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1. Introduection

BASKAKOV [1] and scHURER [4] investigated a certain linear positive
operator. They used a sequence of real functions of the real variable «x,
{pa(#)} (» = 1,2, ...) to construct the linear positive operator, We assume
that each function has the following properties on the interval [0, &
(b>0):

L ¢,0) = 1;

IL. ¢, () is infinitely differentiable on [0, bl and (—1)ko® (x)> 0
(R=0,1,...);

IIL. there exists a positive integer , not depending on %, such that
() ol () = 4k, Mol () (=12, ),

where

IV. &(%, n, x) is such that there exists a positive function A (%), monotoni- -
cally increasing and tending to infinity when 7 — oo for 4 — 0and 1 (n,=
= n) uniformly in k.

The operator L, for n = 1,2, ... is defined by

( T N e M LA
(2) L{f@); x}: = Qk\, A (Al(n))'

In some cases ¢ is supposed to be independent of k. For example in
theorems 5, 6 and 7 of SCHURER [4] and in theorem 4 of SIKREMA [5].
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We will show that if Y(k, n, x) is independent of & it is independent of x
as well. And, on the other han , if ¢ is independent of « it is independent
of k. Furthermore we will show that if #, = » all known examples of L
can be generated, viz. : Bernstein's Operator, the operator of Szdsz-Mirakyan,
and the operator of Baskakov's (in litterature #, = # — L, ny =mn, n, =
= # + 1 respectively),

=~ Dependence of variahles

We suppose ¢ is independent of k, 4 = Y(n, x). We take (1) with & 4 1
instead of %

3) =R () = gn, e (x) (=0, 1, .. ),
Now we differentiate (1)
@) =t () = ¢'(n, Ao (%) 4 $ln, Mol () (k=1,2, ...,

From (3) and (4) we get
¢'(1, x) =0 or el hifz)i=lp (k=12 ..
and so
VYn 2) = B(n) or 9,(x) =0 x < [0, 5]

(where @ is an arbitrary function of n). In the case where ?, () = 0 we can
say ¢ is independent of % and «. Thus we have proved that if ¢ is indepen-
dent of &, ¢ = Y(n).

Now we suppose that ¢ is independent of %, = Y(k, ). In (1) we sub-
stitute %, + 1 for & We obtain

(5) oY (%) = Gk 4 1, me® (v)  (k =0, 1, v agh)s
Differentiating ( 1) gives
) SR = bk oW (1) (b =12, ...

.\Ve find that {(k - 1, n) == Yk, n) kb =1, 2, ..., k, for some ke = ko (n)
and Qe (x) = 0. Tt possible that %, is infinite. So we have shown that if
¢ is independent of %, 4 = {(n).

3. The case #, = »

We 10w consider the case where #;, = 1, We apply (1) to (1) and get

(7) (E+1) {x) = Yk + 1, n, %)k, n, x)e-Y(x) ;
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for k=12 ... ym=12 .. . 5 e [0, ]. Also we differentiate (1) and
apply (1)

3) PYIN(x) = [~ (R, n, %) + ¥k, n, %) Jol=1 (x)

for £ = 1,2, ... =12 ... x5 < [0, b]. From (7) and (8) we obtain
the nonlinear partial differential-difference equation

(9) Yk -+ 1, n, Y)Yk, x) = —4¢'(k, n, x) 4 YAk, n, x)

We are able to give two solutions of thig equation, viz, :

Yk, 1, 2)D(n) and Y(k, n, x) :’i% (k=12 .. n=12 . rxec
X - Bn

=[0,0]) (D, « and B arbitrary functions of #). From §(k, n, %) = D(n) we

get the differential’equation oM (x) = — (m)pl=1 (x), Together with the

assumption that ©,(0) = 1 this gives @, (x) = e—®r (=1, 2 < sk

These ¢, characterize the operator of S8zZASZ-MIRAKYAN [3]. Gk, n, x) =

= b ) together with assumption 1 yields o, (%) = L =
X4 Bin) ) ) x -+ fin)

= 1,2, ...). With these ¢, we may define the linear operator M, by

M, {f(t); %) : = [:_T';LI 1) i (a(»>k+ k)( ,_L’i)k f(_‘i)_ (10)

(n) =t ,.\: -+ B(n) H

The images of 1, ¢ and £ are easy to find,

M, (1 2) =1, M, (1; x) = 200+ 1

—_—— ’1"
nf(n)
M, (e x) =TV m+ et
n232%(n) 1B (n)
L 0t and L O(u) then M, (#; x) ot (=0, 1, o)
B(n) B(n)
as n — o0

Taking «(n) — nB(n) — 1 we obtain
Mot ay) = M, (B x) = w2 L ¥ +=
i n B(n)

With B(n) = —1 we have M, = B, (the Bernstein operator [2]) and with
B(n)= 1 we have M, = K, (the Baskakoy operator [17). Tt is clear that
it 1s not necessary that # be an integer. We see that the larger we take the
absolute value of B(n) the closer the image of # under the operator M,
approximates the image of # under the operator S, (Szdsz-Mirakyan).
We also have[ fﬁ]uﬁ e as B0 (n=1, A

&
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