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1. Introduetion.

of
1l)
the
for

take it more generallY'

elser,r'here.

2. Basic notations and definitions'

Let d', anó' d'"be two metrics for the set X' We- say that' dtis fiuer than

d,.. anð. write d'z < dr, if the topologl g-enerated þv- d'.is firrer tharr that

ä'J"#;î"äïî i,'. ìir'-á'yt" chåck ãh"t';;¡ A, irt it'" ìdcrrtitv application

i: (X, dr) * (X, dr)

is continuous. This holds, for exemple' if there is a ÙI > 0 such that for

every x and Y ín X:
dr(x, y) 4 Mdr(x, Y).
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I,et (X, d,) anð. (Y, ø) tre tt'o metric spaces, and C(X, f) t¡".:1:f g]J

continuoùs'fulctioni tto X to Y. To dcfine some metrics for C(X, 1')

we shall use the function L:10, ool * [0, 1] given by:

| +t'
1,

0(ú<oo
(1) L(t):

t: æ

The uniforrn rr.etric T lot C(X, 1') ma1' be defined b1':

(2) T(Í, Ð: Z(sup {'(Í(x), e@)): x = X})

or, as usual, rvith the identity instead oI L, iÎ X is a compact'
ß x is a locally compact, separable metric space, then_there are cornpact

subsets K,,o1 X,.rith K,, CK*,, for every n, guchthat X ma¡r þ" represen-

ted as : X : l) X,. fn this case, the compact open topologY on C(X' Y)
r-l

is generated by the metric K definetl as follows:

(3) x(f, ù :i 2-"L(max{e(f(x), g(x)): x e I{,,})
It: I

s. MRo\\¡Ki\ [2] proved that the collverse is also true : if the compact
open topology is rnelrisable, then X is locally compact. 

-' \Me'mai also use the nietric ? of Pompeiu-Hauidorff (see [3]) rvhich
is defined by the relation:

(4) P(F, E) - I-(sup {::y,!lj c(x, y), 
;:B "'fj 

e(x, v)\)

.F and. E being closed, non-void subsets of Y. Taking

(5) P(f, Ð : n(f@), g(x))

rve obtain only a pseuclo-uretric f or C (X , Y) , because one loses the par ametri-
zation on the set of rralues.

3. Thc rnetlic S for C(X, Y).

With the above notations, we have the follorving:

THEoREIVT. If for f , g e C(X, Y) zuc denote

(6) Sr(/, g) : inf {, > 0: \x e X, inf {t(Í(x), eUD : d(*, y) <'} <'}
(uitlt' the conuention : inf Ø : æ), tlt'en

(7) s(/, s) : z(sup{so(/, g)' sn(s, /)})

d,efines a metric for C(X,Y).
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Proof . We have to verify only th'e triangle inecluality:

(B) s(f, t) < s(/, s) f s(e, ¿)

and this only for S(l g) { I and S(e, h) < 1, i'e'

s1 : s1lp {S'(l g), So(g,"f)} < *
and.

sz : sup {So(S, ¿), So(¿, g)} < oo'

Let t ) 0 be arbitrary and rt, r, sudn that:

s1.'-/11 s1J_ tl2; sz 1lz 1 s, I tl2'

If * is a fixed Point in X we have:

'(Í(x),k:Iù)<,(Í(x), s(z)) + e(g(z), h(v))

so that:
inf {e(f(x), h(y)): d(*, y) 1 r' I r} < e(f(x), S(z)) +

I inr {ekþ), h(Y)): d(x, 1t) < n i r}'
This means that for every z with d'(x, z) ( r, we have:

inf {e(f (x), rr!)): d(*, v) l vt I r') < e(f (x)' Sø) +

I inf {e(g(z), h(y)): d(y, z) < r,} ( '(f 
(x), eþÐ * v''

Taking in the right hand the infimum on {z: d(x, z) < z,} we have So(/' /¿)(

( /, i r, and ìîterchanging / and' h, we get:

max {So(/, h), So(h,,f)} < ,, I rr4 max {So(/, g)' So(g' /)} +

f max {Sr(g, ø), So(ä, g)} l- /.

Letting I * 0 and taking in account the monotony of the function I, rve

obtaine (B).

Remarl¿ 1. The geometrical interpretation o1 the metric s is the follo-

ttittg^t-1i S1.f , g) : ' íin"n, for every i, tn x the function g takes, on the

,l-if.initv èit'i'at l""rf-o"" r.alue át d.istance smaller tltan r of f(x)'
Rema'rþ'2.AmongthemetricsT,sarrd(ifXisseparable,locallycom-

pact) I{, lhete are the following relations:

(e) s(/, e) < T(f , g); x(f ' s) < rff' s)

for every/ and g in C(X, Y). A1¡o r1e have P(f, S) < S(¿ g)'

We have in addition the following:
I,emma. If x is ø local,ty contþact, íiporoutt metric sþøce, then the id,entity

funct'ion
i: (C(X, Y), S) - (C(X,Y), K)

is contiuuous.
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but

that is K(.f ,,, .f) -> 0 for
Conseqrlence.

ue /t,aae :

(10)

n ---+ æ.
If X is ø locall,y cotnþact, seþørable ntelric sþøce

1i<.s< 7'.

Proof . I,et us srlppose S(f ,,, Í) - 0 fo: 11. -+ æ and let an arbitrarl,
0 <t ( 1. I,et X bc represented as: X : ,!rt ,,, *,ith 11,, cor'pact subscts
oL X, I{, Ç. Int 11,,,r. 14rs fix a natural 

-nurnber 
i,S 1og, Bfr, anð, denoteby s, the distance between I{r, and Fr I(,,_,r1. Clearl¡, í,- + O. Sú; 7-i;

uniforrnly continuous on I(rr11, we flrâ1z find a s, 0 ( s ( min {rf\, s,},
suclr that t+ e I{i, and d,(u, u) ( s ir,plics c(fþr), Í(u)) < z/8. Also, thcrc
is a l/(s) such tliat l > N(r) irnplies s(Í,,,Í) { s, i.c. for every ø¿ in x there
iy_a uu i'X rvith d.(a,,, u) ( s, for 

',ñiôfr'u(Í,,(u),.f(r,,)) 1'. So, t:or i iÃI{,, we have :

e(f,,(u,), "f(u)) < e(.f,,(u), .f(r,,)) + e(f(a,), Í(")) < s I rlT <2rly
hence

f
f (a)

K(f,, f) < | Zlmax {e(f ,,(u), f (u)) u e I{n,})*,ì , rl2, .2rlT ! rl! : r

T(f ,"f): 1 for every n'

Exentþle 3. I.et

f(x) :0 for everY ø in Iì
and

-f ,,(*) : t* exp (x)

n,itlr 0 1t,, + 0. We have:

I{U,,,f) *0 for n+ca
but

s(f 
"' f) : 1 for every n'

Reyn'tøyh 4.If. o¡t C(X, Y) oue takes the topology generated by one of
the metrics K, S and T, then the application :

Þ': C(X, Y)x X nY,
defined by F(f, x) :f(x), is continuous.

In the case of the metric 1{, this is proved in [1] and for the metric
7'it is trivial. I,et us stlppose 5V,, -f) -' 0 and %, -, r for n. -, oo. Because
/is continuous in r, for every r > 0, there is a s > 0 such that d,(x, y) < s

inrplies e(f(x), "f(y)) < î Ot assurnption, there is a natural À rvith the

property that for n, > N d.(x, x,,) { j and S(-f,,, .f). t"i" 
{Ì

Forstrclr an,,thereisany,, inXr,r'ith d(xu,y,,) <iand c(-t',,(x,,),"f(y,,))<

'Ihat is d(*, y,) { s and so

,(-f ,,(x,,),/(ø)) < e(f ,,(x,,), "f 
(y,,)) _f ,(f (y,,), Í(x)) < ,

hence

f,,(x,,) *f(x).
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Rentavh,7. Generall). the abovc nretrics are uot ecluirralent, that is in
(10) converse relations fail to hold, as shorv the folroivi-ng 

"*"trpl.r.Exem,þle 1. I,et f, f ,,: R -¡ [-1, 1] be defined. bil,

f(x) : sin'exp (x)

arrd

-f,,(x) :f@ l- 1,,), t,ith t,:7n!j:
4ntI

For n + oo we havc t,, *0 and S(-f,,,f) *0, but

r(f ,,, .f), t(\r,,(" uj-) - t("vt:t:,)lJ : å
That is 'I and S are not equivalent even if y is compact.

Exetnþle 2. l.et

f(x) : exP (ø)

and

f"(x) :f(x I t")

with t* * 0. We have

K(.f,,,.f)*0for n+Ø
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