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I. Denote by D* the class of all 2n-periodic functions f integrable
in the Denjoy-Perron sense on the interval 0,2n). Tet {ox(/;2)} be the

sequence of Cesaro sums of the Fourier series of / & D* Ag well-known,
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From Theorem 3 of [2] follows that, for all « > 1,
(1) lim o7 (f;x) = f(x)

at each point x where
3
2) (D) § (5 + ) = f) du = 0(3) (1 —0)
iy
Since the function J is integrable in the Denjoy-Perron sense the last
condition is fulfilled almost everywhere, and so is the relation (1). By

the result of MARCINKIEWICZ (see [3], p. 360) we have taht (1) holds
almost everywhere for « =1, too.
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For 2n-periodic and Lebesgue-integrable functions the following esti-
mate

04F3%) — fx) | € —2— S wlfim; = )

n-4+1%=0 R+1
with
¢
I )
w(fxih) = sup L0 1f(x + 1) — F()la
0<i<gh 2¢ J
=
Is known (see [1]). A similar inequality is also true for Cesiro means
of order « > 1. Indeed, in this case,
i1 (el i1
(3) o(f3%) —flw) = 55> AT AL o} (F3%) — ().
" k=0
Using further the symbols C,(a), Cy(er),. .. for positive constants depending
only on «, and applying the estimates
AO(
Cila) s —— < a = 0, 2
()< T < Gule) (620, w3 0)

we obtain
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<M2w(f,x;, E )

7+ 1i=o0 7 41

The aim of this paper is to obtain the analogues of these results
for arbitrary 2r-periodic and D*-integrable functions.

2. Consider now the points x for which the condition (2) holds. As
a measure of deviation of ¢% (f;x) from f(x) we take the function w( f, x,h)

defined by

o<txh (21

Wl by = sup {1 (0%) ( (£t + ) ~ f(a))du |

o=}

Evidently, w(f,%;%), is non-decreasing in % and, by (2),
lim w(f,%;h)p =0

h—0
almost everywhere. Moreover, if f is a Lebesgue-integrable function we
have w(f,x;h), < w(f,x;h).

3 THE DENJOY INTEGRAL

THEOREM 1. Let f € D*, 4> 2. Then,

n

(4) lc:'(f;x)—ﬂx)ns&&zw(ﬁx; --) n=012..)

n,
n+1E=0 k1

and the inequality camnot be 1mproved.
Proof. Write

SO =Flx 48 + 1 = b) = 20, Bl = (09 1. fupau

By partial integration ([4], p. 244),

o (fiz) — flx) = = (%) S FOK @) at
= l 1 o e l r i o
= Bulm) Ki(x) — - j F,(0) < KXt)at.
Since
1

o _lkAaQIS“E!
ZAnk2=0( )AL 2(atn)’

K(m) =

we have

T(n+1) n

SR =Sl s E I+ [+ () im L ke

2n(a + n)
0 n(n+1)

< a
2n(a + n)

\Fm)| + 1, + Y,

If 0 ¢< =, then
1

(D*)S (f(& + u) — f(x)dn| < 2tw(f,x ;1)

—F

Co(o)m2
d K: (t)’ < l Cyl)

[F ()] =

and
when 0< £< ,
dt when = <<«

-1 —1
o ta "

n

for «< 2 ([7], p. 60). Applying these inequalities we obtain
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IF,(m)[ < 2m0(f,  m)

”
N ™
p < 21 § w ;
= £E=0 ( ' &+ I)D’
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D

n -~ 1

”n
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Colfecting the results we get the desired formula for « = 2. In the
case of a > 2, we can write

) 1 n P
[o2 (f;x) —f(x)IZA— S An T A2 (X[ %) — f(a)
k=0
Cl N 1 ass 4,
E LA agefie )

(n+1)(°">:2+ B 1 S ( +1)D

k=0 =0

n+12w( +1)

Thus, estimate (4) is proved for all o> 2.
In order to show that the inequality (4) cannot be essentially impro-

ved we shall consider the countinuous function gty =2 sm;t). Then,

for a> 1,

= |0z (g;0)| = iSsin%t KX()at

0

lox (:0) — £(0)|
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=258 gt jsin(/ejL z)z at — 2§ - 1(;c © l)”
(1]

mdy = omAN =, 2
> §3(“)i(n—k+l)“1(k+l) Gla R, 0 e+ 1t
AT }; n-—l 4 (k1)
Cola) 21 4 In %
/n+1k=ok+1/cl—0(a) n

Sitice for 0 << i< b we have

<
§ 0+ ) ~ g(0)du =§2

< /. Hence, by (4),

T 1
sin 5 u|du < 24,

it follows that w(g,0 %),

”+1k:0 k41
nC N 1 1
< () — < Cu(“) nnJ
n+1k=0k+l ”

and this completes the proof.

Remark. In the case of S E€D*and 1 < o < 2, the above calculation
leads to

6% (f-x) — Cule) &
' ” (f:x) f(x)lg_‘hzm ( X, %)

(n -+ 1o k41

3. Following DZV&RSEIL.VILI ([3]), let us introduce in the space
D* the norm

27

(D%) | o(x)f(x)ax],

0

I/l = sup

sV

where V' denote the class of all 2r-periodic functions of bounded variation
in < 0,2r> and such that il

sup |o(x)|< 1 and var o(x) < 1.

O0<rg2n 0 <2
Denote by w(f ;8)p the modulus of continuity of f & D*, i
o(f;8)p = sup W 4 a) = f0)llp.

We shall investigate the convergence of 6% (f;x) in the norm o
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THEOREM 2. If f € D* then Jor all a3 1,

B o ) =0l < 22255 (1, ), m=012,..)

n—l—}k:O k+1}p

Proof. Consider first the case o — 1. Applying Theorem 19 I of
[3] we find

21 b3
. 1
172030 =10l = sup| %) [ (09 etelf &2 ) ax|
v 0 0
b 2n it
= Lsup {(@ { o (dx ) K\ () aft, < 2 (o7 &, (a
™ o=V ™
] 0 0
1 2
L T sin - (n+ 1)
F— -t
n + 1) + S )m(f')" 1 < Py +Q,
0 T/ (n+1) sin 2 L1
Clearly,
: n/(n+1) . "
{f- ._ 7 . 0®
P,s—(n+1) S o(f;8)pdt < m(f,n+l’p < k:om( ,m)b,
0
b . n+1 ! "
_n-_._ -2 . — _T_f_ < k)
Q”<n+1 .S 4 m(f)t)Ddt 7‘-}-1Sw(f")Ddt<”+lk=om(f’k+1)D
n/(n+1) 1
Hence,

leitfio) =/ < el ts) .

Now, using the identity (3) we easily get the desired formula for all

o> 1,
Inequality (5) cannot be improved. In order to show this, let us

consider the function
= sin kx
xX) = —_—
7(%) ; 3

Since ¢ is 2r-periodic and Lebesgue-integrable function, we have
2

lo3(a:) =40 )l = sup| { o) (6310 %) — g()) ax
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2r

> {0l (s3t059) — g() 2|,

0
where (%) is of class Viand such that P1(%) = —f01 0< x<r and
?2(%) = 0 for ng x < 2r. Reasoning as in [6], p. 428 we find

T

llox(g ) — g(-)llp > [§<c;:‘<q,-x) - q(x))dx'

4

/2]
2 =t : 2 C15(OC) e
w4+ 1k=0o k41 n

@(g;8), = sup g@(x) (g(x + ) — g(x))dx

YV
0

< S lg(x 4 ) ~ gq(x)|dx < 2=5.

Hence, by (5},
Ay ) 2" Clz “) ln_y!
lloxg;-) — g(- L{)Hl\ ) =7,
and the assertion follows.

4. Similar results can be obtained for the Riesz means S7(f;x) given
by the integral formula

(fx——D*S t)dt (r>0,fED*),

where

It is known ([5]) that for » >~ 0

2n if 0<é< m,

19,) ] < {C“(r)

n ti+1
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and for »>= 1
p 2 n? if 0< i< =,
2 r
—@ﬂw< Cualr) M
’ dat W_—l if -n— < t< TC.

Applying these inequalities and arguing as in the preceding two sections
we get the following statements.

THEOREM 3. Suppose that [ € D*, v 2. Then,

Sy (f3%) — flx)l < 9“’”)2 “(h ),

n 41 k=0 k41

at cach point x where the condition (2) holds.

THEOREM -+ Given any f € D¥ we have

£:ﬁmimfi - if v =1,
18075 ) =)l § 2 +1E=0 ( k+1L

Conl?) m(f; i I)D if v > 1.

n i
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