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In the exploitation of oil lesefvoirs ?PPear_ hydrodinamic -systems of
lo**Li"Liareäonstitutedof two zones, where the flow is single phase in
i- ,oi" and two phase in another. The nathematical mod.el of such a

flow has been studied. i1 the papers lll, l2l, anal [3]. In this paper we

give a rnethod for determining a quasi-analytic solution'

l. Consider the equation

(1) !:x@) 
Ôj,

in a region .R:0 < x <1, 0 <, < I where

Iø2 for 0<x<l
x(x) :il, for t.<x<l

ând. ore requires the continuoüs and- positive solution in R subject to the
conditions

(2) þ(x,0):l@), 0 < ø < 1,

(3) #r,1.:,: slt)''#"1,-,: 8'(r)' t>o'
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where å, and. k., may be 0 or 1,
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and for h, : I at x : frn+m-r the analogue formula

(7) '3"1 *ltu?.| - 2þ, t, -,(,) * þu t ,n '(t) I þ,, t ,,-'(,)l -
ðxÀlx:sn*r_L 71h2 L ù:r 1., -t(4) ?l :Ftt, þA, Ðt+l

ôx l.' t 1o Ôx lr-t-o

f, Ë¡ g, and F being continuous functions such that F(t, þ) > 0 for
l>0andþ>0.

In order to find an approximate solution of the above problem,
we pfopose a method based on on the discretization of tþ" lcluat-ion
(1) ánd-the approximation of the function Þ-(t, þ,) lw a step function'. We
shall begin thè investigation of this problem with a particular case,

2. We consider the condition (4) of the form

29 r_2 ôrþ

132 Ôxt
, f tt itu , ( (,,, rrr =l ( 1'

x:Ìqn+ùt-l

In this way we derive frour the equation (1) the follorvirrg s¡'stem of

ordinarl' differential equations.

P', : (l.\
Lt a2

- åu,) l"t-2t,,+ 1,,+ t,,þ") i ilt - (t - ilft']g'(r)f R'

(5)
ôþ

ôr

AA
F(Ð Y

Ox I (þ' - 2þ,1- 1') * /1,
fr

and we súppose that the problems (1), (2), (3) and (5) have sufficiently
smoothsolutionintheregionsDr:0 < x <1,, 0 <l< Ta:nd' Dr:l'<x 11,
0 < I < T. In order to determine an approximate cluasi-anal)'tic solution
of this problem, we consider the lines x: fr¡, i:0, 7' ' '.' n ! rtt',

where x¡:ih,, 7: l, i:0, l, ,n and%i: %olik Tor t,:n*!,

n + 2, ,.., n f øz rvhere O: + anð. rn: t-]
Tlre solution of the above problem on the lines r : xi will be noted

bv þtØ, that is þ,(t) - þ(r,, t).
For tlre discretization of tLie equation (1) when cne takes h1 : hr: Q,

in the conditions (3) we approximate the derivat iu. ! on the lines
Ôxz

x: x¡, i:1, 2, ..., 1x - I, n, -f I, ...; n * m - 1, by the divid-ed- dif"
ference, that is

a"p I :tiL9__ JLvl, l ro¡ r ,(r) _,,i u2l 
- , x¡ _t 1l¡ 1xi r r,

¿*, 1".-*¡ hi tt ô/ lt:Ei
where

þL-, : fi{Þ,,-" - 2þ,,-t -l þ,) i R, -,

(8) 1í+, : fn"{'Þ, - 2þu+t I þ,+r) * R,+ I

þ',,+,,-z :f*(Þr*,,,-s -- 2þ,,¡"'' z I þ'+''-t) * R'+''-z

þi, +il- 1-e
1l

/rz
t b'2

)¡
b_t
,^6

(-2þn+,,-r * þu+,o-, f h2þn¡"-s) *

+lr-[t
l,vhere b' : L

h

- Yr,)o'1 ,(') * Ru+, -t

Ú,. The initial condition leads us to the conditions

(6)

,. _llt, for i:1,2,...,n-l
"¡ - llt, for i, :tl, | 1, n. +2, ...,n * nt, - 7

In the case ñ1 : 1, on the line x : xt one uses the formula [4]

u#,1.-,,: ;rl- t'o*1, 
=, - 2þ'(t) i þ'u) t- þ"u))-

9) þ,(0):f(x,), i: r, '2, " ', 11' ! tt' - |

In order to eliminate the ünknowll functior-r þ,,(t) hom the system (B) we

use the condition (5). F'or this purpose we express the detivative U o11

the lines x : xil,r arLd x : Ktv)-t by a numerical d'ifferentiation formula

which contains some functiotts þ¿(t) ancl the d'erivatives

29 L, ô4þ |- - *- 
a+l-:e,'

aþ

0t, 0

0þ

ôt,0 ( 61 1!Çs,
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3. In the following we shall determine such a formula.
Let ffu\ be a runction belonging to the class Cf,o,,,1. Subclivide

the interíà|'@0, x") into equal parts_of length h by neans of the points
ir, *r, ør. Fòr"ihe"'function /(ø)-we d.etermine a formula of the fo11ou'ing

form:

(10) Í"(*,): Af'(xo) * Bof@o) t B',Í(x,) * BrÍ(x") | B"J@") t R'

using the method. fromthe papqf [6]..Consid.er the function_ g.defined on

lxo,'r"f by the equations q\x):9n@) fot- x = .lx+-u x¿),.i 
= 

I,Z'3,
inát" ïhe iunctioni 9 (ø) are tlie soiution of certain two point boundary
value problems of differential equations

(11) eI'@) :0, i : r, 2, 3'

From the formula

imposing on the functions q3@) tlne following conditions

p't(xo):9i(ro) :0
qt@t) : q,(xt), çiþ,) : q"!,(x')

(13) q,(x,) : p"(x,), qL@,) : ç'"(xr)' ,pL@,) : çi(x,)

qs@"): qå(r') : eí(r') : o

and considering grv(r) :0, we obtain the following formula

(14) p'r'(xo)Í'(xo) I lq't"(xr) - 9'r"(xt)lÍ(x') -f

f tçi(ø') - q'r(x')lf"@r) I lç1"@r) = gi'!@r))f(xr) +

For the full cletermination of the formula (14) it is necessary to solve the
problerns (11), (13). For this prlfpose rve'observe that the polynomials

g'(x) : V" 
-,*)'

(1s) s,(x) :";i t ),,,@-')^

s,(x):^;i+ u#+ u#f Àg(r'- ø).
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satisfv to the equations (11) and to_ the conditions (13) attached at the

,"ïi¿ ;:, ;;,"r:."ßi"ã lfrè fáct that thc fu'ctio' e, satìsfies the conditions

äBi';t"¿î;'iãi"i ,., *" obtain for t¡e cletermination of the parameters

ir, À, and. Às the sYstem:

27h2 +g\Lhz + 6tr: g

9lt2 {.4,tLllz + \"h' i 2),": g

which has the solutions

(16) ).¿:9f2).
\a : ìtILà

Substituting (16) into (15) we obtain

(r7) e'.@): # +(e + n,)# t),kz(x - x,)(x" - x)"

3t

qr(x):T

and the formula (14) becomes

(18) r"@,) : L^o,ltr¡'rxo) t (T * 
^) 

f@o) - p t 2x)f(x') -a

+ i to t 2)')f(x,) -- /(,J] + R,

o\" r ll
otlr: -

dx12)
J

q'u (x) f(x) d'x : lç'l' f - g'; Í' + qi Í' - e;f"' )*i-,+ (te,(r)
(

t

,:

+ q;" (xr)f(x") - g'r" (xo)/(ro) : - \ et"

ÍtuDi:r
ì

)
*a rí-t

-(å*^)

(å * ^)vãt'

(x)dx)./'u

where

(x)dxx)Í"n:a[,0(
¡,/¿2 J ''

1o

(1e)

Th¿ er À will be rnade by the reasons of error estima-

tion ussio" of this choice is postponecl to the next

sect as a root of the eguation t + ?r+ i - 1 :0
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For both roots of this equation, the function ç(x) > 0 for x = (xo, xt)
and. consequently, the formula (19) can be written as

þ'n+,:L^,oltuXl,:,-,* [i * t')Þ,,+ (s +n')þ,,+'++P +2^)þ-

l?:a
t/,¡ .f'u (€) ! e(,)dx, 1=lxo,x"l

- þ,u''f1 Ãi+'

Combining these equations with those of the system (B) rvhich contain

;h"^ï;¡ii"Lt þ^(t) aåd considering the condition (5)' we get

(2t) þi,-,: lL*,,*{To"-,* [' - {i * iì - +) tl þu-z-

- rlr- (Í *î - +) ofo--,+'(' + i +i- +) þ.+t -

- (t * ?r* ?- L^)Þ"*" + I'0"*'l._ |'L' , 'R**'

Putting in (18) f(x) : |,t- - xo)'@ - x,)(x - x,)

we obtain

I

\h2 I
1,

e@)dx:2
o

1 t1,"
).

and.

R 2
o

1 hzf'a (E),
Ri+r - -uL n;-,++i(u,, . r)n + r]n,,-,À

brz

and also
b*(l + Ð

R 
" 

r(+ - r)n Mn,
þ',,+, : f-:-¡ n¡wlTrrþ,-, - (t * ?r* ?- 1)t'0"-" *

(19')

¡¡¡here +2 1+ 7 -2r- 
1ì

' 1r ¡./
Fþ,-r - 2 (o* 2). 7

11 11
þ,+t

11 I

tr/l4 >- max l/r\'(z)l
+ (r + + - ï - i,) e"., + 1Þ*,)+';#+ 

"R' 
r'¡ -

_Y*-,*rRÍ_r *+(#* r +o) R,, ,-¡þoi,'

î','f Ï, 5?ì;.ir;':i JJI'lf i'JlÏÏ
e unkonwn functions þt(t)' þ"(t)'

þ;:îr1t -å u,)(- 2þ,tþ,t h,þ") *!,nlt -(t -!r,;¡n's,Qtl+ n'

lrn, r¿l

'Ihesmaller coefficieut 9 -t ir, (19')isobtainedforthe root À:- g + Vtos
t"2

namel¡'

lRl < 4MLh2.

4. Norv lve shall,use thenumerical differentiation formula, just deter-

nrined, expressing the derivatives Pl ""4 9"1 in (1), and ob-
ôx2 l*:rr-, ôx2lr:xr*,

taining in this way the following equations

(20) þi,
a2

)Jtz
shø +

ôx 7:¡-¡ [i + r)ø" + (e + 2x)þ,,-, +
þ'r: ,(,(þr - 2þ" * þ") I R,

+ j ts t 2\)þ*-, -- þ"-,1* R*-r,



j

ì

.

i

l

ir

I

1

ii
j

I

i

:

l

i

I

i

I

I

200

(22) þL-

F, À,{, PASCAL
o I QUASI.ÀNALITIC SOLUTIONS 207

1:- (t + F)h, þ"
l2F',

[" 3 t -?! - ?rr, n +) þ,,, , -+ vi, ,: llnrr, ryrrr, , * (t -i - in + {)t, , -
-'(t þn+t -

þL+ t zl

+z(t þ,+t i

o t-T-3jp+!
ll Il r ^(u_t*zl + f,+

2)'_ !
11 ),

Y"+t -

þL+,,-, : (r - i or)# (-2irn*,,-, * þn+,n-, I kzþu+,,,_a) t

- (t - V) n,]s,Q) * R,,+m_r

The solution of this system which satisfices the initial conditions

5. For the estimation of the discretization errors we remark thaty¡(ú), i^:-1, 2, ..., tL - |,,-tr. -l l, ..., n I nt, _ | represent the solu_tion of the system:

,i: l,(t - i rt,)1-zy,f y, * /a,y,) f R,

,;: ir((, - 2T, f y,) * R,

(24)

- (t * ir*i- ì)t"*, * 3,,t"-'] * Rn-,

rL+, : rirr[Tr"-' - (t * 1* ?rr- 
*)or,,-, *

+ z(t+ i + i - +) rru-, - r(o + + -'f - i)'".,
+(n ++-i - l)r"*,+frv"*,1 *R,+r

^(L+,^-t: (r - ?, ur),"(- 2yu+,n-r 1- '(,+,,-" I k2tn¡rt-t) * R,¡.-r

rvhich satisfies the initial conditions

y¡(0) :0, i:1, 2; ..., n-1, nIl, .., lLim-l

Considering the form of the remainders of our numerical differentiation
formulas we remark that the remainders \ in (24) are of order h2.

For evaluating the solution of the s¡'stem (24) subject to (25), we
use the following lemrna [7].

L e m m a 1. Let x : x(t) be th'e n-d,itnensionø1, aector solottion of the
Cøuchy þrobl,em

A: A(t)x * R(t)
dt

x(to¡ : *o

ahere the el.eutents of the ntøtrix A(Ð : (oto(t)), 1 < i, h 4 n and, R(4 :
: (R¡(r)), I < i < ñ, are continuoui'funciions'oro fto, Tl. Then

(26)

I

i \

t,r2
-L"t-,"

[1

.tl

l

I
I

ll*(¿)ll < llø,ll

ø(r)a(r)d+ 
L

+l R(z

¡tr

)ll t' d'ø
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Consiclering (27, (28), (29) u'e obtain

llø(¿)ll : max lx,Jt)|, llR(l)ll : max lR,(,)1,
1<¿<il I (i( rr

(30)

1.,,

ll

ø(t) : rnax (r) + D lãth(t)l
h:1 ancl accorcling to lemma 1 we havel(l(¡r
h+i

The coefficients of the s¡'stem (24) satisfy the conditions
(31) v¡(,) max f R¡(t) I dø : ltz ll[t,

r+fr-l
(27) a¡¡ * D la¡"1( 0, i--:7,2,'.',n-2, tr,12,..',n'lm-7

f! : #(t - å 
u') (- 2F, + l, * h'F")

ÞL: #(1, - 2Þ + F")

s+rr, s+i

In order to satisfy the condition (27) also when i : n - 1' and

i : n f I we choose À as a root of the equation

r+L+2]- 1:0.
' 11 11 I

rn this case one obtains 1 - li*iì - +) 
: t f F and, - (i+ iì -

- *) : I -l- F, ancl the equations of the system (24) containing I become

-.t 
-ot12,(,1-t - *LnåjY,,-g * ^(u-2 - ^1,-r * lrt-*r',*,1+ R"-"

r,¡*r - ili +r^t,,-3 -- 
2^(ut-, t n(,¡+z )- å tf t"*'l+ n'*"

Hence, their coefficients satisfy the conditions

(32) F'--, : #å, . rF*-" * l'-' - 2f*-r * i {rø"-'1
-þ;+,:o-(i +rl,. - 2f*4r r -þu+z * ?, Ï* rø"-'1

i:trtL
b'z

'f tn- r
tI" (t - ,,tur) 

(- 2fu¡,,-t I F,,t,,, z * h2f,¡,,-t)

út.t-t,u-r l- Ð' lo,, ,,,1 : - Y-,s:1
s +rr-1, fl

u,hich satsifies to the initial contitions
(28) i: l, 2, ..., n' - !

and (33)
þJo) -- f(¿h),

þ¡(0):f(x,,*ilt), j :1, 2, , nc-l
t¡+în-1 . 9b'2t- I _

l(rntl, sl - - 
-17 

,tz,
Remarrt r. rn orcler to simplify, we sha1l use the following matrix

(2s) An*l,u|l : D
s i 1, 1',+t uotation-



tå QUASI-ANAIITIc sÔLurIOÑ¡
20rr

where M and ly' are,co'stants with respectto h, and. therefore yr(l) tendsto zero as /¿ tends to zero.

Rernørh 2. rf, nron the bouhdary conditions one obtains the deriva-
úve þ at one of the ends of i0, 11, then, using the formulas

Þ,U)
l,(t)

:

þ"-{t)
F"+lt)

&2

h2 ir . (' - iJ-'l 8'(l)

0

1l'(
nrÍ

Plt¡: H(t) :
0

0

R(r) R"-r(t)
Ã,+t(l)

R*+u,-t(t)

0

¡o : {f(tt), Í(2h), . . ., fl@-t)h| f(x, + hl, . . ., J'Lxnl @-t)kl}
b'z

1 (r

h,)

6Jln,)s,U)
F"+*-r(t)

zøz(r - ïro,) *F - å 
n,) n,ø,(t - å

az - 2ø2 q,2

0 ø2 : 
-2øz

0 0 0 0 0

0

0

10 0

0

0

00
ø20

0 000 0 0...0
0 0 0 0 0 0...0 0

0

0

0

0

0

0

0

0

0 00 0 &2a2000 0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0 0 0 ... 2a2F øz-2az 0 0

a2

2a2
0

0 00
11(1 + F)

2b,2F 0 - 2b'2

ll(l +.t)
oAt2

0

0 00
ll(l +,F)

0 0' b'2

n(l + ¡)

2b'2 b'2 0

.0 0

0

0

0

00 0 000 U 0 0 b'2 - 2b'L

[t - 
"uJ 

kz hzb'z

b'2

t-:
ll

t
0 00 0 0 0 0 0 0...0 _ru,,(, * 

å0,) b'2 hr)

(4r)

with the condition

(42)

(P*)':AFP*+H,

P*(0) :-/0,

rrence' the system (32) anð' the conditions (33) can be 
'r,ritten as

(34) ,:r\-l,P('tJ 'vt

Il"åíÍï tf"r,"|i"t" an approximatio' for ttre functio n þ,,(t) we write the

(as) 
+ lþ*+{t) - þ*(t)l: } rø^ul _ Þ,,_,(t)l+ +#,1,,":,"_ F(t) 

+ #,1.:,,,

þ^(t)Ll t rF(t)l: Þ*+{t) { rF(t)þ,_r(t) - R.(t),

Dropping the term R"(l) in.(36) an. using the known approximative varuestor þ"-{t) and þ,¡{tf *" ãtì-"i"îË ilii"*,"g equation

(37) F.(t) : ;, * l\*+,(t) * rF(t) l,_t(t)1, :

rvhose solution rerrreserrts arr approxiilli:" î.or þoþ).For the purpose
;1u""åt""tîithe Ërror-ãî r'i' åööi;ïi*"rio,r we ,í,Ëìío"1 137) from (36)

þ"(t) -F^þ):Tr(t).
In this way we obtain the equatio

v'(t) : *+* Lt*+'(t) r rF(t) r*-t(t)1a --&Q--

*tf"l'ç"tt1;t.!r"+'(t)l and ft,-r1t¡¡ < lt,h2t a'd that F(t) >0 for 0 <

ly"(¿)l < (Mt+N)h,,

72
F. M. PASCAL204

R,(t) - ,n(*þ,1,_,,,F(t) - + y*1,:,,1

where. \t € (xr-r, fro), \z = (x* xu_r)
Denoting I : r, we have

(36)

where

(36',)
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Ifence, the system (32) and tire conditions (33) carr be s'ritten as

P',(t) : AP(t) 1- Lr(t)

(34) ' 1:t(0) :/.
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r,r,here M a¡d lV are constants with respect to lr' and therefore yn(l) tencls

to zero as /¿ tends to zeto'

Remørh2.If,fronrtheborrndaryconditionsoneobtainsthederiva-
tive I at one oT the encls of t0, 1], then' using the formulas

At

Considering that ly,,1r(l)l ancl ly,,-t(¿)l < IuIh'zt and that F(t) > 0 for 0 (
<l<7'wehave

ly"(¿)l < (Mt+N)hz,

Fo(t):l,U) - ,Y-1,= 
o, F,t,(l) =- f ,¡,,-{t) + hHl-:,*^'

with the elrors of order JP lor the

din solution for
crc (l) ancl tlr<'

tr hîs the ru.atrix fo'rn 
cliffere'tial

(38) P'(l') : At¡t,P,,¡¡1P(t) 1- H(t)'

with initial condition

(3e) P(o) : 
"fo.

To d,etermite þ,,(t) u'e shal1 consicler the equation

(40) þ*+r(t) - þ,,(t) : rbìlt' þ"(t))lþ,,(t) - þ"-'(t))'

I1 lþ-lt, þ, e solution of the proble11 (38)' (39)

rvoirt.i-téf on the Tites x : x¿

rvith a clis s unknorvn' rYe sha1l

substitute To this PurPose we

subclivide Al bY Íteans oJ the

points to:0, tr., tr, ..., tx: I ancl denote

F"-r(l) : Flt, P*(tr-t)), s: 1, 2, .. " N'

We replace in (38) Flt, þ,(l'))bYF"-r^(l) Ior t'=11,,-t' l.l' The.approxima.-

tive solution of the syiéä (delir Ëifdt^ed step- QV. 1t"p b.eginuin-g r'vitn

iîr"-i"iãi"ui t0, ,rl, ,í".i-1t 10¡'it äott" from thJinitial conclition' In fact

on the intervãl [0, lr]'one soh'es tlie system

(41) (P*)', : ApP* + H,

with the condition

(42) P*(0) : /0,
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ancl the function þ"(t) ís obtained' from the equation

(43) þi,+' - þi,: rF(t, þ")(þ" - þ"_r).

Remarh 3. If the vectors H(t) and /o have all their components nol-
negative, then the solution of the system (41) with the.condition^(12)
is -a vector which has non-negative components, that ts þr(t) 2 0 for
l€ [0, tL], i:1,2, ..., 1L-l,n +1, ...,n!m-1. Indeed, lronr
the issumption f(ih)>.0, i: I, 2, .. ,,n - 1, -tt' and -Í(*r.t iÌ,)>.0'
J¿: | 2, .'.., rn -' l', Tollows ¡o(l) > 0 f.or t e [0, l1]. In this case the
elements of the matrx,4.¡"(l) satisfy the conclitiou lo and.2'from the
theorem 1 of [4]. According to this theorem, the.system (a1) is of mono-
tonic type on itrê interval [0, lr] a,nr 'from this, it follows the remark 3.

Thdcond.ition that the vector H(t) ar'd f o are to be non-negative, is
fulfilled from the technical point of view.

Rernøyl¿ 4. If the functions þu+t a:nd þu-t afe non-negative ïor
I e 10, l.] then under a certain assumption, the equation (43) has a ürrique
non-negative solution on [0, l1]'

Wiitiug the equation (43) as

(44) P. : 
þi't' +-û(' þi')

1 1 /F(t' þi, r)

and intro<lucing the notation
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and. consequently

lo(r) - O(u)l< /þi,-,1, - þn+'llF.(r, w) - F(t, u)1.

If
lF(t, r,r) - F(t, u)l < Llu - ul,

for all 1,t,, u e U and t = 10, lr] then

(45) llo(u) - Q(u)ll< rLllþi,,-'ll lll -- þT,+'ll llu - ull,

frorn (45) it folloivs that if

207

(46)

2bt2
{n+t,t : 

1Çz'

rllþi, -tll llr - +rll
I.<

þL.t * È'(t, tt)þf, -ts¿VrJ -: 

-t 

trì(t,u)

the equation (a3) becomes

þi, - ú)(pi, )

LeL U be the space of the continuoús, non-negative on [0, lr] Tunction with
rrorm llull:maxw(t)1. l'ron the definition of the operator e) one observe

¡ e lO,t ¡)
tlrat if u . tt 'i¡en A(@ e U. We shall show that the operator 0 is a

contraction operator on the space U. We have

a@) -o(r) : '0,: ,'(t--,oi.l)* p(t, u) - F(t, u)l
lt )- 1:(t,11)þ: I r][l f tr(t,u)þi, t)

Since y',-,(t)>O, for I e L0, tr) and lor u'20, rve have F(t, u')à0 and

[1 +,F(,, u)þi-i[l l-F(,, a)þ"-1)2r

then, the operator O is a contraction operator on the space U. From thc,
contraction mapping principle follows that if the condition (46) is fu1fi1ecl
then the ecluation (41) has a unique solution in U.

The property of the function þ¿(t) to be iron-negative on [0, l']
keeps its validity on each interval lt¡-r, t¿), i : l, 2, . ' ., ly', since for
each of these interval the initial functions and the t.ector 11(l) are non-
uegative.- fn orcler to determirre the error vector I'1(l) : P(t) - P* (l) ancl

Tii)(l) : þ,,(t) - þi,(t), ¿ e 10, tl we subtract (41) and (42) frorn (38)

ancl (39) and also (43) frorn (40), obtainirrg thus

(47)

and

(P - P.)' : Ar(r,p,)P - Ap"P* ,

(48) (1"n' -þi-') - (þ,,- þi,):rlF(t, þ,,)(þn-þ,,-t) -F(t'þi')(þi' - þ"-,)l

\,Ve renr.ark that the rnatrix equation (47) can be written as

(4e) l|: Av;p,pn)I" f lF(t, þ") - FolG,

where G means the colurnn matrix G : (gnr) rvith g¿r - 0 for

i:1,2, n-2,n+2, n, I m - I, rvhile g, - t,t : 2?"-- a¡.¿
llhz



2oB 1¡. M. pASCÂ.L iô '17

Denoting as

(s3)

u'e have

(s4)

arrcl also

ouA Sl-ANÀLIrIð solur'ÌóÑS 209

The solution of the system (49) subject to the condition l(0) : 0 can be
evalu.atecl by meaus of th.e lenrma 1, as the elernents of the matrrx An
satisfing to the conditiorr (30). In this way one obtains the followiug valua-
tion

tþ : n11¡
lo, 7l

I l:.rl:tt.Pft 
I

l, ,n,-, r:,1 , itt , t,,, ,, ,

(50)

lvhere

llf,ll < ffEQ, þ,(t)) - Flt, þ,,(o)llLt,

max ¡1jl)(l¡l { <Þ max lll-,(l)lL,
lo,/,1 :0, I

cy.2 - I'IâX I t' o:\
ltt 1l 

J

I)euoting as (s¡;) ,-'1l1i,,,lvli)(¿)l 
. o',=1ll11,"rllf"(r)ll'

Passing to the interval lt, tr), we solve the systern

(56) Pi -- AniPi + ÍI ,

ri'ith the conclition

(s7) pi'(t,) : Pi(t'),

" , lïìiî l*-,Fi:ttl
lrorn (49) follows

(sr) 
ï1,1i lr,l < .(i;)LB^t,

I)enoting by

"(t,')(/) __ þ,,(t) þ;u).

llor t|c estimatiorr oI thc errol y(r)(l) we r,ritc thc cqnation (48) as

(sz) 191 , --- yÍ', - rlF(t, þ,,) - t'(t, 'þ:,)(þ, - l',-') + 1ì(t, þi,)ftli\ - Tlll,).1

I'ì rrt

lþ-(t, 'þ,,) -- F(t,1,i)l < Llþ, - þ:,1,

cousecluently

F(t, þ,,) - lì(t, lri,) : t'(Qr, - Iti,),

wlrere rryc clenote bv Fi -, F(it, þ:,(t')).
Thevectorf,:P2-P;wlriclrrepreserrtst.heclifferencebetween

the solution ol the system (56), (57) aild the solution of the s¡'stem (38),

(ãO¡ 
"" 

the i'tervaL itr, trl i. ôbtaitted. fro'r the equatio*

I(58) I'i(l) : Altzp) l- ('{¡lt, þ,,(t))-}ìlt' Þi'(t'¡1¡,

with the condition

(59) f,(r,) -- l"(l') - Pi(t,).

Accordi'g to lemrna 1, one obtains for the error l]r(l) the clelirnitation iii

rvhcr-e
llr,ll < lll"ll * fitotlt, þ,,(t))-- 1ìit, ÞT,(t,¡1'

ip.l < ¿
(60)

llutlhen, froni (52) it results

I rl| _l ltrlt(t,þfi)
I Y;' I s 

| | +;il, Í,,) +,.,o,, lø,Ã lli"li

l]ìlt, þ,(t)l - FLt, þi,(t,)l < l1¡lt, þ,,(t)l - rit, þ,,(t')il -

- lF lt, þ,,(t,)) - F ¡t., 1rX(1") I l,

7 - lvlat¡cntalica -- llcvuc clanall'sL: rìùDrírri(lue ct (lc tlìóoric do I tPProxinrôLio¡ì Tone 5' N! 2 1070'



i

I

l
¡

l

I

I

l

)

i

;l
Ì

t

1

2iÒ È. M. p¡sc¿.l 
18

and corresponding to the above assumption one getS

lFlt, þ"(t)l - Flt, þi,(t)l < LBL|,
and

lFlt, þ,,(t,)l _ Flt, þi,(t")ll < Llþ,(t,) _ þî"(t")l : Zlyf,_,¡,

and also

(61) lFlt, þ"(t)l - Flt, þî,(t,)ll < LBL| * zílyG)ll.

For s: 1, taking (54) into account, one obtains

lFLt, þ"(t)) _ Flt, þi,u,)ll < ¿oB^l + ¿ollt1ll,

and from (60)

llf,ll < Ilf,ll + fflrnu+¿ollrlll)^r,
According to the estimation (51) one obtains

(62) 
î;1j llf ,l < 

f" 
ua(fl' o zø (!)]au

Continuing this process, one solves irr each iuterval [/" ,, l"] s : l, 2, . .., Nthe ordinar)' dilferential system of matnx torrn

(63) Pl : 1¡Í_, pi + H,

with the condition

(64) Pi(r.) : PI-,(/"),

and the equation

(65) þï,+, - þi, : F(t, þî,)(þi, - þi_,),

where

Fi-' : F(t, þi(t,-r)1.

rn this -way o11e obtains the vector t.(t) which is equal on the interval
[¿.-r, ¿,] with the vector .Pi(t), s : t,'2, ..., lV 

";ä--;h" function 7;(Jj
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definecl on the interval [],-r, l"] by the equation (65). Denoting by l(l):
: P(t) - P*(r) and'y,,(t) : þ,,(t) - þf,(t) rve have, accorcling to the notation
introcluced. above,

t(,) : t"(4, yl,(¿) : yrotu), s : t, 2, . . ., N

forte[1"_r, l"]
The relationship between l"(l) ana yfi)(l¡ is given by the equation (55)
and the estination of the lr and l, b1' the'equations (51) and (62).

Continuing the ,estimation of the error l(l) on the successive intervals
we get

(66) llr,ll <(1 +")llr,-,ll aoålr, s:2,3,...,N

where

Frorn (51) and (66) one obtains

max lll,ll< o 2 Lt[(l a 6¡'-' + (1 + o)"-, + ... + (l + o) + 1]
ü"-r'r.l q)

or

max llf"ll <l ru¡ir * o)" - 11,
[rs _1, ts] q)

But since s 
=- 

N we also have

,,ïîì, llf"ll < B* l¿ t(1 * o)Ñ - 11,

and. taking O, : ; into account and using the notice tt!: t,l we obtain

å ^,1(1 
+')' - t]= f (e. - r)nr.max llf"ll=

lts _ 1, ,s]

This last estimation shows that l(l) tends to zeto as Al tends to zerô.
It also, shows, that, one obtains better results rvhen the interval [0, f]
is 1itt1e.
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AMETRICoFPOMPEIU-HAUSDORFFTYPEFoRTHE
SBT OF CONTINUOUS FUNCTIONS

by

GH, TO,{DER

(Cluj-NaPoca)

1. Introduetion.

of
1l)
the
for

take it more generallY'

elser,r'here.

2. Basic notations and definitions'

Let d', anó' d'"be two metrics for the set X' We- say that' dtis fiuer than

d,.. anð. write d'z < dr, if the topologl g-enerated þv- d'.is firrer tharr that

ä'J"#;î"äïî i,'. ìir'-á'yt" chåck ãh"t';;¡ A, irt it'" ìdcrrtitv application

i: (X, dr) * (X, dr)

is continuous. This holds, for exemple' if there is a ÙI > 0 such that for

every x and Y ín X:
dr(x, y) 4 Mdr(x, Y).


