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1. Introduction

, yet intuitively appealing, interpo_
of the problem is that some of ¿he

',?ï;i :iiìÌ""',',îï ?'." ;iåt':il:;åX;
ital filters.

we will assume that the basis fnnctions hs, . ., /î,0 for the ge'erali-
zed polynomials of interpolation satisfy the foilowíng" hypothese"s :

(IJI) ho, . . ., hu are continuously differentiable on lxo, x,,1.

(H2) Anv linear combinatio ni ønki@) of the d.erivatives which is
not identically zero has at most ttî, ,"ro, in (xo, x,,).

^1 ,Using Rolle's Theorem it is easy to see that h,o, ..., h,, form achebyshev system on Lxo, x,,1, i.e. every 'ontriviar rinear combinatio'

f, ørh,(x) has at most n, zeÍos in fxo, ø,,]. Conditions (Hl), (H2) are
similar to but not the same as requiring /ø0, . . ., lou to be an extended
chebyshev system of order two l6j. \,t¡e can now stäte th; i"t"tp"hli;;
problem.

* 1Ïe rvork of this^authcr was partially supported by the Office of Naval Researchuniler Contract N0014- 68-0215- 0006.



The first lemma states some basic facts to be used (often implicitly) ;the proof is straightforr,vard and will be omitted

feøs-ible þo xactly
The þoly otonic

_r, x,l. Al relø-

¿r¡*Í.t,..., 
z,o- alter-

. + crucial property of the iterative method which will be exploited
h-eavily in_the analysis is that each iterate starts out below its preaeãessåil
the next lemma expresses this precisely.

Def initio".,f?, øny *øsibtc. þolynornial l, zøerlef,ine z(þ)::in|{x.1 l*y x,_l: þ(x) > yi¡.'rnat is'z(f) t,s tne' ¡tist pLinL wì,11, p
reøches thç 1tr-leael,

,,-,\., ,'^?,2.,Lct þ be ø feøsible.þoly-nom'iø|. Let þ¡ be Lhc þolynomiøIo0,qxned, by úerøtr,ng orî,ce on þ wsi,ng the Algoritltrn. Then

l) þr(x) < þ(*) for all x ,in (xo, z(þ)) untess þ,(x) = þ(x)
2) ,(þ,) > z(þ).

søx
bet
kes
rnat.

";;,*"î",i" !" o 
o:i ï"::

(x) = þ(x). The fact that

I'emma 3. L,et. {þo} ^be 
ø sequenge-of þotynomials generøted. by theAlgor'ithm. Then {po} .í.s'kiít¡ormty t'oui¿r¿ "o"' ¡ír, 

"*i,,1"."-"'

-., !roof,. By _I,emma 2 for.all k., z(þo) > z(þo) and þo@) < l>o@) for allx.tn.Lxo,.z(þ¡)1. Hence. each þo is monotänícalty'ínireasiÃ['ri ¡ìi,,"àtp¿j ""dlo 4 þ¡(x) ( ylfor all xiniio, ,(þo)l.L"t t0,"..., t,,beñ + ¡ ii*"¿ óäi"ti"
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where

h

3

of
xr

. ., to ate in lxr, z(þo)1,

h, it is easily seen

Iho(to) ...h"(tn)I
D(to,...,t,):aetl i I

l; < fnQt) < !, ,rr,Ll't';|" ;"!;rl,lrl,cnat \þo| is uniformly-bounded on lx"o,

h

,n.

D(to, . . ., t¿-1, x, t¿+r, . . ., tr)io l*0, z(þo)1. Then þo@) : Ð þoþ,)i:0 D(t,'

Since lo,

Generølized, Interþoløtion Problem. I.et jo, ..., ln be given real num-
berssatisfyirg (-I)o(ln^ 

.y¿__^r.) 1.0f.or i:1, ...,-n. I.e{ I: þo, ...,i,}be given integers satisfying 0:io1ir1... <
xo:l¡o1t¡,...Ie¡u:x,

be given nodes (fixed nodes). Assume ho, ..., lon 
nsatisfy 

(Hl), (}J2).

Does there exist a generalized polynomial þ(*) : \ aohr(x) and nodes

xoIxt <...
l) x¡¡: 1r¡, i :0, . . ., h

2)þ(x):!¡,i:0,...,n
3) þ'(x,) :0, i < I.
Condition (3) is equivalent to requiring tlnàt þ(x) attain a relative

extreme value at the variable nodes. The interpolaiion problem was first
introduced and solved by c. oevrs [2] for the case I : {0, n}, lrn@):: vi-1; i.e. all interior nodes variable and using ordinary poÍynoàíals:
In [5] w. KAMMERER gave an iterative method. which conveiges to a
solution of the interpolation problem for the special case íntrod.irced by
Davis. In Section 2 we give an algorithm similár to Kammerer's for thê
construction of a solution to the Generalized- rnterpolation Problem. our
analysis is different than I(ammereï's, which atilizèd divided differences.
In t3] FrTzcERArrD and. ScHUMAKER used. a differential equations
approach to prove existence and uniqueness of the solution to the Gene-
ralized rnterpolation Problem under slightly different assumptions on the
basis functions ho, . . ., k,,.

2. Deseription and analysis of the algorithm

Algorithn't,. Make arr initial guess *f\ < *f) < ... { xa\ lor the
nodes with xl0.\: Er¡, j :0, ..., h,. I,.t þ(o) be the uniclue generalized
polynomial satisfying þ(0)(xl0t) : y,, i:0, ,.., n. I,et z, < ...
be the n - | zeros of LþP)l' ,n (xo, x,). If i, e I set øjt)- xto) (fixed
nodes). If i a I set xltt : zr. Then calculate 2(t) satisfying pÍt(xlt))::!¡, i -0, ..., n and continue.

We will now prove a series of lemmas to show that the Algorithm
converges to a solution of the Generalized, Interpolation Problem. It is
convenient to have a name for a generalizeð, polynomial which interpolates
at the fixed nodes and successively attains the prescribed y-1evels; such
a pol ynomial will be called a feasible polynomial.

Def inition. A feasíble þolynomiøl þ is øny lineør combinøtion
tt

þ :Danho such that tkere exists xr, ..., xtt-r uith xo< xr< .. . { xn-t{
i:o

I xr, ønd
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fr" = (%o, z(þ*)).Then by I,emma 2,
4 there exists a à>0 such tha
llþ* - qll < à', then ll(/*)¡ - q,ll < "< min {e/3, 8} for alt j > I and a
Lenrna 2 tlne iterates of þt¡ lie be
partictrlar for x : ø,. Thus

Þornr@") { Þur*r(*") 4 (þ*)r(x") + u/B

o-: þx(x,) - ?, a contradiction.

rrence, þ* is a solution of the Generalized. rnteiolatio' problem.
Nor'v assume there exists anotrrer uniformly^ convergent subsequence{þ*j} rryith limit, say, þ** different from þ*. Since 1* # þ**, there is

some point x* in (ø0, min {(r(þ*), z(þ**)}) whe¡e o"" åt these is abovetïe oth,cr,, .say þ*(x*) - þ.;G;i= .';"ó1'There 
""irtr-" ,/ such thattt 1Þ r/, then

(1) l¿o¡ - þ*ll < 
"lB

(2) llþ*j - þ**ll < 
"13

and also z(Þ,,r) > ø_. Then

Þ*r(x,ò ( 1** @*) ! ell
. =: þ*(x*) _2el7.

lor x in (xo, x*] we have a contra_
ll uniforrnly convergent subsequcnces
{pJ Ir uniformly -"otr.'"rg"oi. 

This

we have tested the algorithm on the computer. rn the examples weran, convergence to the iolution was very räpid
ed

T
fy
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3. Concluding Rernarks
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rn the subsequent. analysis ret rþr denote the uniform norm onLxo, xnf, llþll: mixlþ(x)1.
'ô4'4rn

I,emma 4. Giuen el} there exists8>0 suck that
ttþ;.- qJl¿ ;;k o.!l' na!1"i,$tt;,: :l'iand, q, is obtøined. Atgiritim.

. lroof. _I,et e )^0 be given and let zo.< sr ( ... ( S¡_r { ø, be theabscissas obtained tloy Þ at which the "inìerþoìrti"" ì get þt takesplace. The proof of r'erima 4 folrows i--"-ãirt"¡r"Jroä the forowingtwo statements:

(i) For e > 0 given, there exists g, ) 0 such that if u, <....i %,,_tsatisfy"lXl,ltr - u¡ < à, then llþ, - q,,ll .; *h";;;-is the polynomial
interpolating to (xo, ?o), (ur, !r), ..., (un_r, !,-r), (i,, ,,,),

. (ii) For 8r ) 0 given, there exists à > 0 such that if q is a feasibrepolynomial satisfying llþ - qll < à trrenírax\;r'-";;", ¡', îrrîäî,îi
Íu'.{''',<to get q, takes place.

To prove (i) let
n

q,(x) : Dyd:0
D(xo, ur, . . ., u¿_1, $, , un-r, *n)u¿+y

D(xo, uy . . ., ün_t, ir)
where D is as defined in the proof of r,emma 3. Then q* ís a continuousfunction of x, ,ur, ..., ün_rori th" compact set [ø0, ør] x [sr_r¡, sr* yl ] X
x x ls,-r - I, s,-r f rl] where ,l: + min (s;¡r -- s,) and (i)

is straightforå"'rÍåï¿' witt be omitted.
and (ii).
ain result of the papff; it guarantees
Generalized Interpolation prãblem.

1. A h_0, . ti,sfy hyþotheses (Hl), (}i12). Theseq generq the A conaerþes unifortì.rty'ío 'o ,'otutio,nof ,ized, I øtioø

unded, it has a uniformlv conversent
Clearly, þ* is a feasible polynorãial.

Since 1* was assumed. not to be a
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APPI-.ICATION OF ITERATIVE METHODS FOR SOI,VING
OPBRATOR EQUATIONS AND IMPROVING

CONVBRGBNCB CONDITIONS

1. In the present paper are studied the method. of chords and its
modifications. The conditions of the convergence of successive approxi-
mations given by these methods are improved, and the results are applied
to solving the ordinary differential equations and algebraic systems.

W'e use the following notations:
P*,"(L) for the generalized norm of operator defined on X with values

in Y;
__ -!x',v(B) for the generalized norm of a bilinear operator defined on
,\xX with values in the space of the linear operators L(X, Y);

P"(P(xo)) for the generalized norm of an element lo: P(xò eY.;
2. l."t be the operator equation

(l) P(x) : o

where !(x) is a nonlinear continuous mapping of the complete supermetric
space X in the complete supermetric ær"" y ll].

Supposing that the divided differences 12) of the second. ord.er of
l*u T.pPi"g? exist, we study [4] the followingiierative formula (method
ot chords) [3]
(2) xntL: x, - tt,P(x),

iI:1" Ln,: .lP,,,xn-,1-r, n:0, 1, ... . The following theorem of existenceor the solutions of equation (1) holds:

by

S. GROZE ¿¡¿ B. JANI(O

(Cluj-Napoca)
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