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n,e ha\re -considered direct and conversetion r,vith free knots i"-ìt " uniform metriclrote *,e shall consider the "";iür;^;;;:in L¡,.

= S(È, tr,) il there exist ø f 1 points
.x,, -- l, such that in each in't"r"ãlbraic polynornial 

"f " d";;;;-';;
^ The best approximation n!,U)rp of the function .-f u Lp by meansor etements of S(å, ø) is defiuäå -úv"

a!,(Í)'p 
ìJjìl,Jl/ - sllzrro,ri,
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whefe and the sup ir: (1) is taken over all x and. å for which lq@ _f hh) _ q@)l<Ð,

The follor¡'ing theorem is announced in [1] and proved in l2l:
THEoREM A. For eaely h,) | tkere exists constanls cr(k) and. cr(h),such thøt for euery .f = CL\,lf, zue høae

lll - ,lirpro,,r : 
{

lft*) - s(x)lþ dx
1

n

and the best approximatron Ë!,U)a, of f e Lp bt, means of elemeqts of
S(h,n) by c,(h)vu(tt :)< E:-'(.f) < c,(À)vo[¡ Æ+l

E!,(fl'o: Tr ll/ - sllroro,rr .
s e.5(4, z)

Tlre best nniform approximation El,(f) is d.efined b5'

E:(f) : inf ll/ - .sllc¡o,rr,
r c 5(ir,,¡;

n

rvhere

For eztery boundecl function, f ue køae

Eï(n == i u, (¡, iJ
The aim of this note is to gi'e an a.alogue of rheorem A for thebest spline approximation in Lþ\0,11.
RemørJt,. Direct and irrverse theorems f.or L, - spline approximations

n,ith equidistant k'ots.are obtainecl iu LAl, tsl."The 
-cài" *itï free knoisis.considered in. [6], where are obtaine,l ;ór""äiri"t."f ,ãsu1ts, rvhich i;;;other characteristics of the functions.

ll./ - 'll.r,, ,, 
:,,?,?,ì, lf V) - s(r)l ; ,i = c [0, 1j

Tire follou'ing lernma is valid (see lnunNrr [3]) :

I' e tn nr a 1. Let J e Lþl0,li. T-lr,cra cxists n consta.nt c(h), d.eþencling
onl,y otr, þ, suclt, tlt,cLt

Ë\,,(.fl,.0 s n:,, (.f)Lþ 
= 

c@)ËI(flr0,

rufu,ere ryt, : (n _ I)h I n.

l. First rve shall iutroduce L, - analoguc of (l). Let Z* clenotc theset oI all rnonotone increasing furiótions g in"the i,ri"'r.uui [0,1], for r.vhich
ç(0) :0, p(1) : 1. For ever¡ip € V* rl,e set q(") I0 f-: <"1, q@): Ifor ø> 1.

\4¡e define :

u^(/i 8)¿¡:,:11 {j
9('+ô)-Àr 1

I'I'his lemma aiso shorvs us that the restriction s = C'[0, 1] is not
c'ssential for the best spline ap¡rroximation (see also [1], l2l.

fn t1], [2] rve introduce the follou'ing modrrli b]. rneans of rvhich
it.is possible to obtain direct and converse theorerns for splinc approximation
ivith free knots in C f0,11 :

I,et V be the set of all monotone furctions iu the inter i'a1 [0,1] with
variation ( l, ivhich are continuous either on the right or on ttre teit.
Then u'e detined;

(2) :3f f l\ifþòlþ du d.x

ç(¡ - ô)

ff rve set

ô-Àr

Lif (u) o ¿u\i ,
)

aoff; ø,b)"0:{SUp
0

f
',,

(t) vo(/;à) : inf sup I L!,f Ø)1,
ç = t' lç(:,: A/r) _9(r) l(ô

we can wright (2) as

"(f ; à)r.¡: iof ,ll^u(f ; a@ - S), q(* f 8))¿rl[.0¡o,rr.

Let us rnention some of the properties of ,u (.f ; g)+.

Property Lo U; ô)., is tnottototoe i.ncreøsingfunction of g, i. e.
u¡,(/i 8r)¿p ( v¡ (,/; ìr)rp, if òr'S àr.

lvh.ere as usual 
^f,f 

@) denotes the A-th difference of the function / in
the point ¡ rvith a step lo:

Lf,¡1x¡: ,å (_1)o ,-(:,,) r@ | mh)



5 SPLINE APPROX]MATION
73

'We have

ll' fß) (t) t) k-1
+

ll"o
< 

lllr,'ørrb - ø)a-t o,llr:x dt

: (b - o)o-'*i 
lirrulo,¡< (ó _ ø)þilføt¡1,'.

- )e m m 
^ 3. Thf:r,,r*,i:t, a c.onstønt c(h)-, d,eþend.,itr,g onty on þ,, su,clo

'-'ä'l::r,::1{.t,=,å/''b)' iúi' ii¡äi',; .ià;b:,';i,';';î;;:,nttat q of (À - 1)

Ilf - øil,r¡-,+) *,(o) 
{:lp 

'\^' 
onrr*rro a*¡ï .>o J" )

Proof. Since C(ø,å) is dense in Lp(ø,å), rve can assume thatf = C(ø,b).I,et us set h:ry and let 
?\

2h

folx) : (-t¡e+r¡-n
h
f ( -.

\lttr r (t, t +t))-

n (' *'J u, t' , .-r to)

I ø1-b\
lo,;)'

+, . .+ 1_r¡^_,¡(* * t;_L&,¡]at, . .ato,

forx=

W-e have:

.f!,0)¡*¡ :r#!{o1øl _ 
(

for xe(.,ry)

h

)o+,f(x) +... + (-1)o,Lo,f(q\,

Consequentl¡

ø+-b

¡[o)ll,,u("+):;{ 
f t^ÍÍ@) - (:l^l_, f (*) +\rJ -È-"

(3)

+ (- rf-'nr^¡¡*), o.|; - îj{:Sy'i
+

¡tf ¡1x¡1þ ax
Ìu

72 V. A. POPOV
+

This property is evident.

Propert¡, 2. IÍ h>r,
Proof. We have:

lltcn vo ("f ; t¡ro 4 2,re_,(-f ) ¡)rr.\

uo(-f ; 8)tp:rt=,t- 
{J

e(r+ ô) - Á,

Ì;:
sup \ ttftt"ltþd.u d.xt>o

ç(r- ô)

{j
ç(r'l ò) - Àr I

þ: inf :3f f Ð (k) e\' r. 6¡ 'f @ + ftLt)l
þ

lt -0
d,u dx

{j
?(-!+ô)-¡,

Lf 'f(,, I tnt),r,,li)' o.li *ç inf r)tf9e l/* 1n

{i

e(r - ô)

e(t+ ô) --(,{ -/),( inf ',112" ,,J., l'r-'lþ)ra' a*li :2'v¡-,(f ;8)r,<2ev+

ìlttt"n"å"tor: 
considered as k'orvn

h,as.,integrable h_th deriaatiae ftÐ ¿,n algebrøic þotynorniat þ of(h _1 l)_ili

Ilf - þllr^ø,u, * '' 
- ¿rA '

' (h -j¡ll/'u'll"ø'u'
Proof. The Taylor,s formula give us

f(x):f(a) *\rÏt(t) _t. *,.î; ,Ti' 
.fo-,(o) + ir*,utfifu,,

r,vhere

h*+: 0 ]f x <0
xhif xÞ0

,""011:ïtore 
there exists an algebraic polynomi al þ of h __ L _th degree

l)

lllf(h)(t)G-t)\-t dtll(,t-1) ' II4
IlÍ - þll'o:

ll\t^utt. -,t,..,11"n(A-1)!
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(6') ñ,;'{fl,þ { c¿lk)n- err(rt *),
where the constant cn@.) depends only on É.

. I,et us pro\/e (5'). I,et e > 0 be arbitrary and let s e Sln - 1,,n1
be such that

\/ )

11

{\ ¡ø¡ - s(ø) þ axlr' < Èf -'(./),, + ..(J 
J

I,et the knots of s are. the points x¡, i:0,..., tr,, O: #o( ,r(

We define:

,<o*1, i:0,.,.,1x
nl-1

We harre;

I sup
'(."+ffi)-0,

i tLif(u)lþd'udx:
r("-;¡Jrr,)

,>0

2(tr+

Dl:0
1)

+

I

I
4n+1) ,('+ ffi)-u'

sup øf fþr)¡þ dudx <

(
t\r-l

' a\t.+r) I
/>.0

r(,-2(ú+1) )

ç (2(tr+r) -ht

2(n t 1)

z(tL+ l)

D .up
r-0 t>0 i rafrte( du 4

'(uå#)
b-l1y.

n+1¡:Lo

t1:-¡1- at1

sup
,>o \ ltf vt"l - s(u)lþ du <

oþþ<_
nll

ft-l
''r+1

I
0

D top
i:0 l>0

lf@) - s(u)lþ du :20þ(n + 1)-' lf@) - s(x)lþ dx.
t,I
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F'rom here and, (7) we obtain:

"r(t
.1
4(tr. ! t) ),, 

* {j
,þ+*f,n)-*,

ILf "r@) 
o au a*lï 

"l

sup
t>0

I (

{ 2u(, + 1)-7(ñ,4_'(f)r, + ")Since e > 0 is arbitrar5,, (5,) follows.I,et us pro\¡e (6,). l,"t g e'V* be such that

{j sup
t>o

*(,+ !) - *,

J
Af f@)oa'a4o!* *[ 1l *e

1t l¡-(,-+)

I.et xr: g
n

then

(B) ,,(r' )),,t e Þ{,4,i,*,.t,.í], 
o' 

ot^u, o ouo*};,+ ,('-+)

t

r tt tt-

'1Ð I :sv
1-1

I

x¡

_Lt

Lf f þt) ' ¿u ¿*\Ï :
I

IL

1 [ n 
ri-ltt I: n i lÐ::f "\ tdf tt"tf o"l
r¡_1

From lemnra S it follorvs that for every i, !..: 1,,.., n, there existtwo algebraic Pol1,¡e111ials of (/, _ l) *t d"gr"" p,1,, j:1,2, such that
*n-r*'o

"f 
tf @) - Þl')ç,¡tþ d.* < (,(h))þ:l,n 

't!-' 
lrf f @)( ¿u,

ni_t 
ri_l
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P r o p e.r t 1' 4. A constant cro(h) ex'ísts, d,eþending onl1, 61, h suclt, tltat

vo(/; 8)r, ( c1o(å)r,:u(/; 8)¿p,
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where

.¡(,/; t)",r:.tï!r{
-hL

I
L!,.f x,

P dx
I
i

is lhe Le-tnorlu.ht,s of continu,,ity of the fi,rnction f of k-th ord.er,
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l' rlenote bv D* ,re crass of at 2æ-perio^dic functio's / integrabrein the Derrjol,-pi¡ron seuse on the interval (0,2n). Let {oiff;x)} be thesequence of Cesàro sums of the Fourier series of j = n*..As rve11_knoq,n,

ui(.f ;x):1 1zr*,¡ fØ rii, @ _ t) ctt (o.> 0),

$rhere

Iq,U) : i n *D uî,_o cos /e/, ,{q:
,, n_R

(q*l)(c{*2 )." (aiø
n!

From Theo¡em S of f2l follows that, for all ø ) l,(r) j* "r u;x) : ¡1x¡

at each point x rvhe¡e

(2) (D-)l
u@ + u) - lØD (tu :0(h) (h __0)

-h

since the function / is integrable in the T)enjoy-perron sense the lastcondition is futfiled 
"r-o;t-:;;;;;hår", and so-is ir," i"lation (r). By

llå"J,"'ll'".,1,xt:'lx'*l¡1, È* 
" 

rà1' p saõi,* il;Ë' t"r,iIr)'r,"fa"


