, [x, 5 T}, max {{%, 5 f], [x, 2 FI1
2. In analogy with the classical definition of convexity for the real
functions of a rcal variable by an inequality (see [3]) we give:
Definition 2. The I-function f:E — I(R) is non-concave on E if
Jor every points x, vy « E and for every k< [0,1] the folowing inequalities
hold

(5) S+ (1= Ny) < fx) + (1 — 1)),

Using (3) we formulate:

THEOREM 2. The I-fonction f:E — I(R) (E R, E convex set) is non-
concave on I iff the functions [ and f are non-concave on E.

For example, the /-fonction f: R —» I(R) defined by :

(6) Sx) = [1, 23(1 + ), x € R
is not a non-coucave function,

The disadvantage of definition 2. cousists in the fact that simple
I-function, like g: R — I(R), given by:

(7) glx) = [1, 2](x* — 1), v = R,

is not a noun-concave, function on R.
Thus we give another definition of the /-function convexityy sunilar

to that of a real function of real variable, using difference quotients (see[3]) :

Definition 3. The I-function f: E — I(R) is l-non-concave on E
if for every x € E theve is a neighbourhood V of the point x so that for every
Yu Yo S VN E with y, <y, the folowing relation is satisfied :

(8) D(x, 315 f) <1 D(x, 35, ).

For example the I-fonction g, given by (7), is l-non-coucave. A connection
between the last two definitions is given by :
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THEOREM 3. If the I-function FE—=IR), (ECR, E comex set) 1s

non-concave on E, then # {s also L-non-concave on F.

Proof. Tet x = E. As neighbourhood V of x we consider th
| v 1 e set K.
Intheset E=EN TV =F M R we consider two subsets E and E,, de-
fined as folows : I ’

(9) Y ELG %y 1< (2 f
(10) Y B [y fl< (v p; /]

We notice that £, | J F, = F — {4 Let e F -
according to the 1‘cheorgm 2.: { ; Yo Je DY My, s e L

[ 50 /1 < 323 £ 12 905 /1 < (v, gy /)

Thus, taking into account (4) D(x, y,; C Vo =

, | . _ D, y15 /)< D(x, v, /). The case =
< FE, is considered in the same way. If y, I v;)EEZ then a%:}él)r}:izing
to the theorem 2, the formulas (9) and (10): ) '

(11) % v /1< 05 905 71 < [, 9y /]

(12) (% 905 /1 < 1% 325 /1< %, 955 /]

From (11) and (12), taking into account (3) and (4), results (8). The follo-
Evmg theorem shows the connection between [-nonconcavity and continui-
'

., . THEOREM 4. If the I-function f.E — I(R) is l-non-concave on E, then
v 1S continuons on the interior of E. ,
Proof : Let x = Int E (the interior of £). Then there is i

r of : I, g . ¢ 1s a neighbourhood
fb of % with U FE, According to the definition 3, thereisa ueighhourhood
-\01099‘ where (8) holds. [/ (M V being a uneighbourhood of ¥, there is an
€ >0 50 that [x —e, x4 ¢] C UM V. ¥rom (8) results that for eVery
Y& [x—e x4¢)] we have:
(13) My <[x,y;f] <M,

(14) My <z v, f] < M,

Wltl}_J[ f v‘:;min {[x, x —¢: JL o[ x —¢; f]} My == max {[x, x 4 ¢ i f1
(%, x 4 < f]} thus, denoting W = max {M,, My} .

(15) (%) —f(y)|<M|x—y| and ff(x)——f(y);‘<[ﬂfx-ﬁyj, ¥ €lx—e, xtel.

Formulas (15) implies that f and 7 are continuous on ¥, so that according
to the theorem 1, J 1is continuous.
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