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CONVERGENCE THEOREMS ON NON'CO1\4I\{UTATIVE
CONTINUED FRACTIONS

by

N. NEGOESCU

(r"çi)

Introduction

The three lemmas on real continúed fractions of the first paragraph

are eÛIS of Paragraph 5' I .'
known concãpts and propositions

on the Paragralls P-2.'tive continuãd fractions and their

convefgence of paragraph q afe give1l accofding-to_WYI\,IAN FAIR 11l.

The new resultS oï this notË of paragraphs"l, 4-7 suggest a gctreral

method which may be used to prõve Ihd th"ot"t1ts of convefgence fof
,iã"-"ot"^"tative cántinued. fractidns. In paragraph G, we obtain a gene-

raTization of a classical WORPII'ZI<Z'S theorein 
-on the convergence of

,ðã" 
"ontinued 

fráctions of complex numSers' In paragrap^h 7 too' we

give some conseçluences of the main^ theorern from paragraph 6'

1" 'lhree lernmas on rcal continued fractions

I,emma ]rI. Letbe

(1.1) o 

-
a

I-
d,

1

ø reøl contituued frøction, uhere

o.o. i

:

I

I
I

l
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CoNTINUED FRACTIONS

This completes the ind'uction and the proof of (i)'

(ii) By the hypothesis of the lemma' we have

þ_]: e < !.
It4

r67
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Then
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(i) the conuergents of contíntr'ed, frøctioø (l.I) are þositíae and' its seque-

nce is strictljt monoton increasing,

(ä) tke conuergents satisþ tke inequølities

(r.2) o-a1 " ,

Qn 2n!7

(äi) the scqileltce of conuergents of (l.l) is conaergent to tlt'e nutt'ber

(1.3) 1tr-fl-  ø)ttzl,
2"

uhich, ls /¿ss orcqual' ! .
2

Proof. (i) Irrom the evident inequality

(1.4) o.í.:,.'
it follorvs, for the first trvo convergents of real contittued fraction (1.1),

o <L <þ: ,

4t 4z

From inequality (1,4), it follou's also

þz _ a u d _þ"
qr--^- r -ø,

7-a

By induction, rile now suppose that

By induction, r¡r'e now sllpPose tinat b satisfies (1'2) Then

/'n-, - þ,,

Çn-t 4u

þnir .: d, < 
4

gn+l , þ-!!-, I n 2tttz
'- qr, ' 2nll

Therefore, (ii) is proved completely'

(iii) By (i) the seqllence of the convergents is strictly nronoton increa

sing and by (ii) the same sequence is less lnan !; therefore lt is con-

vergent.
Therealconttnuedfraction,beingperiodic,itsvalueisgivenasth-

root, rvhich is less than L, of equation

x- o,thatis
l-t

%:+ tl -(1 -Aø)trzr*+'2'

Iremma 1,2' If
(1.5)

Since

(1.6)

then the function

(1.7)
&1

þnlt þ" I aþ"-t_:
Q*tt qnl* aqn_r

a"
l-

(1.
l--- l-

x-+ þn t tþ*-t
4n I *|rr-t

uhere 0 ( øe < ø < I,Ot a real continued' fraction' tken

(i) the conaergents of tkis continued' frøctiorc ere non-n'egatiae q'nd

(it) the conaergemts søtisfy inequøl'ities

has the derivative
1rrþ¡"-t - þrr4n-t

(q* I ryr-r)"

which is strictly negative. F'rom equality (1.6) , it follows

þn+t - þn

|nl ' I,t

þr-7
- \-
Iø2

n
(1.8) nIl
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If we suppose

(1.e)

(1.10)

(1.11)

, a^ a"

1- 1-
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Proof. For the first convergent 4 : d.1, w? have evident
It

0< 3 < 1.
11

I) c ch algebra Isitln elctnents x' y' ' ' ' ls a'

Banaclt' no'*ìì"ipole.'end'oued' 'uith-ø rnultiþli-

Catioll', iatiae, d,ístyil¡utiue uitk resþect to eaery

I,inear c

(2.1) lløYll < lløll llYll

for any x, Y of a'.

Algebrø&,issa.id'tobecommutativeifthemuttiþl'icøtionis.comrhuta-
t'iae. 

o subsþøce g of t" is called ø subalgebra of a, if it is q,so øn ølgebra.

It is easY to P,o"" the followinE

ProPoe qT,if,iì;rX"ll

resþect thc toþ
xy-, tha't is tlrc 

ønd. n e N*,
ProPos

u haae

llø"ll < llø11".

Proposition2'3'Ifthereisint'a'il'el'etnent'eult'ichsøtisfies
the relation

(2.2)

tlren e 'is unique. ønd, lþll 7 lt.if,,g' + ,\0\ uhiclt, søtisfies'''"'" i;"; ;;i t i o ri 'b + tÍ "there iè 'an elent'ent e î'n s"

(2.2), therl tke exþresion

lløll' : suP {lløøll: lløll : 1}

existsiøa,ønrlitd'efines(Inornl'equiaøIentwitktkeínitiatn'ornl'suchthøt
(2.3) llell' : 1

"o'ut"o, the norm ll 'll', Út is also a Banach algebra with propeúies (22)

and (2.3).
It is easy to verify that ll'll' is a norm' Then

llrll' : sup{lleøll : llull :1} : tol' {lløll : lløll : 1} : 1'

llxyll' : stry{llxyull: llull :1} : sup 
{lV ffi,ll ' ff"f f : r}lDøll <

< stlp 
lV ffi,ll ' f f"f f : t) sur lllvwll: llull :1) : l[øll'llvll'

since yulllYull lnas the uorm 1'

4

then,

c
CONTINUED FRACIIONS

2. Banach algebras

eX:Xe:X'

d *-I- t >0

then, since øt Þ 0 by hypothesis, it follows that

is non-negative.

(ii) If the real continued fraction (1.9) is less than 1t'

from (1.10), we obtain 
2(tr'-l1)

þ*'l t al

!n*t t - ø'

a d

l'ntt a. - I 1n.*1
Ç*it t.' r'- I 

2 n!2
2(n. )- 1)

This completes the proof of lemtna 2.2.

I, e m m a 7.3. For o, + , ilre reøl co'ntínued, frøction

1 1-, 1-

'is d,iuergent.

Proof. If we suppose that continued fractiou (1.11) is convergent,
then it converges to a real number,

On the other hand, teal continued fraction (1.11), being periodic,
its value is one of the complex numbers

1 ir + 0 - ao7:,1,
2'

which are the roots of the equation
a,

tu 
-- l-x

This contradiction proves the lemma
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This norm is equivalent to the initial norm, because

ll"ll' < lløll < sup {lløll :ll"ll:1}llrll < llxll,ll,ll,
where u : elllell.

Propositions (2.3) atd (2.4) suggest:

D ef initi o nj)2 A Bønaclt, ilgebrø is said. to h,øae tloe unit e l2l,if for øny x e&, we ltøue the reløt,ion (ù.2) ønd (2.8).

Def inition2.3. Let a, be a Banøch ølgebrø ui.th tke erement e,uick satisfies (2.2). An elem.ent x e&, høs ø tí¡t inuerse, if it exists ctt)
el.ement x;t e &,, such lhat y-ty : s,.

An elernent x e &' h,as a right inuelse, iÍ tt ex,ists øn element x;t e a,
such tltat xotx - e. Tltc elenrent x is cal,l,ed, inuertible, if it kas a reft irrrrrv
ønd, a rigltt inuerse.

oposition 2.5. The inuertíble elentents in a Rønaclt, ølgefuø €i
uitlt, an element e, u'ich satisfies reløtions (2.2) haue fottowing þriþerties ;

. (Ð II gz 7 xz : e, tlaen x is inaertible in A, and, ! : z. Therefore , tlrc
inaerse of a.n el,ement, if it exists, is unique. It is noted,-x-r.

(ä) If x is inuertible,ito A and, xy : c(yx: e), then j : x-r.
(äi) The element e is inaevtible and. it is tloe oun inaerse. Tlre eLat.tant 0

is not inaertible.

^(i") .!l x is inaertible în &., then cx is inaet'tibte i.n €t for øny scølør
ce€, witk c *0 ønd,

(cx)-t - 
| %-"

CONTINUED FRACTIONS

3. Non-eommutative contintretl fraetions

D ef i niti o n 3.1. Tlrc fornt'ø|, exþression'

a1
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(") If x, y qre .inacrtiblc
(xy)-, - !-rx-t.

ft is also easy to prove

. ll.opo_sitio.n 2.6. IÍ A, is a BcLnach, algebraaith, unit ø (defini-
l.ion 2.2) arcd, x e A aerifies inequality lløll < tl then the el,ement i-x is
inaerliblc 'in &. øtcd,

(i) (e - x¡_-t - e I x + x2 + ...,
(ii) llþ - x)-,11" . ]_r - llxll
Onc also see that i,f A, is n Bønach algebrø witlt unit, e, then

. . (i) {þ(x): V polynomial þ, x e &. is a comntutatiae subalgebra of €1,
uitk unit e.

^ . (ii) {o.t.t.o e K}, where 3[ is R or €, is ø com,mutøtiae subalgebrø o/
t,, isonr.orþkic to 3(,, wilh unit e"

in i, ,Orn the þrod,uct is inacrtible and,

uick møy be uritten ølso øs

(3 r) i;:1 '

r.uhere a.,, øre elemetots of ø nott-cont'nt'utøtiae co.mþl'ex 
^Bø.naclt' 

algebrø €I uith
unit e,"is said' to be q." non-conrlntd'atiac continued' frøction'

Def inition3.2. Th,e elemcn

(3.2) q;tþ,,

(supposing q,, invertible that is q;lþ,,e A'), ul'tere þ,, ønd' Ç* are giaen

by the formules

þn+t: þr* ør+tþ,-u

(3.3) Tn+t : llo * Tn+tQn-t,

h: þz: &!, lh: a' 8z: a * az'

is called' the nth couvergent of the continued' fraction (3'l)'

Def inition 3.3. The non-comrnutøtiae continued, frøcnon (1.1) ,s

søid, to be cotcuergent, if qn a.re inuertible for a suffíciettt large n ønd' the

seçluence of el,em,etr,ts (3.2) conuerges'

4, Relations 10L noü-eomrnutative continued fraetions

p r o p o s i t i o n 4.1. For the non-commutatiue continued, fractions,
ue kaue tñ,e fol'louing id'entit'ies :

(i) qs:aIør*a",
(ii) þtt+tL, - þnLu+t - -øu+lþ¡Çrt-t' - þ*-ú),

(äi) þ*¡g,, - þ,Lu+t: (-l)"an+,,&nan-t ' " as&1Ø2'

(iv) qr+z : þ + ø*+t * an+z)Q* - 4t+(t',,qn-r'
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Proof .

(i) and (ii) follorv directll' frorn (3.3).

(iii) is a corollary of (ii).
(iv) From forrnulas (3.3) we obtain

Tn+r : 4,, 1- ttn+rÇ,,-r : 8¡ + ø,-r(q, - et,Ç,-2) :
' : (e I a"+ùqrr- Ø¡¡1ttrÇn-2,

and

Çtt2: Çn+tI &ttt2Q¡: þ + e,+t)\¡- o¡¡1dnÇn zi a,+zQ,:
: (e + ã,+t I qr+z)Çu 

- o.u¡1drÇn¡2.

P r o p o siti on 4.2. rf q*-t, Qn, l¡+rareinvertibleelementsof Banach
algebra &, with unit e, then

(4'l) Qilrþ,+t - q;'þ,: -qi]ú,+ú,-{q;1þ^ - Çilrþ,-r).
Proof. From (3.3), we obtain

' qu I tþ,ut , - Çi'þ,, : qilt(þ*+t - Qu r ,Ql' j,7 :
: Çiiø,¡{þn-t - q;l,q;'1r-) : -Çn}ú,+rq,-r(qitit^ - Çilú5,-t).
Proposition4.S. I1 ,lr, qr, ...¡ Çt*rare i'vertible elements of

Banach algebra L with unit e, then

(4.2) q"]rþ,,-t t - Ç11þ,: (- 1)"qi]ú,,+flu-r . qulø,Çtu-2 . . . ÇltørQr . qll a2a1

OT

(4.3) q,-ltþ,+, - qitþ,,: (- L)',q*lo*+rQn . . . csa.zc¿!,

rvherc

(4'4) .c,,: a.,,Çn-2Ç,:1.

Proof. By writing (4,1) for ni n - l, ..., I and after necessary chan-
ges one obtains (4.2). using notations (4.4), Lormrla (a.2) becomes (4.3).

P ropositi on 4.4. If q, is invertible we have

(4.5) Qn+t : (e i c,+)q,.

Proof. (1.3) and (4.4) imply

ï*+t: ln I an+t|n-t: aÇ.n I an+t\u-tÇu'q,: (e I cn¡r)Ça.

ö CoNTINUED nn¡.crio¡¡s 773

5. Contlitions for invcrtibility of elements 4, and limitations for' 4,t antl

l -l ,

Çt-t-rPn+t - 8, ?".

N. NEGOESCU oo

If ø,, àre elements of ø Banøclt, øl'gebrø witk unit e,

nequalities

llø"ll < lÍo, ":2, 3, 4, ...,

then the nortns of c^ for the non-comnt'utøtiae continu,ecl fraction (1.7) satis¡1'

to inequølities

llc,r,ll ( +trfu, n:2, 3, 4, .'.,

ønd the eletnents (In &re 'inuertible.
Proof. tr'rom-proposition 2.5 (iii) Qt: e is inaertible. 8z: e I a, is

ølso inaertible because ll- orll: lløÀl * i . 1 (proposition 2'6).

From proposition 2,6 (r1), we have

llø;'ll: llþ I a,)-'ll * -h
llc,ll : lla"q,q;'ll < llø,ll llþ I a,)-'ll < JH - ; : +;

and
Qs: (e I cs)q, is invertible (proposibion 2.5 (v)) being the product

of two invertible elements (, * r"is invertible because ll-crll * å a t, n,

is also invertible by the preceding argument).
'We suppose inductivèly g¡at-qo (h: l, 2, ..., n | 1) are invertible

rHEonErt 5.1.
zøItich aerify tke r'

Then

and

llro*'ll ( < 1 À 
r.or h :2, 3, ... tt, ! 1.,

2 h+t
llø¡+'ll

lldhlll-
l.-

"1 - llørll

F¡om notation (.4) and' . roposition 4.4, we obtain

llc,+rll : lls,+"q,,ql]rll ( llø,+rll llq,þ i c"¡1)q,-lll (

( llø"+rll ll(a f c',11)-1ll ( llø"+,ll

I la"+ 
'l 

It- t-.
" 

I - llorll

Then, from lemma 1.2, we hvae

llc"+zll .:#
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and qu+z: (e + cn+z)¡u+t is invertible, because it is. product of two inver-
tible''eie*etìts 

' 
1, f i,,+, is invertible since ll-r"+rll: llc,'a2ll { 1 arld Qt+t

is invertible by the hYPothesis)'
THE9REM S.Z. t¡ ø' ort eleinents of a Bønach ølgebra û' uitk unít e,

uich' wri.fy inequøl'ities

llø,ll < 1 ¡* n :2, 3, 4,

llq;ll < -L for n : l' 2' 3' " 'n*1

Proof . The invertibility of the elements q, is a consequence of theo-

rem 5.1.
Frcm for ula (4.5), we have

llø,-'ll : ll'l;lr(' * c,,)-'ll ( l]- < )'o;:"' ,'1_ll",ll ,, n_,
2n

that is

llø;'ll < ;fillø;:,tt.
J3y writing the inequalities for n,- I, n -2, ...,2 and after their multi-
plication, we obtain

rrq;'rr <:i T .+'

that is

llq;,ll < :;
utÐoRÉM 5.3. IÍ a,,, a.re el,ements of a Banøch algebra & witlt' utt'it e,

'uich uerify the inequøl'ities

llø,ll < |t* *:2,3,4, ...,
tken, for non-colnrn'Lctatiue conti'nwed' fraction (3'l), we høae

llqtl,þ,+, - q;'þ*ll . a#*r_for n : r, 2, 3,

Proof'Theinvertibilityorsn.followsfromthorerns.l.Therelations
(4.2) aud (2.1) imply the iuequality

llql],þ.+, - ,t;'þ^ll < llø,Ì,ll llc"+'ll ll,"ll ''' ll'.ll llø,ll llø.ll'

it coNriNu¡o rnacTIoxs

Using theorems 5'2 and' 5'1, rve obtain

,,-r, ._ lt,z2n+1 7 n 1r¿-l
llqlìrþ"+, - q"'þ"lt14 

-.,, 
*zZ 'u t' , ,

r75

L!
23

I
4

a.

then

(5.1)

or

llql],þ, ,. - q-'þ,ll* eifilã
6. Generalizeit Worpitzky's theorem antl some consequences

THrloRE\r 6.1. If a'n are elements of a Banach' ølgebra' &' witk t't'nit e'

wich satisfY tke inequalitr'es

llø,ll < | Ío, " 
:2, 3, 4, " ',

then

(Ð tke non-commutatiae cotøtinued' frøctiott' (3'l) cowerges uniforrnl'y

to ørì'el,e'ment x e&,
ftí\theaalwesofnon-commuløl'iuecott'thruedfraction(3'l)øndofits

,onìîltnti aie 'in ttå set d'efined' by inequølit'y

llø,- xll * |llrll,
økere a, is ø fixed' elernent front t"

..... I
(111) - ?s ,trc ,,best" constønt c ) 0 such tJt'øt the tt'on-comnt'utøtiue

cont'inued, frøction (3'l) conuerges for

llø,,11 ( c (n:2,3,' ')

Proof . (i) In view of the id'entitY

Q,]rþ,*- q;'þ, : (Qlloþ.*u - Çiln-'þ"*u-') f
t /n-t .t -,-t h ^)+ .. . + V;irþ,,+r- Lltþ,),-f \{¡jn -1? ¡¡n-r Y r Fh -2r 1¡ Fh-2

the subadditivity of the norrn and theorem S'3' we can write

llq;]oþ,,*u - q;'þ,,11 "'l*. *. r+ @ .#* t)+ " ' +
I 

-- | ¡¡a,¡1.+("+h\(,*trl) I -

One also see that we have the inequality

(6.1) ltq;]oþ,,nu - q;'þ,ll < 2llø'll(# - # -): @Tm + t)
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'Ilrerefore Çlloþ,*u- q;rþ, e CI tends in norm to 0, for every natural
number A, when ø tends to oo, such that {q;tþ,} is a Cauchy sequence.

Banach algebra 4 with unit e being complete with respect the rnetric
topology ind.uced by the algebra llorm, it follows that sequence {cl;'þ,,}
con\/erges to an clement x = &'.

(ii) First we shall prove that

llrll < 2llø,ll and llq;'þ"ll < 2llø,11.

T,et us remark that

x : Tt'þr l (qr'þ, - 8l'þ'.) i (q;tþ" - 8l'þr) + . . .

ancl

Ç7þu : g' þ, * (lr'þ, - 8l'þr) * (qflr' - Ql'þr) + . . .

-f (q;'þ" - 1,,'rþ"-r).

ll), this remark ancl theorent 5.3, rve obtain

lløll , ¡¿,¡, zlla,ll ,sllírll f ,if g.-r1- ""
ll,l, P,ll

oÏ

13

or, according to (2,1),

11i

llø, - xll< ] ttrtt ttrtt.

Iirom the first part of the proof, it follows llyll < 2 ancl therefore,
we have

(6.4) lla'- xll < jttrtt

(iii) In order to prove that 1 is the ,,best" constant c > 0 such

that the non-commutative continued, fraction (3.1) converges for llø,ll (,
(n :2, 3, . . .), it is sufficient to observe that in the Barrach subalgebra
ArC ø oÎ ttr"'real numbers rnultiplied, by e e Û,, the con_tinued fractions
,utfh tr,,: a'e and a> ll4 diverge according to lemma l'3'

c o r o llar y 6.1. (Approxirnation theorem) In tltc cottdit'ions of theo-

rent, 6.7, we haae

llx - q;'þ,ll < 'lli'll .

nll
Proof. From

x - q;'þn: (Li]rþ**, - Q|'þ,) * gl]"þ"*r- Çl]rþ,*') * ' '

and theorem 5.3, we obtain

|x- q;,Þ*il <2ilø,lt[{#, -#)ol:*-#)+ .'.]::#
C orollary 6.2. IÍ fi,t Q''/e sotne el,ements of n Banach ølgebra wilh

unit e, wh'ick satisfy tke iner1ttølities

jlø,,11 < XI for n :2, 3, . . .

and, x is aøriøble element of O,, tken thc non-cotntnutatiue con'timtetl frac-
tion.

CONTINUED FRACTIONS

ll*ll

llq;'þ"ll
* {'n,[(; -;) . (å - +) * ]] tt,,tt

x:ttr![r*it)-'

^, - 
lt a'z

J-r+; and lþ,ll < 1.

'l'herefore, rve pr-.ortecl

llxll < 2llarll and also llq;'þ"ll < 2llø'll.

Nou' in order to prove (ii), we rerna¡k that we can write every conver-
gent of the non-commutative continued fraction (3.1) and its value, deno-

te<1 by ø, as follows

(6.2)

rvith

(6.3)

IIence

*('* Ït): *,

ûttÍ

¿l
ûr Q,zX Q,sfr

e+ e+ e1'

eonr)elges uøiJormly for llxll " *,
Proof. We are in the conditions of theorern 6.1. and tl'e hât'c

llø,xll ( llø,ll lløll < a[':r:: ror tt':2,3, 4, .'.

Remørh 6'1' Theorem 6'1' (i) is eviclentllz 1¡1t" aiso in the case in

rvhich &1, Ø2, . . ,, Øn of Út are fixed, {tn¡¡ e 'Sl u'ith llø,,'ill < } {i:

5 - lvlatheruattca - Revtre d'analyse numérique et de théolie de I'aPploximatiou. Tome 5' I\J' 2. 1976'
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=^1, 
2, ...). this problem, in a particular case, is soived in proposition

7.2.

Rem.ørh. 6.2. If. in the .formulas (3.3) rve permute ø, , with p,_, it-L
the first relation and a,a, tuith q,,_, in the second, then rve have to' per-
rllrlte q,L witln þ* in (3.2), in order that the methode be still applicable.

7. Particular cases of thcorcm 6.1

Theorem 6.1 is evidently true also in the case in rvhich the Banach
algebra 4 with unit e is commutative.

(i) S: R with e: I and the norm ll.ll : l.l is a cornmutative
Banach algebra. In this case, according to theorem 6.1, the real continued
fraction

(7.r) (ø" e R)

where ø, e C is fixed. and ø, e C is a complex variable' It is easy to
see that

û,
' 2a, .¡ I'

n,hiclr is linear and this function transforns the circle lzl : 1 in circle
4

l4l2
l, -; "rl:; lørl. Therefore, this function carries the disk On on to the

dirt olr. I

Proposition 7.2. If €[.:C, e:7, ll'll : l'j', or, a', .., q'r&re

fi xcd,,

| ..
la,,;l <iU:t,2,,)

ond,

(7 3) ln, o o,l, 
T,o,,,,

h,en tlte cornþle x continued' fraction (7.1) con'aerges ønd, the aølues of function
fill ø cl'osed, dish Ø,,C C.

Proof . If .

1¡i

lhen, a fill the closed disk

6ò*Li 
-

aeC

CONTINUED FRACTIONS iei

aa

convetges and the convergents and. its value is iir the interval

lT z¡a,¡\ it lo,,l < i

I

(n:2, 3, ,..)

I
t

(ii) A" : C, rvith ¿ - I and ll.ll : l.l, is a comrnutative algebra.
then complex continued lraction (7.I) (ø,, e C) corl\¡erges to the value
z horn the disk

DL: zeC k wl øL
2

3

iÎ lø"1 < ll4 (n:2, 3, ,..).
In this case, continued fraction (7.1) can be considered as a complex

function f of complex variables &2, Øs, . . ., (o, is fixed) and

(7.2) z:Í(ctr,az, &s, ..., en, ...).
P r o p o si ti o n 7.1. The aølues of the function f f.ill the closed. dish

Because z from (7.1) is given by linear function

7nþu-'¡zl'u 2,

Çr-t I zÇrr' z

it follows, as in proposition 7.1, that the values of function f lill a closed
disck Ø, C C. eondition (7.3) implies that oo 4 Ð, (condition co è Ð'
is automatic satisfied. in proposition 7.1.),

Remarh 7.1. If A,: C, e: L, ll'll : l'i ønd' Qt: Ø, then (i) of the

theorem 6.7 giaes classicøl woRprrzKrr's theorem l3).

4a--
.1

< | t',,t)&,,

Øruherc eaery a,,(n:2,3,...) runs over closed disk So:

Proof. I,et be

zeC l,l 
" +Ì

l1

17.2)
a,a"44

a 
-- l+ t- l- l-'

l

il
llj

ri
¡l

l
i:
i

l

:

l
l:i
i
!
lI
I

;,

ì'

i

I

i:)
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Remarl¡.7.2. If.A:C,e:1, ll.ll :l.l and a1-1, thenthepropo-
sitions (ii) and (iii) of theorem 6.1 and propositions 7.I are WáU ána
plrzDoN's precisions [4] of Worpitzky's theorem.

(1ä) g": C, with e:1, llzll -lxl f lyl and llrll: l, is a commutative
algebra. Theorem 6.1 shows that, if

llo,ll <i (n:2,3,...)

(the complex numbers ø,, beTong of the sqllare centred at 0 with the ver-
tíces at the points -¡ 1 and 'f 1) , tn"r, the r.alue of complex continued4 4l
fraction (7.1) (ø^e C) belongs to the set defined by the inecluation

(7.4) lo, - xl + l% -! I < ] tt xl + lyl),

where z : x ! iy and Øt: út]_ iþr.

For instance, if ør:2 + 3i, then (7.4) shows Lhat z belongs to con-

vex hull of the points | + t,, 2 + +,i, 7 + gi,, 2 + 8¿.

(iy) út: C, with e: l, ll"ll : rrr"* {lxl, ly l} and lllll : 1, is a
comrnntative algebra. Then, if llø,,11" I t":2, 3, ...) (n,, r.rlns a sçluare

rvith the sides parallel to the coordiua'ue axes and centred at 0), the
valtte of continucd tractiorr (7.I) (a,, e C) are in the set defined by the
inccluation

mzrx {l u.r- xl, lP, -tl} <; max {lrl, lyl},

\r'lrere z : x l- i1 ancl at - i.t -l- il3r.

MATIIEMATICA - RtrVUE D'ANAL,YSE NUNTÉRIQUE ] : .

ET DE THÉORIE DE L,APPROXIMATION

L'¡ïNALYSB NUIIÉRIQUE BT L,A '[I{ÉORIÐ ÐE n 'APPROXIM.{TION
Torne 5, No2, tr976, pp" 181-1BB

ON FOURIER SBRIES :

G. P. NEVAI
(Bucìapest)

1. I,et us introduce the follou,ing notations. I,eT C2^ denote the
Banach space of continuous reai-valued. functions of period 2æ provided
ivith the usual uniform norm and let Li" (l S I < oo) bc thc Banach
space of real-valued functions./ of period 2n lor r'vhich l,fl" is Lebesguc
integrable over ,the segment l0, 2nl. I,et Jt, be a real pararneter and let
A, and V¡, be operators oî C2n(2fi) defined by the formulas

(Lrf)(*) :fl*) - f(x * h)

2t

krf)(*) -f(x) 
-r f(x + h) 

.

2

Iret, further, R be a natttaT integer and let

anÏ; 8).,, (rå) 
: 

,]l_tP, 
ll(Ln)'',f llr"- 

ç'r,¡

[1] F'a i t W y rn aln, A tlt¿oyen¿ of cotouergen,ce for lltc non-comn'¿túaliue frøclions. Journal of
r\ pproximatioll theor)', ií, 7+ 7 G (197 2) .

¡21 Ga¡rrirIf. G, et Gc¡bert,7,,4tgcbrc d,e Battach. UrriversitódeI,iège, Sétninaire
d'Analyse ìIath(:rr-LLrtique et cl'Algèbre, pp. 1- 17 (1966 1967)

[3] \Vo r piT.zky, Untcrsu,cfunNg¿i!. ü.bei tlic Enttuichcluttg d,er À,Iomodyon,e¡t tnd, illonogert,en
Funhtion tltLrch [(ctt¿nl¡rüch ];yi.e¿lriclt Gltntnasitt.to trtul llealsclt'ulc. Jahresbericht,

l8>0)

' C( ) is a non-negative, linite constant clepending on the parameters lying in the
brackets,

be the R-th Cz^(Lå) modulus of smoothness of the function /. Finally, let

denote the n-th partial sunr oI the trigonom.etric l'ourier series of the
function /.

2.Let "f e C"* and R be a fixed uatrlrai integer. It is a well known
inequality due to H. I,ebesgue and I). Jackson that*

Pgrrl)RDNCES

S,(x, .f) : u, ii ør cos /t,x -l bu sin hx)

( i 865)
I l, II.S., 'l-hc conlinued fraction ûs a seqltence of linear trans-
llath Journal, 9, 360-1.t72 (1942).
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