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,A. IVIAXI1VIUM PIIINCIPLË trOR SËCOND ORDER
PARAROI,IC SYSTEI\'I

by

.'tN'fON MLiRI')S:\N

(Ciuj-NaPocrL)

In this note we pufpose to give a maximum principle for the modu-
lus of the solution of ã pärabolic-system ol equations-\Yhit! paftial deriva-
tives a1d to stucly the uïiqr:Leness óf the solutiòn of a bounclary value prob-
len relative to ihese systãrns. We elliptic systenis thc
probleur of es 1ldied in the worf<.s

isl, t+1, tsl. the works [1]' [5]'' - i. L"i 1," darY I and closure

C¿.f,"t be ?eR, ?->0, fixed anð'l):() x 10,4;then each pointin
¿ *tiLbe written'(x, t), where xed) and.0 <t< 1' We note by S the

,,|a.terul bound.ary"'ó1 ãotrroitt D, that is, Sl : {!*'! e.D, x e I', 0 <t I'< T), and X tr,,é ,,putÀbolic boind.ary" of dornain D, that ís, X : BIJS'

rvhereB -O X{0}.
Iret

(r) ,u: i,A¡¡ (x,Ð h ,äo,@,ü#,i Ao(tr,,)"- #:l
¿,i _r

be a second, ord.er system of d.ifferential equations with partial derivatives
where

(2) A¡¡, At,AoeC(D,M*,(R)),f eC(D,R")

anð. u: (ur, ...., Mn) is a vectorial-functioî' 't't:D'-."'R'
Def initio n. Tkc system (l) is cøttectþarøbolic o'n. ø þo'in't (x, t)e

eD if for any reR", le-R'l', ¡ øtod'),+0tke'inequal'ity

(g) i1r.o,o1*, t)r)).¡ì.¡ à o
i,i:r

tøhes þ|,øce, where t* ind'icates trønsþosed aector r.
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I,et be ør e Cz(D, A'¡¡C!D, R"). We note by lultine function lul: D - ft"
defirrcd by (x, t) -" lu(x, t)1.'ll.en u : lule, where t : (er, . . ., e,)with
| ^t flcl - 

r'
I'here takes place :

'fl]EoRErr 1 (MÀxrMUM pRrNCrpLE). ff; i) systern (1) is þørabolicin D, ii) there exists a e R, a * 0,
so thctt

(4) e*Lre{-æz

for any e e Cz(D, R) uith lel: l, where L, is the ell,iþtic oþerøtor attq-
ched. to L, i.e.

to a contradiction in relation (B). Thus the naximum of lu(x, l)l canrrot
be reached in an interior point'of domain D, Moreovef lve can easily
find that the inequality (6) is true, arrcl thus the theorem is proved.

2. We consier the follorviug boundary value problenr

2
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(10)

(12)

'with

I-u:fitl)
u e Cz(D, R)
u:h,on))

(5)

lltett any s,olut,ion tc e Cz(D, R") n CP), R), for whiclt, u .f 7 0, uerifies
thc inequøl'ity :

(6) lu(x, t)l < max{m!\lu(x, ,lt, j,':,?:,1Í@, t)l}

Proof . fn any point (:r, t) eD, in rvhich lw(x, t) I 0, ftom e*L(lule) :
- e,'f u'e corrclucle

.''f h Å,,!!, -F Ð A,l!ci- Aolu.lc -?t^"1, + i o,, 
--1,,t 

+
\i,j. t (.Yi.,tj ¡ I ()i öt í,j I O.yi1xj

-t-Ðo, #,,,, -'; r,) : e*1, or

Dt ,r, '

| 1r,'A,,r¡ ^"t'l^t +Dk*¿,4a+ -ull l(e*L,e)lt+l: e*f
i,j= I OxiÒxj i:l Òxi Ôt

rvlrere k eC(2, R").
There takes place

.rFrEoRÞ r z In the cond.itions of Th'eorem 1 the bootnd.øry unltte þroblern
('10) køs ø unique solut'ion.

Proof. One immediately notices that from

I Lu :0 ¡r 1]

(11): lu = ç21D, R") + Lt':0 in D.

[ø:0 on X

,Ihen iÎ u, and ,t!," ate two solutions of the problern (10) the difÏerence
7) :,¡,t' - u" verifies the homogeneous boundary value problem (ll), there-
ftoÍe, Lt' : 7,¡,t', that is the þroblem - (10) has at most- a solution' But
(see, for example i2]) the prðblern (10) has solution and therefore theo-
ren follolvs.

J. We give below sorrre cases of effective expression for the condition
(a) by means of the system's coefficients'

Case nt,: /. We consider the following system

Ð2tt ,0u ^ ðu ^¡ ", - 
--- -l A 

- 
1- IJxl- 

- 
: Çun- ar,' ôr at

A, B eC(la, bl X 10, ?-1, M,,(R)), C eC(lø, blxlO, 1[, n')'

'Ihe condition (4) is

e*e" t etlAe' * e*Be 4 -o.2.
Taking into account that ¿*s' :0, it becomes

(e*)'e' - e*Ae' - c*Be Þ ø.2.

'We suppose that e* Be 4 - p2 and in addition

Lpt,: i O,,
i,j:1

*ä^,ff,+ e,uô2t.t'

ôx¡ôt;¡

(7)

u'here 1-, is the operator giveu in relation (5).'
If rrorv (xo, to) e D is a point of maximum for lu(x, t) | then from (7)
u'c get

(B) Ð (r*(xo, to)A,¡e(xo, tr1 L:+lù +
i,i -1 o.viotri

| (e*(xo, to)Lre(xo, to))lu(xo, to)l: e*(xo, to)f(xo, to).

Äs in the point (xo, tò the function u(x, l) h rs a maximum and the
system (l) is parabolic it follows that

(9) f (r*@o, tlA,¡(xo, t,1¡afu(-:-ù\ * g.
i,j:t ' ðx¡ô.r'¡

Considering relations (4), (9) and the fact that u ' f ) 0 rve are brought
+p,>0,_ ilril'

q(13)
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where ll, ll is the spectral nòrm of matrix,4. Then there exists c¿ e R,
q + 0, so that

- ltA|' ,ø2 ( - î + þ' < le'l' - llAllle'l + p' < (e*)'e' - e*Ae' - e*Be

and therefore condition (4) is achieved.
The following theorems takes place:

THEoRÞNr s. If tke reløtion (13) is øckieued, then for eøck sol,ut,ion ot, =
e Cz(fø, ól x 10, TL, R) of system (12) for which, u . C > 0, ue køae

lu(x, t)¡ < -u*{,Iìy,;r{lu(ø, t)1, lu(b, ùl}, p7;,lu (x, 0)1,

laking into account the relations (15)' (16) and if

rd5
4

2

1

o

0

0

0

f"

^(2

0

1)

- 1 llz,,,llzll nlt

t,> 0

A

,f ,li

18) 44

max
llAll2 1r,t¡ = [o,ú] x [0,

2

lC(x, t)l\1l 0 0

þ2_

All t
At\

2
p'

ll'r' ll
IHDoREM 4. In th,e conditions of Tkeorem 3 the solution of bound,øry

aølue þrobl'em

,in lø, öl x 10, "[

{á} x [0, 7']) U(lø, b)x{o})

is unique.
Cøse Ar¡ - øu I. We consider the systerr (1) in which A¡¡: &¿¡I ,

a¡¡ = C(D, R). We suppose that the following relations are achieved.

for any |e R"'tr, 1+O, we have

(1e) *ål#l^ -,4llrt"ll#,1+ þ'> n''

But the relation (1S) is true if

(20) p' -_ +,¿ tt,at" ll' = o

and., therefore, we get t g theorems

rHEoRElr s. If-the tøtisficd' tJw-cond'itiolt (15)' (16)' (Y)

ønd, e0\ *r* øny íiíø D, tí\ ac(D' R) of this svstent' Jor

in¿tlì-ií 'Í >- o, ierifies litY

q

(15) \øol,.,t¡2Tr],rl, \+O
i,j :1

(16) etAoe <-p,, þ+0
and

(17) A¿ : e¡I + AÍ'),

rvhere ø¿ e C(D, R), Al') e C(0, M,,,(R)).

In this case the condition (4) is the following

i o,¡r* =Y ¡_f,e*Atn 
-L 

¡ ,*Ao¿ ( - ø2
i,i-L oz¿ôx¡ f,l ' ô*.

þ, - +¡ llr¡'tl'
max lf(x, t)l

lt,t¡ e ¡1

THEoREM ø. In the cond'itiotos of Th'eorem 5' th'e sol'ution of bound'ary

ualue þrobl'em

a,(x.t\a+ËAP!:+-' "' 0",' ?-_, 
t 

ô.r¿

t\tt, - 
ô'! : f @, t) in D
ot

Iu(x, t)l < max In?:)"(*, ù1,

t
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u e cz(D,, R')

w:Itonù
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where k e C(2, R), 'is unique
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CONVERGENCE THEOREMS ON NON'CO1\4I\{UTATIVE
CONTINUED FRACTIONS

by

N. NEGOESCU

(r"çi)

Introduction

The three lemmas on real continúed fractions of the first paragraph

are eÛIS of Paragraph 5' I .'
known concãpts and propositions

on the Paragralls P-2.'tive continuãd fractions and their

convefgence of paragraph q afe give1l accofding-to_WYI\,IAN FAIR 11l.

The new resultS oï this notË of paragraphs"l, 4-7 suggest a gctreral

method which may be used to prõve Ihd th"ot"t1ts of convefgence fof
,iã"-"ot"^"tative cántinued. fractidns. In paragraph G, we obtain a gene-

raTization of a classical WORPII'ZI<Z'S theorein 
-on the convergence of

,ðã" 
"ontinued 

fráctions of complex numSers' In paragrap^h 7 too' we

give some conseçluences of the main^ theorern from paragraph 6'

1" 'lhree lernmas on rcal continued fractions

I,emma ]rI. Letbe

(1.1) o 

-
a

I-
d,

1

ø reøl contituued frøction, uhere

o.o. i

:

I

I
I

l


