
MATFINMAT']CA - REVIJE D'ANAT,YSE h]T.IMÉRIQI,IÙ
[1' DE l'II]IOR]I, DIÌ L,APPRO).II,4¿\TION

I,'AN{ALYSE NLJß{íJRTQUH Iì'{' T,.\ TIIÉÛRriì Ð}J I,'/{PPJIOX{ß{I&T'ION
üome 5, No fl" lg?{i, pp" åg_p6

TH]J CONVtrXITY Otr INTBRVAI-,-FUNCîIONS
b¡'

IVIIRCEA OC:TAVIAN GURZÀU
(C1u j-Napoca)

l. f n this plper we extend thc notion or corn,exity to functions withi'terval-values. I)enote v,,it_11 lR tlie sct of e setof closed intervals of trì, ivith o,þ, ... Lhc witha,l, . .. thc right ones. O¡ l(IR) rvc sl,aL c fronriutcr.r'a1-alithrn-etics (scc lt :, iZll, <L"iiu"d

lq, al ! lþ, b) -. l,r +- þ, a F t)

lø, aJ -, lþ, 6l -- Ls.-- b, d __ q
Ls, al.lþ, i;J: [nrin {sþ, qlj, db, øb}, ntax {qtb, q6, ap, a6¡1

ts, al þ, Fl _ !o, rl ll ].|, o ç Lþ,6llb bl
Also rve shal1 ol'garlize thc set 1(åì) as a rnetric äpacc, rvih rraussclorff ,s

ruetlic, u'hich in thiã case is givr:rr bj.:
(1) p\s, al, U,, 5l): nrax Iiq - tti, )a - Eij

A function f : Ii *,.1({r) (E f r{) is cailccl 1-functior (r'te^,a1-function).
we attach to this functio' tr,r,o real fu'ctio's rf a'd / (äcfined on E) :

f(*) '= iniu {z}, t, c. ti
(2) 

t'r(v)

"f 
(,) : 

Jlf;j {zi, t <- E

'lhe co''ectio' between the continuity of tire /-function /, according
to the metric (l), and tLe continuity of the rear functions/ a'd ¡ i, gi""r, îyl
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Proof. I,et x
In the set E: p
fincd as folo',vs ;

(e) y e lÌL iÎ lx, y;.fl < lx, I ,.¡t
j =E,it fx,y;fl<lx, y;fl(10)

lïålåtï:Ji?i"ui#"tå ,:,r?,- {x} r,ct !,,lz € E, v, ., !, rr !,, !, e= E,

Ir, y,;ll { lx, y,;.f1, lx, lr;,/l < ir, lz;f)
'l'hrrs, taliirrg into 

3c.couut $) D(x, yt: !) S t)(t;, !,,: [). Thc casc !t, lz ,:c= Ez is considc'r'd. ir.the Jol";'r;ó:- íi ,,-,)"i:i,"r',,-no theu, accordi'gto th. thcor-crn 2, rhc r,o.,n.,ror'isl"äi,¿ itól' . "1' -v2 -t'
(11) Lx,y,;Íl{lx,y,;./l(i,v, y,;f1
'(12) 

þ, y,; ¡l 
" fr, !z; f ) { Lx, y,; 

"f)From (11) and (12), t,aking into account (3) a,d (4), rcsurts (B). Ttrc forl0
fflns 

tt 
"orenr shorvs the cãnncctioìiìct,,,òci, ¿_,.,o,ìJór,"ïJ,ty and corrtinui_

. .r.HEoRe¡r 4. If lltc I_ftttrction [.,8 */(Iì) is l_nou_coitcttuc on I:, Í/tau,t ts continuous olt iltc inlciior ;i 8".' '

E). Then there is a
inition 3, there is a
neighbourhood of
Iìrom (B) results

(13) t[, { Lx, y;.fl < ]1,
(14) )[, 1 l-x, ), ; J.] < f,,j,

ìTll--.;tt',;rnirr {['r, x -- e;Jl, [x, x - e ;J'l] Mz =-rirax { lx, x l- e;fl,,r, r' | . : f Ì¡ thus, dcrrotinf .ll ur^^ ¡M r,'Al ,¡'
(15) t/(x) /(9tq,l/l.r .v¡ arrd ll@)--"f(y)11,1./¡r.. .J,r, ), u .lx_ r, xr.eL.
l'ormulas (1s) irnplies thatf and/ are continuous on ,rr so that accordingto thc theorern l. ./ is 

"o,,iinuo,å.

TrrBoREì{ 3. If tltc I_.frutction f :E *1ËR), (gCR, ¿. conaex set) rstl,ot1,-cotlcaue ott, E, thcu, it is' also I_lLon,_concquc ott, E.

ourhood V of x we consider the set Il.u,e corrsider two subsets O, una- l"-,- a'i_

e È-. As ueighb
aT/:En-R
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TrlrfoRptr 1, TJrc l-funcl:ion, f is cotttiu,otous ífJ f ancl f q.rc contiluous.
(Tlt'e conti,røui4t ef r,lte rcør ftncction.s f ørd./;t ttù u.s,a/. one)

Ou 1(R) rve consider the follou,ing orclering :

(3) ls, al <,[¿, 1,] ilT ¿ < ö and a < ã.

The notation lx,, y', fl and lx, y ,ll stands for the usual difference
cltrotierrts on thc ¡oints i, j = E (scc f3l) of thc functions./ and /.the difference cluotient of an 1 -.fuuction is given by; -

Def i'itio n 1. .r'he drfÍcreu.ce qu,or'icnt 
^!f r-fr,ncti,on f on the þoirtsx, y < IÌ is an,interaal, deøoted u,ith D(x, j:.f)", giaen by:

$) D(x, y ; "f) : [min{[.r, ),i.fl, l*, y ; Í]], max {lx, y; -f l, [*, r,: ll],1

. 3. In analogy rçith the classic¿rl clcfirritiou of convexity for the reallullctlons of a lc:al rrariable bl' an inequality (see 13 l) u.e give:
Def i'ition2. The l-ftntctiou, f :E -,1(R) is n,on-conca,)e onE,if

/or,3uery þoirts x, y e E and,-for cucry' ¡ = ¡0,1j tt, ¡otori,g iirjriohil;,
loold, :

(5) f @ + (1 -- ¡)y) <,Í(*) -t (1 - ¡,).f(y).

Lrsing (3) ue formulate;
TrrnoRr."lrr 2. TJtc l-.t'onct'iort.f :E * r(Il) (E c Il, E conüex set) is non-

co11'c(t'0e on. E tff lhe .fu,nctiotr.s J ancl f øre n,otø-co11,c(ne on E.
l'or exaurple, the 1-fonction ./: trì --o 1(R) defincd by ;

(6) l@) -- tl, 1¿l(1 I x,), ;r e tì
is not a 1tot1-co1lc¿rr.c function,

llhe disadvant_age oI dcfinition 2. consists in thc fact that sirrrplc
1-functjon, like g : Xì -, 1(H), given bv ;

(7) s(x): lr,2l@, - l), r e Iì,
is not a llo1l-corlcavc, function on ll.

. 
Thug rve give another definition oI the -/-function convexitlr, sirnìlar

to that of a real function of real variable, using diffcrence cluotie"t, i;;iãji,
1)eTinitionS. T'Jte t, J:E *I(R) is l-toon-conca.ue on Eif for euery.r e E there,ís a t V of the'þoint x so tlïat for euer\tjy lz = [/ À Íi uith gt { ! reiøtíon'is sat,isfictl ; " -- J

(B) D@, yr; .i) < , D(*, y,;.f).
For example thc /-fonction g, given by (7), is l-nor-L-corlcave, A connection
betu'een the last two definitiorù is givãn'bj-:
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1. Introductiorr

ated a certain linear positir.e
ctions of the real variable z,
positive operator, 'We a.ssumc:g properties on the interval t0, ól

I. 9"(0) :1;
IL q,,@) is infinitely differentiable on 10, bl and (-_1), çl!) (x)> 0(h:0, t,..,)t
rlr. there exists a positi'e integer n, not depending on À, such that
(1) -çli)@): +(k, n., x)<p(t,-r) (x) (t : t,2, ,..),
lvhere
rv. ,lr.(Å, tt, x.) is such that trrere exists a positii,e function A þr,), monotoni_cally increasing and tending to infinitr, ,^ir"n ,¿ * * tài ¿': 0 ancl I (no:
= n) rniformly in å,

The operator Ln lot 4:1,2, ... is defined by

(2) r.,, {Í(4; x} : -- 5r\ 
t-tl¡'e,tÍrt¿'À í(:-,)Þ,-o ht rl¡t(ft;/

u,,"^ltll:p"^"1:-": 4.¡ is.supposed to be indepenclent of h. For example inrÌreorems J, 6 ancl 7 of scnunFrR 14] and. in theorem + "t sr."Bt i-iSj.^
ir

i
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