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1. INTRODUCTION

In this paper we consider the numerical solution of the following Volterra
equations

(1.1) 2/ (t)+ f(t,x(t /Kts s)ds =0, t>0; z(0) =1z,
and
(1.2) x(t)—l—/ K (t,s) f(s,x(s))ds =a(t), t>0.

0

On the kernel K (¢, s) we assume that
(1.3) K (t,s) is a symmetric d X d-matrix,

such that the operator

(1.4) K (¢) (1) = /0 K (t,5) ¢ (5) ds

is a positive operator in L? (see Definition [2.1)). On the function f we assume
that it satisfies

(1.5a) f (-,u) is continuous on R, for all u € R,
(1.5b) |f(tu) = f(t,v)]| < Mu—nvl, for all u,v ¢ R? and ¢ > 0
(1.5¢) {u—w, f(t,u)— f(t, )>2u\—v| , for all u,v € R? and ¢ > 0,

with some p > 0.
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It is not necessary to assume that holds globally in R? but it simplifies
the presentation. In ([1.5)) (-,-) denotes a fixed positive definite inner product
in R? and ||-|| the corresponding norm.

It is well known that in compact intervals [0, 7] we can discretize the equa-
tions and in such a way that, if the discretization parameter, the
step size h tends to zero, then the approximative solutions converge to the so-
lutions of the original problems. However, qualitative estimates obtained for
the global error (=computed approximation - exact solution) typically contain
factors of the form exp(MT') so that they become meaningless as T" — oo, and
can in fact, be “very pessimistic” also for, small T. The essential reason for
this lies in the fact that for each fixed A > 0 the perturbation sensitivity of the
solutions of the discretized equations can be different from that of the original
equation.

In this paper we shall derive bounds for the global errors, which remain
small on the whole half axis ¢ > 0. The bounds depend on local errors in
an efficient way, and since local errors can usually be easily estimated, they
give us good estimates for the upper bounds of global errors. Furthermore,
no restriction on the step size h is posed in the whole paper, it can be an
arbitrary but fixed positive constant.

For ordinary differential equations ((1.1) with K (¢,s) = 0) some error
bounds were given by DAHLQUIST G. [3], and further sharpened in [10]. For
(proper) Volterra equations no earlier results are known to us.

In chapter |2 discretizations to are considered. The main subject is to
show that the error bounds derived in [I0] for the special case K (t,s) = 0
still hold with one modification, if X in (1.4) is suitably discretized. As in [10]
we assume that the differential part of is discretized using a G-stable
method [3]. On the discretization of K we need that the resulting discrete
operator is still positive, now in e?. This happens for al K if and only if the
quadrature itself is a positive operator, then called a positive quadrature. In
chapter 2| we assume that K (¢, s) is continuous on 0 < s < t < oo, while the
weakly singular case is discussed in chapter 5} All the bounds we give for ([1.1])
are independent on the (possibly very large) Lipschitz constant M.

In chapter |3| we investigate equation under discretization with a posi-
tive quadrature.

In chapter [f] we consider the relationship between A-stability of a multistep
method [2] and the positiveness of an associated “convolution quadrature”.
As a corollary we get an error bound for the ordinary differential equation
'+ f (t,x) = 0 assuming only A-stability on the method, which is the weakest
possible assumption we have to make, if nothing additional is known on f. (It
is known that G-stability is properly stronger than A-stability, [3]). As an
other application we consider a second order differential equation discretized
using a G-stable method.
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In chapter [5| we show how we can discretize IC without destroying the pos-
itivity, if I is weakly singular in the form K (¢,s) = a(t — s) B(t,s). Here
B (t,s) is a continuous matrix on 0 < s < t < oo, and a € L} is a scalar
function satisfying some monotonicity conditions.

In chapter |§| we give a result concerning discretizations to , which
guarantees that the approximative solutions tend to zero at infinity. Generally,
if holds with p = 0, {f (nh,0)} € e! and K is a positive operator, then
the use of a G-stable method and a positive quadrature guarantees that the
solutions are bounded, but they need not tend to zero at infinity. However, if
KC satisfies a stronger condition so that the solutions of tend to zero then
the same holds for the discretized equation.

loc

2. VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

Here we shall derive some error bounds for the numerical solutions to the
following Volterra integro-differential equation

(21) 2 @)+ f(t,x(t /Kts s)ds =0, t>0; z(0)=7¢cR%

When doing this we use the following concepts and notations. Let H be a real
Hilbert space and K a densely defined operator in H.

DEFINITION 2.1. K is a positive operator in H if
(2.2) (o, Kp) >0 for all p € DK.

We denote by L? and [? the Hilbert space defined by the inner products

(o, ) = /Ooo <90(t) 1 (t) >dt

and
k':0

respectively. Throughout this chapter, let K (¢, s) be a symmetric d X d-matrix,
which as a function of ¢t and s is continuous for 0 < s < t < co. We define an
operator in L? by

(2.3) (Kg) (t) = /0 K (t,5) ¢ (5) ds.
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Given a quadrature formula

(2.4) WE), =D wnép,
k=0

which we consider as an operator in [?, and an operator K in L? we define an
operator WK in [? setting

(2.5) (WKS),, = h > wnp K (nh, kn) &.

k=0
In (2.4) h is a positive real and the weights w, are reals (which can depend
on h).

DEFINITION 2.2. A quadrature formula W is called positive if W is a positive
operator in 2.

Note that the positivity on VW does not depend on the dimension d. The
following theorem is basic to our considerations.

THEOREM 2.1. WK is a positive operator in 1> whenever K is a positive
operator in L? if and only if W is a positive quadrature.

A proof of this theorem in the scalar case can be found in [II]. Since
K (t,s) is a symmetric matrix for every (t, s), the proof generalizes easily. In
fact, assume that K is a positive operator and W a positive quadrature. Using
the identities

(2.6) /OT <g0(t),/0tA(t,s) ds>dt:;/0T <g0(t),/0T/~1(t,s)g0(s) ds>dt,
N N

(2.7) Z <§na]§:0 Anj§j> =3 Z <§m§30 flnjfj>,

n=0 n=0
where
~ At t>
Aftys)= {ABs) iz
A(s,t)", t<s
and

Anj, n > ]
Anj = Ann —+ Agn, n = j
A;*-Fn, n <7,

N
and a suitable sequence of functions {¢,,} approximating > 0rr&k + 00&o +
k=0
OnkEN, where 6 denotes the Dirac measure, we first obtain the positivity of

the operator
n

k=0
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where

o 1K (nh, nh), n=k,
" L (nh, kh), n > k.

The operator WK is then a “Schur product” of W and L, where W is defined
by with A,; replaced by w,;. The positivity of WL then follows using
the symmetricity of W. That W itself must be positive is obvious since K
with K (¢,s) = I is a positive operator.

It was shown in [I1] that there does not exist any explicit positive quad-

rature and that the quadrature Wy are positive for 6§ € [%, 1] , where Wy is
defined by

1-6
Woo = 1

wpo=1—60, n>0,

Wy =1, n>k>0,

Wy = 0.
In the following we shall use a positive quadrature when discretizing the in-
tegral operator K occurring in the equation ([2.1). In the discretization of the

differential part of the equation we shall use the so called one-leg methods [3].
Consider the Volterra integro-differential equation

28 O=gta®®). 50 = [ ks

This can be discretized using a linear k-step method (p, o)

k k

(2.9) Zaji'n—&-j = hZﬁjg (£n+ja i'n-x-jvgnﬂ') g

Jj=0 Jj=0

and a quadrature W
(2.10) o =hY_ wak (ot 24)
u=0

In (2.9) the generating polynomials

k . k .
p(Q) = > aj¢?, o(¢)= > B;¢!
=0 =0
are assumed to have real coefficients and no common divisor. We also as-
sume that the method (p,o) is consistent (p(1) =0, p' (1) =0 (1)), stable
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(no root of p ({) lie outside the unit circle, and those on the circle are simple),
and normalized so that o (1) = 1. The corresponding one-leg method for ([2.8)
is then defined by

k k k
(211) Za]xn-i-j = hg( ZO/B]tn-‘r]) Zoﬁ]$n+]7yn>a
J= J=

J=0

where
n k k k
(2-12) Yn = hz wnuk( Z Bjtn—i-jv Z /Bjtu-i-ja Z Bjxu+j)-
u=0 7=0 7=0 7=0

Using the shifting operator FE : F¢, = &,41 the approximations {Z,} and
{zy} satisfy the equations

(2'13) P (E) In = ho (E) In +Pny, Yo =" Zownuk (fna E;u i,u)
ILL:

and

(2.14) Yn = thwk(a (E)tn, 0 (E)ty,o(E) Sﬂu),

respectively, where we put g, = ¢ (fn, Zn, gjn) and p,, p, denote local pertur-
bations which exist in real computations. It turns out that the error bounds
are simpler to derive for the one-leg methods than for the linear multistep
methods. However, due to the following theorem results obtained for one-leg
methods can be transformed to results for the corresponding linear multistep
methods.

THEOREM 2.2. Let x = {x,} satisfy @ and put t, = o (E)t,, &, =
0 (E)xpn, pp =0 (E)py. Then {&,} satisfies ED

Conversely, let & = {&,} satisfy and define t,,p, by solving
o(E)ty = tn, 0(E)pn = pn. Let P,Q be two polynomials of degree not ea-
ceeding k — 1, such that for some integer m, 0 < m < k,

P(Q)a () =R p(¢) =",

and, for n > k put 3, = E-"{P (E) & — hQ (E) g — Q () pu}.
Then o (E) xy, = &y, and {x,} satisfies (2.14)) for n > k.
For ordinary differential equations this theorem is due to G. DAHLQUIST

[3]. Here we have chosen y,, and ¢, in such a way that y, = g, which reduce
the theorem into that original form.
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Because of this result we shall here consider one-leg methods only. Let {u,}
be a sequence in R, then we define another sequence {U,,} by

Un = (un—i—k—la s aun) .

For a k x k-matrix F' = (f;;) we denote

k k
= E E ij un+k iy Un4k— j>
=1 :

DEFINITION 2.3. Let G = (g;;) be a real symmetric positive definite matriz.
The method (p, o) is said to be G-stable, if for arbitrary {u,} we have

(2.15) G (U1) — G (Up) < 2(o (E) ug, p(E) uo).
Using the fact that for symmetric matrices
(2.16) F(U,) >0

if the matrix F' is nonnegative definite (e.g., [3, Lemma 2.2]) we observe that
the G-stability does not depend on the dimension d. All G-stable methods are
A-stable (Definition but the converse does not hold. However, every A-
stable k -step method of order k (or more) is G-stable for exactly one matrix
G, see [3].

Specifying the discretization (2.14) to ( . yields
(2.17)

p(E)xy + hf(nh,o (E)x,) +h wa (nh,ph)o (E)x, =m,, n >0,

when =z, ...,zp_1 are given.
(Observe that we put in (2.17) for notational simplicity o (E) t, = nh). We
shall first give a result on the existence and uniqueness of the solutions of

1D

THEOREM 2.3. Assume that f satisﬁes and WK is a positive operator
in 2. Then, for all {zo,...,mx_1} (2 has a unique solution {xy}.

Proof. Put o (F)z, = ¢ and assume that we know the existence of
X0y .+, Tptk—1. Then (2.17)) can be written as

AeE e nf (nh,€) + hPwan K (nh, nh) € =1

where ¢ is the unknown vector in R%. We shall use the following fact from the
theory of monotone operators: If A is continuous, monotone (i.e (u— v, Au —
Av) > 0 for all u, v) and coercive ({u, Au) ||u]| ™" — 0o as ||u|| = oo, uniformly)
then it is onto. Since WK is a positive operator in 1%, h%w,,K (nh,nh)
is a nonnegative definite matrix. Hence, using (u— v, Au — Av) >

A

(ﬁk + ph) flu— v||?, where % + ph > 0, which gives both monotonicity
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and coerciveness. Since f is continuous so is A and the existence of £ follows.
Uniqueness follows form

0= (& — &, AL — ALY > (% +ph) & - &l

In practical calculations, the local perturbation 7, consists of roundoff error
and truncation error in the iterative solution of the algebraic equation de-
termining o (E) x,. Let then x (t) be a solution of and define another
sequence of local perturbations {7, } by

(2.18)

p(E)x (nh) + hf(nh,o (E)z (nh)) + h? Z Wnp K (nh, ph) o (E) z (uh) = T,
n=0
n > 0.

Put z, = x, — xz (nh), ¢, = ry, — Ty, then and imply
(219)  p(B) s+ h{f (0hyo (B) ) — f (nhyo (B) & (nh)) }+

+ h? Zo Wnp K (nh, ph) o (E) 2, = gn.
p=

Assume the operator I in (2.1]) is positive and that f satisfies (1.5)) with a
fixed g > 0. Let a and b be reals such that

(2.20) o () uoll> < aG (Uy) + bG (U) .
O

THEOREM 2.4. Assume that (p, o) is a G-stable method and W is a positive
quadrature. Then, for u =0 we have

n 2

(2.21) 6z < {62+ a4 v | £l | .
7=0

and for v >0

(2.22) G (Zu) € G (Z0) + 5l 2 sl

If we assume in addition that @ = max |(,| < 1, where (, is a zero of o ((),
then the bound in (2.22)) can be essentially improved. This is based on the
following.

LEMMA 2.1. (see [10, Theorem 1]). If « < 1 then for every e > 0 such
that o + ¢ < 1, there exists a positive definite matriz H, independent on the
dimension d, satisfying

(2.23) o (B) uol|* — {H (U1) — (® +¢) H (Up) } >0

for all sequences {uy}.
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Let A be such that G (Up) < AH (Up) , so that we can state

THEOREM 2.5. Assume that (p,0) is a G-stable method with o < 1 and
that W is a positive quadrature. Then, for u > 0,

(2.24)
(G+phH) (Znp)+(1-0)> (G+phH)(Z (G+MhH)(Zo)+(Mh)_li%lqu'IIQ,
j=0 J=
Oé2
where 0§ = %, a® 4+ ¢ <1 and H satisfies (2.23).

Proof of Theorem 2.4. Multiply (2.19) by o (F) z, and sum from 0 to N

(2.25) Z (0 (B) 2, p (E) 2 )+

+hZX ) 2n, £ (nh 0 (B) a)—f (nh, o (E) x(nh)) )

N n
+h2y <a (B) 2, 32 wouK (nh, uh)o (E) zu>
n=0 p=0

N

Z z?’l? Qn

Using G-stability, (1.4), and the positivity of WK, (2.25) gives

(2.26) G (Zns1) = G (Zo) +2hu Yy o (B) zl* <2 llo (E) zmll I

m=0

Consider the case p = 0 first. If ¢, =0 for m =0,...,n then (2.21) clearly
holds. Assume therefore that for some m,0 < m < n, ¢, # 0. First observe
that by (2.20) we have for every n > 0

(2:27) 2|0 (E) zall <0+ 5 llo (B) zall* < 0+ 5 aG (Zowr) +6G (EZy))|| -

Choose 7 to satisfy max 2|/¢p| < 1. Then (2.26) and (2.27) yield
0<m<n "

@%)Gmmm(—mmyﬂ<%wnzmm+w<wmw

m=0

n—1
+thnm+W<>M%@.

m=0

Let us define a sequence of reals {Cm}”Jrl by setting (y = G (Zp) and
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(2.29)
Cm—i—l =
m m—1
= (1— 2 lgml )71{G(Zo) + nkZO laill -+ 0Gm + Y (i + bGk) llaxl) }
= k=0

Then by a simple induction (41 > G (Zp+1) - But (41 satisfies

Gnor = {1 = 2 llgmll} {042 gl ) o + 10}

and hence

n n
T el L glanll )y gl
Cn+1 = H I_Z”qm” G (ZD) +n H 1—g|‘qmn 1+£]||Qj||
n - ]:0 n n
n gy |
<{0@) +n L gl fexo | 3 oy |
]:

m=0

Il
=)

The choice 1 = (2a +b) 3°7_ [|g;j|| now yields (2.21)).
Assume then p > 0. In (2.26]) we estimate

1 1 _
207 |lo (E) zull llgm || n~2 < nllo (B) zall* + 07" lam|®

and get

(230) G (Zn+1) <G (Z0) + (=2hu+n) Y llo (B) znl* + 07" Y llamll*-

m=0
The choice n = 2hu gives (2.22)), and completes the proof. O
Proof of Theorem 2.5. In (2.30) choose n = ph and use ([2.23)) to obtain

(2.31)

G (Zusr) < G (Zo) — ph S AH (Zuns1) — (02 +€) H (Zu) } + 25 S g

m=0

By the given choice of 6

G (Up) + ph (0® +¢) H (Up) < 0{G (Up) + phH (Uy) },
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and we can write

(2.32) Y (G+phH) (Znn) <0 (G + phH) (Zn) + 35 Z lgm|*
m=0 m=0
which yields . ([l

REMARK. Observe that when deriving error bounds we need the positivity
of a quadrature only in the form

n n
D& ) wni& >0
n=K =K

if we may assume that «;—x (jh) vanishes for j =0, 1,..., K—1. The ordinary
trapezoidal rule clearly satisfies this condition but in order to be positive in
the sense of Definition 2.2 a modification is needed (see, e.g., the quadrature

W% , given in this chapter or the quadratures given by lj and )

If K =0, (2.1) reduces to an ordinary differential equation. The sharpness
of these bounds in that special case is demonstrated in [I0]. Note also that
these results can be applied to perturbed equations

(2.33) o)+ f(tx(t /Kts s)ds=u(t,z(t),y (1)),

y(t) = /0 o(t, 5,2 (s))ds,

assuming that u is small in some suitable sense. This only introduces a new
term into the local perturbation ¢, in equation (2.19)).
In [1], [9] the following test equation

(2.34) 2 (t) + ax (t) + B/O x(s)ds =

is considered. The problem studied is whether the asymptotic stability of the
solutions of is carried over to the solutions of the discretized equation.
In [I] @ and B are assumed to be reals while [9] considers the complex valued
case. One notes immediately that the technique used in this chapter can be
applied to only if § is real. Correspondingly, the class of quadratures
studied in [9] are of a very special type, in fact essentially our convolution

quadratures ((4.7)). O
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3. VOLTERRA INTEGRAL EQUATIONS

Here we consider Volterra integral equations of the form

(3.1) x(t)—i—/oK(t,s)f(s,a:(s))dSZa(t), t>0

where K satisfies (1.3)), is continuous for 0 < s < 1 < oo and such that K is
o, . . 2 . . . .

a positive operator in L?, and f satisfies ((1.5)) with u > 0. We discretize (3.1))

using a quadrature W

(3.2) Tn + than (nh,jh) f (jh,zj) = a(nh) 4+ ry,
=0

where 7, denotes a local perturbation. Let x (¢) be a solution of (3.1) and
define the local truncation error 7, of this discretization by

(3.3) 2 (nh) + 1Y weK (nh, jh) f (b, z(jh)) = a(nh) + 7.
j=0
Put as before, z, = z, — z(nh), g, = r, — T, then we have the following

1
result, where the seminorms ||-|| 5 are defined by |||y = {Zﬁ[:o ||§n\|2}2 .

THEOREM 3.1. If f satisfies (1.5) with > 0 and WK is a positive operator
in 12, then (3.2) has a unique solution {x,}. Furthermore, for all N >0

(3.4) Iz}l < 5 {an} -

Proof. First note that (1.5) with g > 0 implies, using the argument given
in the proof of Theorem that f (t,-) has a (Lipschitz-continuous) inverse
f~1(t,-). Assume the existence of g, ..., 2, 1. Put & = f (nh, z,) and write

as

A€ el g (nh, &) + hwyn K (nh, nh)§ =n.
We show that
(3.5) (u—v, Au— Av) > 5 ||u— |,

which implies the existence and uniqueness of £ and hence of x,,, too. To show
(3.5) observe that hwy,, K (nh,nh) is a symmetric nonnegative definite matrix
and so it has a square root H. Further

(u—v, f7 (o) = 7 (o) ) > i fu— ol
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and so
(u—v, Au — Av) > MLHu—vH2—|—<H(u—v),H(u—v)>,
which gives (3.5)).
To obtain (3.4)) first write

o+ thm (nh, jh) [f (how) = f Gy (jR)) ] = gn-

Multiplying by f (nh,z,) — f (nh,z (nh)), summing from 0 to N and using
the positivity of WK this gives

(3.6)
N N
Z <f (’I”Lh, xn) - f (nh7 € (nh)) 7zn> < Z <f (nh, wn) - f (nh7 € (nh)) 7Qn>-
n=0 n=0

But by (1.5 this further implies

1

N N > N i
Y lleal® < {an(nh,xn) — f (nh, x(nh>>||2} {z ||qn|\2}
n=0 n=0 n=0

v oabra
M{E st} { o}

which finally gives (3.4)).
For f(t,x) =z (3.4) gives [{zn}lly < [{an}ly-

Putting K = 0 we have z, = g, and hence |[{z,}||y = [{an}l 5 -
As in the case of integro-differential equations earlier results exist only for
the test equation

(3.8) x@zi+a£x@ﬂ&

(see, e.g., [5], [6], [91). O

DEFINITION 3.1. A discretization method for Volterra integral equation is
said to be A-stable if it yields an approximation {x,} such that z, — 0 as
n — 0o, whenever applied with a fized h to (3.8) with Rea < 0.

In the definition of A-stability for ordinary differential equations we replace

the test equation (3.8) by

(3.9) 2 = azx.
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Note first that W = 0 is formally a positive quadrature but certainly not
A-stable since x,, = % for all n. On the other hand, by redefining one element
in such a way that it breaks the positivity one can find A-stable quadratures
which are not positive. There is an important case where these concepts equal
and this is the main subject of the next chapter.

4. ORDINARY DIFFERENTIAL EQUATIONS

In this chapter we consider numerical solutions to the ordinary differential
equation

(4.1) )+ f(tx()=0, t>0; z(0) =2,

where f satisfies . We discretize using an A-stable linear multistep
method (p, o), write the solution of the discretized equation using an associ-
ated quadrature and show that this quadrature is positive. Then the error
bound given in Theorem can be used.

An application of a multistep method (p, o) to yields.

(4.2) p(E)xn + hp(E) fr =1,

where 7, is a local perturbation and f, = f (nh,z,).
The solution of (4.2)) can be written as

n
(4'3) Tntk = Pnt+k + Z an*u{r# - hp (E) f,LL}a
pn=0
where {p,} is a sequence which depends only on p and the initial values
x0,. .. ,Xk—1, and {a,} is the solution of
k
(4.4) p(E)a, =0, arag =1, Z Qjly_jt; =0, forr=1,... k-1
j=k—r

Since we assume that (p, o) is stable the sequences {¢} and {a, } are bounded.

We can rewrite (4.4) as

n n+k

(4'5) Tp+k = Ptk T+ Z An—pTy — h Z wn—&—k,ufm

u=0 u=0
where

min{k,u}
Wrtk,p = Z Bjtn—p+j-

j=max{0,u—n}

Put

k

Wy = Z Bjam—k+; and write (4.5)) as

j=max{0,k—m}
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n—=k n
(4~6) Tpn = Pp + Z Qp—k—pTu — h Z wnf,u,fua
pu=0 n=0
where {1, } is a bounded sequence depending on p, 0, Tp, ..., Tr1, fo,---, [i1-

In this way we have associated with a multistep method (p, o) the convolution
quadrature 2

(47) (Q6), = S wn_pb
n=0

Note that € is well defined even if the method (p, o) is not stable.

THEOREM 4.1. A multistep method (p,o) is A-stable if and only if the cor-
responding convolution quadrature € is positive.

In the proof we need the following results.
LEMMA 4.1. Q is a positive quadrature if and only if {wy} is bounded and
0 .
(4.8) Reanr"emT >0, for T € [—m,7], re€(0,1).
n=0

LEMMA 4.2. [2] A multistep method (p, o) is A-stable if and only if % is
regqular and has a nonnegative real part for |¢| > 1.

Proof of Theorem A straightforward calculation shows that
(49) % :w0+w1C_I+W2C_2+...

If the method (p, o) is A-stable, then it is stable [2].
Hence {a,} and {w,} are bounded. But by (4.9) and Lemma 4.2 also (4.8)
holds and so {2 is positive.

Assume then that € is positive. By (i and 1) we note that Re () >

p(¢)
0 for |(] > 1. But Re% is harmonic on {|{| > 1}, nonnegative and not
identically zero, hence Re% > 0 for |(| > 0, and the method (p,0) is A-
stable. g

Proof of Lemma 4.1. Since the positivity of Q implies 2hwy > h|wy|, {wn}
is bounded. The proof of is carried out in two steps. We first note
that {w,} defines a positive convolution quadrature if and only if {w,r"} does
for every r € (0,1). But {w,r"} € I! and the second step is to show that
{vn} € 1! defines a positive convolution quadrature if and only if Re# (7) > 0
for all 7 € [—m, 7] .

Assume {w,} defines a positive quadrature. Let P, denote the Poisson
kernel, then we can write

P % P, (1) e T = % / P, (1) cos (nt)dr.
x 0
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Since P, (1) > 0 we have

N n

N n i
Z &n Zw"—jrnijgj =z / P (7) { Zﬁn an—j cos (n — §) ng}dT
n=0 7=0 0 =0 =0

T N n
/ P, (1) { Z cosntéy, Z Wnj COS JTEj+
0 n=0 j=0

N n
+ Z sinnt&, Z Wn—j sin j7&; }dT > 0.

n=0 j=0

Sy

Hence {w,r"} defines a positive quadrature. The converse follows easily since

N n N n

Wi -:hmz Zw,~r”_3 ;.
D D) wai€ =lm Y €Y wn g
n=0 =0 n=0 =0

Assume then that {v,,} € I*. Define 7 = {9,}*, by
Dn = I/|n|, n 7& 0

Up = 219, n = 0.

By (2.7) v defines a positive quadrature if and only if
o0 [o.¢]
(4.10) > &) & =0
n=0 ;=0

for all real sequences {&,}3° with compact supports.

oo oo
Using Parseval’s identity we notice that »_ (, Y Un—;( is real even if {(,}
n=0  j=0

is a complex sequence.
Hence (4.10) is equivalent to the condition

(4.11) Zg‘nZﬁn,jgj > ()
n=0 7=0

for all complex sequences {(,}§° with compact supports.
But

Zgnzﬁn—jcj' = Z Cn—M Z Up—jCi—m, forall M € Z
n=0  j=0 n=M j=M

which shows that v defines a positive quadrature if and only if 7 is a positive
definite function on Z. Since o € I! (Z), this happens if and only if v(7) > 0
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for all 7 € [
Re7 (r) = 57 (7).

We now apply Theorems [3.1] and to obtain an error bound for the
numerical solution of . It has been an open problem whether A-stability
(which is connected to the test equation , only) implies some stability
properties for the difference equation in more general cases. Let, again
x (t) be a solution of and define 7, by

, 7| (see e.g [4, 12.13.3]). Hence the lemma is proved because

(4.12) p(E)x (nh) + ho (E) f = 7,
where f,, = f (nh, x(nh)), and put, as before z, = x, —x (nh), g, = rn — Tn.

COROLLARY 4.1. Assume that f satisfies with p > 0. If the multistep
method (p,o) is A-stable then there exists a constant C = C (p,o) such that
for all N > k
(4.13)

{ann\l } f){{(zvﬂ) e [yzj||+Hf] fj}l} [i(g\l%ll)z]%}

Proof. From (4.6) we get, for n > k,
- ; def
Zn‘i‘hzwn—u(fu_fu):w ¢n+zan k—p9u = DPn,
n=0

where [ —dn| < € max {llzj]l+]|f; = f5]| } and Jau| < C.

By Theorem [3 n {za v < 22 [{pn}lly which gives (4.13).
Note that if the method (p, o) is also G-stable one can obtain a better bound

using (2.22)) and Theorem

As another application of Theorem we consider the system

{ P+ Atz +y=>b()

(4.14)
Y —B({t)xz=0
under the assumptions

(4.15) pllull* < {u, A(t)u) < M|jul®, for all t >0, u € RY,

B (t) is symmetric, positive definite an
(4.16)

B’ (t) is nonnegative definite, for all ¢ > 0.
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Assume (4.14]) is discretized using a G-stable one-leg method (p, o)

(4.17) { p(E)zy + hA (nh) o (E) 2, + ho (E) yn = hb (nh) + ry

p(E)yn —hB(nh)o (E)z, =0.

Let (z (t),y(t)) satisfy (4.14) and define 7,7, by

(4.18) p(E)z (nh) + hA(nh)o (E)x (nh) + ho (E)n, = hb(nh) + 7,
p(E)n, —hB (nh)o (E)x(nh) = 0.

Put x,, — x (nh) = zn, Yn — N = Wn, tn — Tn = Gn, then we first have
p(E)wp, = hB (nh)o (E) z, and p (E) o (E) wy, = ho (E) {B (nh) o (E) 2, }.

This can be written as

o (E)w, =1, + thn,uB (ph) o (E) z,
pn=0

where 1, satisfies [|1,]| < Co<m<a’i( . { o (E)w;|| + || B (jh) o (E) || }
<j<k—

Hence we can write
(4.19) p(E) z, = hA (nh) o (E) 2z, + h* Z Wn—pB (ph) o (E) 2z, = qn — hipy,
pn=0

which is of the form (2.19). Since (p,o) is G-stable it is A-stable and the

quadrature 2 in (4.19) is positive.
Therefore, if the operator

(4.20) (Bg) (1) = /0 B(s)p(s)ds

is positive in L? then all the bounds given in chapter [2| for (2.19) apply to
[-19). But, by (E.16),

T
/0 (¢ (), (Bip) (#) )t =
T
S Ea @B - /o ([&B7] Be) (1).(Be) (1) ).

which gives the positivity, since when B (t) is positive definite so is B~! (¢)
and —4B1(t) =B~ (t)B'(t) B71(1). O
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5. WEAKLY SINGULAR KERNELS

In applications one often meets equations where the positive operator K
has a kernel which is continuous on 0 < s < t < oo but weakly singular on
s = t. For example, K (t,s) = (t — s)_% B, where B is symmetric and positive
definite. We shall here give discretizations for some weakly singular kernels
and study the positivity of the resulting quadratures.

We consider operators K which are of the form

(5.1) W@@=/awww@@M$®
0

where

(5.2) a € L'(0,1)NC(0,00),

and B (t, s) is symmetric and continuous on 0 < s <t < oc.
We associate with a (t) a product integration quadrature P = {w,;} and
approximate IC by PB where B is defined by

(5.3) w@mzéBm@w$m

and PB by

(5.4) (PBE), = h>_wn;B(nh,jh)¢;.
§=0

The problem then is to find results of the form:
if the operator

(5.5) M@@=Aa@sW@®

is positive in L? then P is a positive quadrature, since when this is the case,
all the error bounds in chapters [2| and |3| are applicable.
Given a (t) we define sequences {a}, {8k} by

h
(5.6) ak—hl/ a((k+1)h—s)ds, k=0,1...
0
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and

(5.7)
h
=h? h — s)ds,
Bo /0 sa (h —s)ds

5k:h2/0h{sa((k—i—l)h—s)—i—(h—s)a(kh—s)}ds, k=1,2,...,

and the corresponding convolution quadratures

(5.8) (P1&), =h _ om_p
j=0

and

(5.9) (P28), =1 > Bribi.
j=0

Let us at first observe that the positivity of A does not generally imply
the positiveness of these quadratures. When P; is positive, ag > 0, but for
a(t) = cost we have ag = h~!sin h. On P; we shall assume that

(5.10) a (t) is nonnegative, nonincreasing and convex for ¢ > 0.

THEOREM b5.1. If a satisfies (5.2) and (5.10), then the quadrature Py is

positive.
Proof. By (5.10]) {a} is bounded and nonnegative and satisfies

(5.11)
h
Q1 — 20+ 01 = h/o s{a((k—i—Z) h—s)—2a ((k+1) h—s)4a(kh—s) }ds >0

since the integrand is nonnegative by convexity. Forming a new sequence
{apr*} where r € (0,1), we still have

1™ = 204" + g ¥ >0, but now also {ar*} € 11

By [7, Theorem 4.1] there exists a nonnegative function f € L' (—m, ) such
that f(n) = ay,r!"l, for all n € Z. Thus

oo o
(5.12) Re g apr™e = Lag + g a|n|r|”|eim > Lap,
n=0

n=—oo

and the positivity follows from Lemma O
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From the proof of Theorem [5.1] we note that also Py is positive if we have
(5.13) Br_1 — 2By + Br_1 > 0 for k > 0,

where BD = 289, Br = Br, k > 0. However, does not imply ,
1—¢t, t<1
0, t>1
We shall therefore impose a stronger condition on a(t):

consider, e.g., a (t) = with h = %

(5.14) a€C®(0,00) and (-=1)"a® (¢) >0 fori=0,1,...;t>0.

THEOREM 5.2. If a satisfies (5.2) and (5.14), then the quadrature Po is
positive.

Proof. Since a (t) is completely monotonic it can be represented in the form

(5.15) a(t) = /000 e Pt (p),

where X (p) is nondecreasing and the integral converges for ¢ > 0 [16, Theorem
12b]. Hence, for r € (0,1),

e . 0 h .
Z Bpre™ = Z (h_2 / sa((n+1)h—s) ds) r'e™”
n=0 0

n=0
oo h '
+ Z h2 / (h—s)a(nh —s)ds |r"e""
n=1 0
e h o0 )
_ 52 / e—ph / eShSdS Z T,ne—pnhem‘r d\ (p)
0 0 n=0

0o h o )

+h? / / et (h — s)ds Z e PrhenT LA X (p)
0 0 n—1

h h h
— _2/ e_ph/ eshsds + re_phe”/ e (h —s)ds p-
0 0 0

{1- re_phe”}fld)\ (p).
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Put foh ehsds = A, foh e’ (h — s)ds = B, then
(5.16)
(o@) ) 0o
Re Z Bpr™e™T = 2 / [e_phA —r2e7hp 4 r(e_phB — e_QPhA) cos 7'} .
n=0 0
1= 2re Pl cos T + 7“2e_2ph] A (p).
The integrand in (5.16) is nonnegative since A(p) is nondecreasing,
1 —2re PhcosT 4+ r2e=2Ph > (0 and the first term attains its extreme values at

7 = nmw. For cosT = 1 we have

(efph _ re*2ph> (A—rB) >0 since A > B

and for cosT = —1
(e*ph + re72ph> (A—rB)>0.
Hence
m .
Re Z Bnr"e™T >0
n=0
and the theorem follows from Lemma [4.1] O

6. ON THE ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS

Besides the error bounds there naturally arises another question whether
xn — 0 as n — oco. We shall consider here only discretizations to the Volterra
integro-differential equation .

On Volterra integro-differential equations we do not know any results on
this problem (in addition to those on the test equation ) On ordinary
differential equations some earlier results are known, see e.g [14], [15].

We consider the equation

(6.1)

p(E)zn + hf (nh,o (E)z,) + h* anjK (nh,jh)o (E)xz; =0, n>0
=0

under the assumptions that f satisfies (|1.5),

(6.2) WK is a positive operator,
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(6.3) (p,o0) is a G-stable method
with
(6.4) a <1

This is not sufficient to guarantee that x, — 0 (consider, e.g., 2’ = 0).
Therefore we shall impose a stronger condition on WK.

DEFINITION 6.1. The operator WK is said to be strictly positive if there
exists {wn} = I* with Rew (1) > 0 for 7 € [—m, 7] such that WK — Q is a
positive operator.

Here Q stands for the convolution quadrature associated with {wy,} by .

The definition is a modification of a concept due to STAFFANS O.J. [12] on
positive type functions on Ry;a € LlloC is of strictly positive type if there exists
b € L' satisfying RGB(T) for 7 € R such that a — b is of positive type. (A
function a is of positive type if A in is a positive operator). He used
the concept when studying asymptotic behaviour of the solutions of the scalar
equation

t
(6.5) J0+ [ at=9g@E)ds =0, >0
THEOREM 6.1. Assume that , and hold. If
(6.6) {f(mh,0)} el

then all solutions of (6.1]) are bounded. If additionally (6.4) holds and
(6.7) WK is a strictly positive operator,

then they tend to zero as n — oo.

Proof. Writing (6.1) in the form
(6.8)

p(E):Un—l-h[f(nh,a(E):En)—f(nh0 —l—hQZwm (nh,jh)o (E)x; =
7=0

= —hf (nh,0),
we notice that the first part of theorem follows from (2.21]).
To show the second part we first deduce from that

N

(6.9) G(XN+1)—G(X0)+hQZ< xn,anJ (nh, jh) o ()xj>g
n=0

<208 ) |1 f (nh, 0)],
n=0
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where S = sup ||o (E) x| < co. Since WK — Q is positive yields

N n
(6.10) G (zn41) — G (Xo) + B2 <a (E) @, wnjo (E) xj> <
=0

n=0

<208 S |If (nh,0)]] .

n=0

Hence for some R < oo
N n

(6.11)  0<> <a (B) @, wajo (E) ;z;j> <R,  forall N>0.
n=0 7=0

Put

E={& 1%, én=0(E)xy, 0<n< N
& =0, n<0,n> N.

Then by (2.7) and (6.11)) we have
o0

and, using Parseval’s identity
s
(6.12) 0< o [ @) |Em) |Pdr < 2R.
-
Since 0 < w (1) < ||@||, we have by multiplying (6.12) by w () and using
Parseval’s identity and the definition of £ that

00 N 2
(6.13) 0< > [ Yanse @l <2r)@),.

n=—oo k=0

But then

{Zdjn_ka (E) :rk} €l1?(Z), andso Z@n_ka (E)xp — 0, as n — oo.
k=0 k=0

oo
Hence, for all {yz} € IY(Z), Y vp_ro (E)x, — 0 by Wiener’s Tauberian
k=0

theorem, since & € ['(Z), w(r) = 2Rew (r) > 0 for 7 € [—m, 7], and
llo (E)zk|| < S for all £ > 0. Choosing 790 = 1, 7% = 0 for £ # 0 we get
a(E)zr — 0. (Note that so far we have not needed the assumption a < 1).

By (2.23)) we have
H (Xni1) < (0% + ) H(Xn) + |lo (B) 2|,
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which gives
(6.14)  H(Xni1) < (@2 +0)" " HXo)+ Y (02 +8)" P llo (B) al?.
k=0

Since a® + ¢ < 1 and |jo (E) z]|* — 0 we finally get H (X,11) — 0.
But H is positive definite and the theorem is proved. O

At the end we give examples on strictly positive operators.

EXAMPLE 6.1. Let K (¢, s) be symmetric and continuous on 0 <t < s < 00
and assume that there exists a bounded nonincreasing function a € L' with
Rea () > 0 for 7 € R, such that

(6.15) K — A is positive in L?,

where K and A are defined by (1.4) and (5.5 respectively. Let €y be the
convolution quadrature associated with the sequence {6,1,1,1,...}. Then QyK
is strictly positive for 6 > %

We show this. By Theorem [2.1]Q (K — A) is positive in 2. Hence it suffices
to show that Q4.4 is generated by {v,,} € I! with Rev (7) > 0 for 7 € [~m,7].
But

n—1
(Q9.AS),, = h{9a (0) &+ > a((n—4)h) 63}
7=0

and a () = [pe " a(s)ds, with a(s) > 0, o € L' (R). Since a € L' and is
nonincreasing,

v={0a(0),a(h),a(2h),...} € el. Furthermore,

v(r) = lir{l {29(1 (0) + Za (kh) ei’ﬁrlkl}
r—1— o
i 1—712
2 7”1—1>I}1— R (6] (8) 1—2’!‘ COS(T—]’LS)+7‘2 dS

: " -1 1—r2
Zrl_lg{l_h/ﬂa(th ) et 4t

= 2mha (Th_l) , aerTé€E[-mmn].

But © (1) is continuous, « (th™1) > 0 for all 7, and so

o

Re? (1) = 30 (1) <0, forall 7€ [—,7]. O
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EXAMPLE 6.2. If and hold then P; in is strictly positive
if and only if a (¢) # 0.

This follows directly from by choosing {w,, } in the Deﬁnitionto be
the sequence {%ag, 0,0,.. } . Thus it follows that P; may be a strictly positive
operator in [? even if a (t) is not of strictly positive type: a function satisfying
and is of strictly positive type if and only if there does not exist a
constant 77 > 0 such that a (¢) is linear on all intervals (nn, (n+1)n), n >0
[13, Theorem 2.3]. O

EXAMPLE 6.3. If a satisfies and , then the quadrature Po is
strictly positive if and only if a () # a (0) .

Ifa (t) = a (0) then P is generated by the sequence {1a (0),a (0),a(0),...}
and it is not strictly positive since if {w,} generates a positive quadrature,
one has 2wy > |wy|, n > 1. On the other hand, if a(¢) # a(0), there exists

a >0, f < oo, such that A (p) # constant on [, 5] (A (p) is given by
and ) is continuous at «, 8. Put b(t) = ff e Ptd\ (p), then a — b is completely
monotonic and b € L. By Theorem Py associated with a — b is positive.
Choosing (2 in definition to be equal to P, associated with b, the strict
positivity follows, since for p > 0 the integrand in (with r = 1) is strictly
positive. ]

This work was done during the authors stay at Institute Mittag-Leffler,
Sweden.
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