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APPROXIMATION

l' rlenote bv D* ,re crass of at 2æ-perio^dic functio's / integrabrein the Derrjol,-pi¡ron seuse on the interval (0,2n). Let {oiff;x)} be thesequence of Cesàro sums of the Fourier series of j = n*..As rve11_knoq,n,

ui(.f ;x):1 1zr*,¡ fØ rii, @ _ t) ctt (o.> 0),

$rhere

Iq,U) : i n *D uî,_o cos /e/, ,{q:
,, n_R

(q*l)(c{*2 )." (aiø
n!

From Theo¡em S of f2l follows that, for all ø ) l,(r) j* "r u;x) : ¡1x¡

at each point x rvhe¡e

(2) (D-)l
u@ + u) - lØD (tu :0(h) (h __0)

-h

since the function / is integrable in the T)enjoy-perron sense the lastcondition is futfiled 
"r-o;t-:;;;;;hår", and so-is ir," i"lation (r). By

llå"J,"'ll'".,1,xt:'lx'*l¡1, È* 
" 

rà1' p saõi,* il;Ë' t"r,iIr)'r,"fa"
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THËohËM t.t Let .f = D*, d) 2, Then,
. For 2æ-periodic and lebesgue-integrable functions the following esti-mate

81

þ'^(f;ù-lØ)l< 'n!7

r

\w ír, x ñl (4) Ioi(l;x) -.f(x)t* # ä'(t,-,;ft), '(n:0,1,2,...)
u'ith ønd. tke inequal,ity cønnot be imþroued..

Proof. Write
w(f ,x;h) : sup {},\, ,t. + u) - r(x) dut,,

0 <r</¡

is known (see_ fL]). A similar inequarity is arso true for cesàro meansof order ø > i. fndeed, in this case,

(3) oi(f ;x) - Í(x) : ; å 
Aî_?, A,h lo¡ (.f ;x) _ Í(x)).

usjng further the symtrols cr(ø), clo.),,. . for positive co'stants dependi'gonl¡' otr ø, and applying the estiìíates

f,It):f(x j-t) -ff(x -t) -2f(x), F_!t): (Dr)

BY partial integration (141, p. 244),

oi1Í;r) -.f (x) - 1 
1a*¡ ir.ølo:frl o,

J
f .(u)dø,

0

Ad
C'(ø) ( r."(C,(ø) (ø.20, n>0),

:|n{") xi.') -+f F.rt) 
o!,

0

KÏ(t)dt.

rve obtain Since

toi,(l;x) -.f(x)t <.iffiril- ¿ø -Þ + i). , f *V,.,rï)
< !d9 ä*V,.tt?r).

the aim of this -paper is to obtain the analogues of these resultsfor ¿rrbitrary 2æ-periodic ãnd D*-integrable functioni.
2. consider now the points ø for which the condition (2) holds. As

a meâsure of deviation or oiff;x) fromf(x) rve take the funciiá" *11,*)lj
defined by

w(f ,x;h),: f:,!, {j I 
ra-r iuo * ø - trx¡aull,

R:,(ß) :rkä(-r)o.4;_; < ffi ,

we have

o;(f :x) - Í(x) < ;iå; F,(,,) * + ["'i
î

+ ) ,.u, r, KiU) dt
ñ(ð+ l)

* rfr; tp,(")l + r,, + y,.

ïf 0< t( n, then

l,F,(¿)l : (D -)J (f(x+ø)-f(x))dw { 2tw(f ,x;t)o,

Ër,idently, ø(f,x;h)o is non-decreasing in h and., bV e),

lifi w(f,x ,h)o:0

and

almost .e_verywhere. , l[or-,over, if f is a r,ebesgue-integrable function \\¡e
have w(f ,x;h)" 4 u(f ,x;h).

l# ":(,)l *1"::):'I ' tt=TF-

when 0( /( æ,

when I ( l( æ

¡
for a < 2 (L71, p. 60), Applying these inequalities we obtain

6 - Mathe.atica 
- Revue d'aualysè numérique et de théorÍe de 

'approximation, 
tome 5, 1g?ô,



5 iriE bÊNjoY iNTËGRAL

lr
(A+Ð,-{*V,*'ñJ,
let us introcl.nce in thc spâcc

Õô
f¡,l

2fl: 
úÐo:-iJ""[o , +), o,: 

å,p,l;_i(t, r- j] '

r 
,,,n*1î f, ø - A + 1)'-.' (te * t)-,, ffirf vr__h j 1),,(¿ -r_ r)_,

2cnþ) K t -^,,ru,- n + t r4h + | ¿ t''olu'),-'
Sirice fo¡ 0<l<å we have

,t

(D-) I (e(0 -r ot) - g(o))d,u: \ zl ,i,, 1 ul Au < ztt,,

;" ,,^, 
' 

'

toik ;o) _ s(0) I * # à* (rn, ;*,),
t..
À:0 # * c,,(o)

and this completes the proof.

k^drKTo'É' 
rn the 

"as"äf ¡ e 1)* and l { a < 2, the abo'e calcuration

\<
æCnG.)

n+ |
7nn

n

loi U;x) - .f (x)¡ * c',(") 
5i.

1n ¡ t¡e-r 
f,7/o

^., il. Following DZv.4.RSEr,¡ìvrlr ([3]),Ðx the no¡

lllllo :.up 
f 1a*¡ \ v@)l@a*1,ç=r, | ,, 

I

ti?î,i"iXiå iåf";i".rt "', 2n-periodic rrr.cti 's ot bounctecl r,¿rriation

Den.'e bv <.(r;8)¿,,:*:Jlt;ït;t" 
,1.-o* 

,.
l¡l<ô

lVe shall investigate the conve¡gence of oi, (,f ;x) in the norm lj llo.
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,,

lF"(")l < 2nø(f ,x;'), ( 
"" là* V,*, ;f,J,,

Tlþt+1)

t"* 
1cu@)nz \ t*1¡,*;t)odt< r C5i(a.) *V,*,;i),

: ,-.,Ð * V,* ';?),< 
re'(.] þ3 V,. ' ;l),,

o^" lcuþ.)(n+ 1)'-' i ,-*1¡,*;t)¡ d.t

ßl(lt+1)

: 2Cu@)

¡u(n ¡ l)d-l V'
w

ft+l

lr-
)

Itt(;-
t

dt
D

fr

\< Ð V'.t;ï)
collecting the results we get the desired formula for ø : 2. rn thecase of a ) 2, we can write "

I ni u ;x) - f (x) t : 
hlÐ-or_, 

Ai (oi(f ;*) - f @)l
I

= itP, #n:-'r orÐ-'V'*'rï),

*ffi;t, I Ì,)(n -h + r)"-'¡*V,.tÅ¡),

< !d9 
ä''V-,.t1ï),.

Thus, estimate (4) is proved for all uÞ 2.In ord.er to show flrat the inecprality (4) cannot be essen
ved we shall consider the continuous function SU) :2lsin
f.or uÞ l, I

2Cu@')

¡u(n ¡ l)d-L

tially

;,1
impro-
Then,

oi,@;o) -e(o) : oi(e;o): +frt" lt xi,p¡at
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2ß

TTTEoREM 2. If f e D4, then for all d.2 l,
(s) ll"i U; )-f( ¡¡¡,ç 9rt')¡, 

[f; ;ï), (n:0,1,2,...).

rq 
o*[ 

{;fonsider 
first the case ct : 1. Apptving Theo¡em 19 r of

,ot(r;) -.r(.)it¿ : *;:y¡ r"-lj ¡rr-r f p@)Í"(t) x)u¡at) axl

2n

> 
l\,e,@) 

(oi(q ; x) - q(xD axl,

where çt(r) is of class V;and. suchthat çr(x):lfo,0(ø(æ andgr(x) :0 for æ < .r < 2æ. Reasoning as in [6], p. 
2428 

we find
,n

lloik ;.) - q(.)il,> 
lÇ þf@ ;x) _ q(x))d.xllJ r

> g]!-!"\,ff'J 
. >- c,u@¡t!-n .n I lÊ_'¿-.o h + I n

On the other hand, if lhl ( à, the

B5

I---sup
ß 9'v

n2r

l(ro.r I er
00 i^r¡'¡t, K: Q)dt

dt< P, + Q^.

x)f"(t)d,x

)
1)

¡l@*rl

J 
.,r' t)odl4 ^V';ï),* + å,(r,*J,,

0,*, n l, )*r,-' ^(.f ;t)o":#" '^V,T),ar*fiÐ. 
(r,;,),

|")(.f ;.) - "f( )1, < _3_É 
"V,#r),

)îi. "tt"* the identitv (3) we easilv get the desired formula for all
rnequality 15) ,cannot be improved. rn ord.er to show this, let usconsider the function

q(x) :D'+
È=-t Þ

Since q is 2æ-periodic and I,ebesgue-integrable function, we have

Ioilt;.) - qo llp :;5p 
I þ(4 Gik; x) _ q(x)) d,x
0

.(ø;8), : 
;:gljefa @@ + e - q(x))axl

lq@ 1- h) - q(x)ld,x < 2æ8

Hence, by (S),

lloig_;') - q(.¡¡¡, 2"'c',(o)¡i.
,t+t 7.o

and the assertion follows.
,+ * c*(")'ï,

a" Íi.Ì'#:läi1ïi";;" o" obtained ror the Riesz mean s s;,(f ;x) given

s; (.f ;"):1 1zr*¡ 
\"følOi,@ 

_ t)d.t (, > 0, .f = D*),

_t
r(n I l) (J + a(f ;t)n

nl(n +

Clearly,

f
0

ftlb+t)
o,* * @ + \

Hence,

0

lvhere

aia):|+ Ð cos É1.
In+-
2

2

It is known (t5l) that for r > 0

[2np:(t)l( 
{",,(,,)
17¡+¡

if 0< l< æ,

if I < ¿< æ,
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and for 12 |
( 2n2

l,o,er(r) l<{ ",,r"r| "'-t ¡t+t

if 0( l< æ,

if f
t

n.

Applying_ these inequalities and arguing as in the preceding tr,vo sections
s'e get the follos'ing statements,

't'FrEoREl{ 3. Su.þþose that f e I)*, r> 2. Tfu,en,

1s,,,, (f ;x) _ J.@), . ;*å *V,*,^i),
nt caclt þoint x aJøerc lJ¿c cond.it'iott. (2) hold,s.

'r'IIlìoRElr '1. Giuctt, au'yt J^ e I)'t', rsc ltot,a

.[',-ïJ, if r:1,
,l/, " I if r>r.
\ r¿ -i-lJn
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