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by
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The possibility of applying the Markov chains theory and simula-
tion to the study of petrochemical processes is presented. By associating
a finite Markov chain to a petrochemical process, the quantities of raw
materials and semi-products required for the fulfilment of a given pro-
duction plan are established. The problem described is also tackled through
the numercial simulation method which proves advantageous as the num-
ber of outfits increases.

1. Introﬂuetion

A number of practical problems can be approached in their whole
complexity only by probabilistic methods. This complexity is due to the
big volume of data, to the random character of variables and to the time
variation of the characteristic parameters of the respective processes.

In this paper, we shall refer to the application of the Markov chains
to the analysis of the industrial production processes with a continuous
character. The described application concerns the technological installations
in the petrochemical industry.

In k. v. RICHARDSON'S work [1], we find the. first ideas about the
eita:blishment of resources in the industrial processes using the Markov
chains.

* A paper presented at the Colloquy on Comstructive Theory of Functions, Septembet
6—12, 1973, Cluj, Romania.
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In the following, we shall present some notions of the finite Markov
chains theory, Preserving the adnotations in the study [2].

Consider a Markov chain with » states: §,, Sa .., S, Its states
can be divided into equivalence classes by introducing the partial order
relation: S, & S, (state S; communicates with state S;) if the process
can pass from state S, to state Sj. The maximal elements corresponding
to the introduced partial order relation are called ergodic classes. The
remaining elements form the transition classes.

The transition classes have the property that once abandoned, the
process no longer returns to its states, while the ergodic classes have the

property that its states once attained, the process no longer abandons
the respective class.

The Markov chains may be classified as follows :

1) Markov chains without transition classes ;
2) Markov chains with transition classes.

If all ergodic classes are made up of one element cach, the chain ig
called an absorbing chain.
The transition matrix for an absorbing Markov chain with s transition

states and » — s absorbing states which are denoted first, is written in
the form

S

where T is a unit matrix of size (¥ —s5) X (r —s), R is a matrix s x (r—
—5) whose elements are the probabilities of passing from a transition
state to an absorbing one, Q is a matrix s x s whose elements are the
transition probabilities between the transition states, O is a matrix (r —
— §) X s with all elements equal to zero. The fundamental matrix for an
absorbing Markov chain is defined as follows : N — (I —Q)—.

If we define #; to be the total number of tims that the process is
in a transition state, the elements of N have the following interpretation :

THEOREM [2]. N = {M, (71} for amy transition states S; and S,

In other words, the element n; of matrix N gives the mean of the
total number of tims that the process is in a transition state S; in the
hypothesis that the process started from state S

For an initial probability vector n we have n'N = {M_ [#;]} where
n’ is made up of the first s components of n, corresponding to the transi-
tion states.

THEOREM [2]. If b,; s the probability that the process starbing  from
a transition state S; should reach an absorbing state S;, then {b,} = B — NR.

|Ji
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2. The Markov ehain associated with produetion in a petrochemical process

In the industrial processes and especially in the petrochemical processes,
the raw materials and semi-products undergo a number of plrloi(_essm%s
on various installations. The materials processed on an installa l;?'nh df
are directed towards the next installations I; according to an eSt?i 11_s e
technological succession or, they claré (;be directed towards the delivery

i i rocessings are completed. ] . _
pomtfsorllfsiégre a% installa%tion I, (fig. 1) receiving semi-products from in-

stallations I, I, ..., I,

Lo by

L B 4

Fig. 1

Resulting from the processing are several semi-products whith are directed
towards the installations or delivery points Iy, I, oen dgpe i

We shall denote by @ the quantity of the sem1—productGwh1can1s
directed from installation I, to installation I; (j €{B,, B, .. ., B,}). Generally,
(2) :

? q.
Y5 Qapi > D Cig,
=1 k=1

due to the loss in outfits.

"To secure, however the balance of inputs and ou’gplgts }Yehinrt;ggggz
a fictitious installation I L, 0ra fictitious delivery point whic

a quantity of semi-product equal to:

? [ q
3) Ouogar = 3~ Ouns = 3 0up, "

* i’or the sums in relatjons (2) and (3) to have sense, it is necessary that beforehand,

all guantities Q;; be expre ssed in the same measure units. ]
i This bec%lise some Se mi-products may be in a gasesous state (cqnseql_lgntly e'xpresse(}.:in

volume units) or in a liquid state (consequently expressed, as usual, in weight units) or solid.
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The distribution of the semi- ] . .
] ) products resulting from
can be characterized with the aiq of rapports g from installation 7,

O
(4) Pig; — —q—ﬁj— :

0.
aZy ey

In other words 100 x Pip; Tepresents the percentage from a unit of semi-

product processed on 7/ i and which is directed towards installation 7

Generally, these rapports are time variables, A
If we consider that j;.-_ﬂj is a mean of selection of rapports

Qip;

0
kg Q"Bk

1
thgn, (P4 B;) can be considered as a transition probability from J i to I
Indeed, these sizes verify the relations ' fi

0 S?i,pj <1

and
q
(5) Eﬁi,ek =l
k=1

This permits us to associate a finite Mark hai '
process. ov chain to the production

It is considered that the installations are followed at various moments
L2 ... 7T If T does not Surpass a certain limit, for example 1 or 2
years, then the transition probabilities may be considered as constant
(independent of time) b&gause the specific consumptions have no significant

previous state. If we consider a particle successivel i i
] st 1S _ . y covering various
installations, the probability for it to pass from 7. to 7. dg ends on
whether i in i i 1 #5F
or not 1t was in installation 7 b
The states of the chain are the processing installations (real or fictitious)
and the delivery points.

If I, is a delivery point, it means that the products abandon the
production process, thus I; will represent in this case an absorbing state
of the Markov chain,

o if g ; represg::ts a ﬁctiﬁious delivery point (irretrievable or retrievable
€S Ior another installation outside th 1
Al aan el ¢ the system) those stated above
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The fictitious installations Iy, ., can be considered as absorbing sta-

tes if the losses are irretrievable or when the retrieval is made for being
dispatched to an installation which is not part of the system.

The processing installations will represent the transition states for the
Markov chain.

The petrochemical process can be characterized with the aid of a
transition matrix from one installation to another, of the form (1), where

will be a matrix of the transition probabilities between the processing

installations ; R will be the matrix of the transition probabilities from an
installation to the delivery points, I the unit matrix expressing the fact
that once delivered a product no longer returns to the system.

The matrix of the total processing flows is given by

N =T =07 = ().

In other words, n; represents the total quantity of semi-product
arriving at point I; generated by a material unit from point I,
At the same time, the elements of the matrix

B=NR=(I—Q)'R = ((by)

represent the total quantity which is delivered. In other words, by repre-
sents the quantity which is sold at the delivery point I; of the semie
products resulting from installation I,

Let X be a vector whose elemerts represent the input quantities into
installations E,. It represents the initial probability vector for the associa-
ted Markov chain.

Denote by Y the sales (the quantities arriving at the sale points).
The following relation takes place

©6) Y = X(I — Q)—'R.

Resulting thereof is that the input quantities being given one can
infer the quantities which will arrive at the sale points.
Reciprocally, resulting from relation (6) is that

7) X = YR — @),

which means to establish the corresponding inputs of a given delivery
Point.

In relation (7) matrix R, in most frequent cases, is not quadratic,
thus it has no inverse R~ For this reason, in practical applications
1t is considered that from ecach installation which does not precede directly
a delivery point, an infinitesimal part e of the semi-product arrives at
a fictitious delivery point. )

In this way, matrix R will become quadratic with elements different
from zero, only on the diagonal and whose inverse is trivial.
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3. An example of petrochemical proeess modelled with the aid of the
Markov ¢hains

Those presented above have been applied at the Borzesti Petroche-
mical Plant*, namely at the installations producing polyvinylchloride.
34 raw materials (methyl alcohol, mercuric chloride, sodium sulphite,
sulphuric acid, etc.) and 11 semi-products (acetylene, vinyl chloride,
trichloretylene, hydrochloric acid, etc.) which are obtained on 11 installa.
tions are necessary for the manufacturing of this product.

By using the Markov chains theory, the problem of the requiremsnt
of materials for a given plan has been solved, in the hypothesis of some
perfect correlations between the plan and the proportions in which the
products are resulting due to chemical reactions. For example, if the pro-
portions in which the products are resulting are 7, »,, ..., 7y, the compo-
nents of the plan vector Y= (Y1 ..., ¥,) must satisfy relation :

) FULL 00 e D

¥y ¥ ?"b

Generally, this perfect correlation is impossible. For this reason, some
products are resulting in undesired quantities, a fact which may lead to
exaggerated stocking expenses, To avoid it, some initial orders are dimi-
nished, hence a number of penalties may result due to the not-delivery
of the respective product. The problem is to establish the production plan
rendering minimum the sum of these cxpenses (stocking and penalty).

Let vi be the quantities demanded by the heneficiaries and which
does not observe relation (8) and y, the quantities to be effectively pro-
duced by the enterprise and which observes relation (8). The difference
is considered

8y =9 — 9y, =9 — Ay
If 8, >0 a stock of finite product results and, if §, <0 a shortage of
finite product,

Cost ¢, is attached, having the following expression :

&g =D, i §, >0,
P, if 3, <0,

where D, represents the stocking cost for a unit of product and, P, is
the penalty cost for the shortage of a unit of product %,
With these adnotations, the optimum function becomes

j-“ == 2 a.ﬁc.&
k

".J'l ==

which should be minimized.

_—

* The numerical example cannot be reproduced in this paper because of the Tig
number of caleuli.
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4. Simulating by the Monte-Carlo method the technological flow in a
. petrochemieal installation

g lying the Markov chains, the volume of calculations is propot-
tionaIlutc?Ich})lg scfuare of the number of inst.allationg To reduce the"volume
of calculations in case of ‘a big number of installations (the order of hund-
reds) the numerical simulation method can be used in which the volumhe
of calculations generally has a growing linear tendency in relation to the
number of installations. y 1

We shall illustrate the numerical simulation method by considering
the electrolysis process of solution NaCl from which various seml—produc}‘is
are resulting (hydrochloric acid, hydrogen, etc.) which are among the
11 semiproducts necessary for obtaining the V1ny-1 Polychlonde. )

The elementary scheme of .the process of obtaining the hydrochloric
acid is given in fig. 2. . .

The transition probabilities p; deduced according to relation (4)
were written on the arces of the graph. ; ; .

A particle is considered which enters ,,the brine .p}}rifymg” installation.
This particle may further pass either to ,,electrolysis” with a 0.95 proba-
bility or to ,,residue” with a 0.05 probability. We generate a random Ill_lm(i
ber N, = [0; 1] with RANDU subroutine of SSP*. If N, is 'c’(’)mprlhse
between 0 and 0.95, the particle is directed _towa&rds ,,electrolysis”. Other-
wise, the particle is directed towards ,,residue”. ‘

Let us admit that N, € [0; 0.95]. We generate again a rand_oin
number N, < [0; 1], If N, = [0; 0.20] from the , electrolysis” the part1c§
is directed towards the ,,decomposition 1" _msts:IIa_tIOIL If N, =(020;
0.57] the particle will go to the ,,decomposition 2" installation, etc. '

The described method is repeated until we come to an absorption
point after which the cycle is resumed. '

Due to the recirculations it is possible that the same particle should
Pass several times through an installation. ‘ ‘

The number of outputs N7 is registered at each delivery point [ j. This
permits for each simulation cycle of rank N to estimate the delivery
Probability :

~N N

b=

N

For example, in a concrete case analysed after IO_Sim}’llation cycles,
the particle arrived ten times at the delivery point ,»Tesidue”, seven”gmgs
at the delivery point ,,lye” and only once at the delivery point ,,chlorine”,

* Scientific Subroutine Package (program deck for the IBM 360 computer),
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respectively , hydrogen’ and ,final hydrochloric acid”’. In means that the
probabilities estimated after 10 cycles will be:

;’;“’ (residue) = 0,

~ 7
£310 = e
PO (lye) = 0 7]

71 (chlorine) — P10 (hydrogen) = P10 (hydrochloric acid) = 110 =10,1.

According to the weak law of big numbers, for N — x we have:

lim E; = P,

N—voo
where p; will represent the absorption probability at the delivery point I;.
This probability shows a relation between inputs and outputs, of course
by a certain degree of precision which is established beforehand.

Practically, a number N, of simulation cycles is established. The

absorption probabilities are estimated for each cycle. The probability 7
of the last cycle is considered. A relatively feasible error #; being established
from the beginning, the absolutely feasible error ¢ is calculated with
the aid of relation:

7 : .MN'
Ej,a = Uy i

We also calculate the effective error
sj_vn - koo
b I

where k is a verisimilitude coefficient (deduced with the aid of Laplace's
function in keeping with the probability that the feasible error is not
surpassed) and = is the quadratic mean deviation of the absorption proba-
})[i!ity for the delivery point I;.

S 2 e
the effectuation of the simulation cycles stops and the probabilities of
the last cycle are considered absorption probabilities. Otherwise, the num-
ber of eycles is supplemented by a value 8 and the calculations are repeated
for Nl == ND 1- 3.

In the examined concrete case we have chosen N, = 30 cycles; 8 = 10
ycles; # =0.05; & =2 (which ensures a probability of 979, that the
feasible error is mnot surpassed). We have considered as the main final
Product the hydrochloric acid for which we obtained the absorption proba-
bility (annex 1)

P(HCI) ~ 0,255
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corresponding to which is a feasible error
g, (HCI) =.0,05 x 0,255 = 0,01275.
After 110 simulation cycles we obtained an effective error
g (HCI) = 0,012440 < ¢, (HCI).

In case that several important products were considered, the verify-
ing tests should be made for each product.

On the basis of the relations obtained between inputs and outputs,
the quantities of raw material corresponding to some given inputs (and
inversely) can be calculated. At the same time, on the basis of the tran-
sition probabilities from one installations to another, the extent to which
the installations are being loaded can be established (annex 1).
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The guontrties oF row moterials ono finrte . ]
proog/c/'a corresponoing 7o 1253 fons of Aydrochloric orcrof

Row moteric/

Sa/t = 1185.8750 fons
VWoler-3557.6250 fons

Froite products
Residue = 44.7500 fons
Lye =286%.0000 fons
Hydrogen =268.5000 fons
Chliorine » 313.2500 fons

Loading on mnstoliatians
lrsto /toFion
8rine purifying = 5701.5000 fons
Electrolysis = 4877.7500 Yons
decamposifion 7 = 8935.0000 fons
Decomiposition 2 =1718.7500 fons
Hydrochloric ocicd = 432.0000 fons
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