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APPI-.ICATION OF ITERATIVE METHODS FOR SOI,VING
OPBRATOR EQUATIONS AND IMPROVING

CONVBRGBNCB CONDITIONS

1. In the present paper are studied the method. of chords and its
modifications. The conditions of the convergence of successive approxi-
mations given by these methods are improved, and the results are applied
to solving the ordinary differential equations and algebraic systems.

W'e use the following notations:
P*,"(L) for the generalized norm of operator defined on X with values

in Y;
__ -!x',v(B) for the generalized norm of a bilinear operator defined on
,\xX with values in the space of the linear operators L(X, Y);

P"(P(xo)) for the generalized norm of an element lo: P(xò eY.;
2. l."t be the operator equation

(l) P(x) : o

where !(x) is a nonlinear continuous mapping of the complete supermetric
space X in the complete supermetric ær"" y ll].

Supposing that the divided differences 12) of the second. ord.er of
l*u T.pPi"g? exist, we study [4] the followingiierative formula (method
ot chords) [3]
(2) xntL: x, - tt,P(x),

iI:1" Ln,: .lP,,,xn-,1-r, n:0, 1, ... . The following theorem of existenceor the solutions of equation (1) holds:
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T rlÐoRÞM l. If".fgr ht.itial aþþroxintøtions xo, x_t e X the foflozu.ingcon d,itions ørc søt,ísfied,

l" Tltere exists t\o: |P,","_,f t witlt, p",*(Âo) ( Bo,
2' p"P(x,) { \¡, 'i:0, -I orïd. rlo< J rf _,

3 Py,,y(Pu,u,.,) 4 h for eaery .u, a, r!.) e S(ø, /), r: T Urr-',

4" h, : ¡å¿rl-, < 
.1

r.f:en' tke eqat'ation (r) høs ø solution ,ri* e s, uhich is the tiyùt of the sequence
(2), the raþid,ity of the ¿sp,y¿rgence heing g,iaár,r, by tlte ;"iqiàiity

P*(x, - "t') 
( 2t-',q",, 1(4hr¡'".r0.

where 0 < q < l, ønd s,, ,is th,e generøl trrnr. of tlrc sequence of the þørtiøtsums of a Fibonacci sequence u,,,"uith ut: ot,z': l.
, Fgt avoidiug the necessjty to compute the mapping Lpr¡,)- r irr everystep of the itcration, thc algôrithnr (2') can u" ."prã"åã'fy'tti" modifieámethod [4]

(3) x,t1 : xn - A.oP(x,,),

where we trust calculate only the mapping Lp'",,_,f-t for initial approxi_mations xo, x_t.
For proving some theorems o11 the existence of sorutions of a givenoperator equation, by using thc argorithm (B), we prove ttre folrJwing
I, e m m a. If ute h(we

(4) px(x - r*) < p*(x,. - x,r)

pxØ- øo) ( BoIo,
teh.ere x, xr: Io e X uith x* ø solutiru of the 

-equøtion, (l), aroct if the oþe_reúor P satisfies the cond,itions'/" - 4" oÍ the -fkeorem ì,'ilr*
(5) p*Ø(x) - x*) .i ctrx@, - x*)

ahere 
9*Q1(r) - xò 4 2Bo'4t,

(6) A@):x- t.op(x).

. .. Pr-ooJ. we observc that the rnlpping of the supcrmetric space xdefined bv (6) satisfies the follorving propårties: 
--E-"

a). If r* is a solution of thc cquation (1) then x* -: A(x*).
b). x,, r: A(x,)
c). A"',,',: I - L'It,,,,,,, 1 being the identity A"",,.,: 0
d). A,,,",,,t,,: - Lop,,,,,,,.,,,,, x,, x,,, x,,, e y.

Ifence it follows by the property a)

(7) A(x) - x*: A(x) - A(**): A,,,,(x _ x*)
Since

A*,r" - A",t": A*,*, *r(x* - xo),
we have

Pv,v(A,,** - A,,,,) 4 Bf;kr,-, : þo

i.e.

(B) P*,*(A,,*,) - px,x(A,,*.) ( å0.

From the property c) we can rvrite

Ar,r, : Ar,xo - Aro,*-, : Ar,*r,"._r(x 
- x1)

and thus

(e) Px,v(A,,,,) { B¡Þ.p*(x - x_t)

l
l

,

l

l

I

I

I

I

I

l
I

I

I

I

l

We have

Px@ _ ø*r) ( px@ - xr) # px(xo - ø_r) (( Borto * Bo(rl_, * lo) : (2no I n_r)Ér;
consequently the relation (B) becomes

p*,*(A,,*) ( /ao a Bfih(2a¡ _f_ zl_r) (
( /¿o f Ï uior-,( 3åo

and from (7) we obtain

p*(A(x) - x*) { Shrp*(x, _ x*) {Qpx@t _ x*)
and the first relation o,f (4) is proved..

F'or proving the second relation rve co'sider the inequality

p*(A(x) -øo) ( p (A(x)_xt)l?x(xr_xo)
what by hypothesis leads to

p*(A(x) _øo) {2Bo\o
and the lemrna is proved.

Now we can prove

înpon¡:u 2. If .fo, the initiøl aþþroxirnations xo, x_r e X, tkeoþerator p sat'ísfies the cind,ition, ïï-tr\ ;i-íi;'ï';;;;;;;" r,*orh"n tke sequence
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r(t)lp"(x(t)): *l'
| -t cnl*þ)l

cî

cz: cr: 0, ca : 1, the matrix (14) being nondegenerate, we have
P"(P(xo\ ( ro, pv(P(ø_r)) < l_.

Px,x(\P"",,-rl-t) : p¡,¡(Â6) ( Bs

5

(15')

with

and

(16)

. Supposing that_the divvided d.ifferences of the secondi : r,2- u'. -¡o"na"¿-;ìih^;,;î'"în 
fin¿ the constiltïu:l:14ßtr),

(17) Px,x(P,,,",,- p,,,,*,,,) { Kp*(x, _ x,,,).
Then R:2j,r, ând. choosing c > 0 so that

ho: BSKI_, * +
we can apply the 'rheorem I or 2 to solve the system.

4. Consider the differential equation of the first order
(18) x,(t) _ f ft, x(t)l : 0,

tt,"ifr,t: ßT*Írî*ä: -,1,rî,0å#åji"n""rities /o < r < I and tx(t) -
(1e) xþ) : 1o

fLt, L(!)1, x(t), and x,o!t) being continuous functions.rhe equatio" 1r$), *iiri i"iliäi'ï;;";;f"rää 1rs¡, can be writtenas an operator equation

(20) : p(x)= x(t) -6._ ( fft, x(t)ldi=o.
)"-

*^**"?t, solving_ this equation we use the method of chords, in a newrorm determined by thè equation (20) 
- ¡¡^lv¡rvu vr Lr¡

Computing. a diveded difference of p, we obtain .,,,

(i)d,t,

L

P,, *,t¡(1,) : nU) - f f,, ,,r¡)
whe¡e

f_ fft, tc,(t)l -
*r(t) - r"(t)

n,(t)l

qiaen by (3), conaerges to ø sorution x* of tke eguøtion (r), tke raþid.ity
conaergence being giaen by.

px(x* _ x,) { q"_rp þ, _ x*)
wkere q:1ho<1.

Proof. By Theorem 1 it results that the solution .ø* of the equation(l) exists. We show that x* is the lintfoiãe ,"ì;;; {r,} gi;";ï; (gi:For z : %._t]ne conditions.(4) of-the Lemma;;Ë-r"tùi'"ál ;;fi;ärì;äthe property b) of the mappii! i6) we trave

px(x,- r*) < Qpx@t- x*)
and

px(xz- xs) <2Bor)o.
By induction we obtain

px@,- r*) < q"-tpi(h- x*)
and. since q < l, it follows tnat 

,,19_ 
tu: y*.

3. Let be the nonlinear system of algebraic equations

I .fr(xr' xz) : o

I fr@r, x,) : o

which can be given in the form
(12) P(*) : 6

where the mapping "! : p(*) 
_ig defined in the supermetric space X, withvalues in supermetric space y, where

(13) n 
(*'\ (Í'(*', f')\:\*,) =x ,:\"¡,i--,, *;;) =o

we can write a divided difference of the mapping p i' the pointtco, !(_t in the form

Considering the following generalized norms for spaces X, y 
,

px@(t)): -?* {}#h}

S, GROZE AND B. JANKO

f,(øtot,,f)) - f,("\-tt, "yt¡

(14) P*,._1:

(15)

4

f,(,\'), nf))- ¡,(r\-tt, ,yt

(x\-lt, ,t- tt¡f,(*t-tt, nl]) - f,

*\-t), tl-tl¡) ¡,(,1-\, *f,)) - f,
,ft -

z\o) - *t-u

18
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REFERDNCE Srn order to find the inverse of P*,,ø, we determine the function ø(Í)
in the equation

x(t) - \ "f,,,,"r{î)al : y(t)
I

i.e. in the equation

x'(t) - f,,,,"x(t) : y'(t).
We obtain

By partial integration we get the nethod of chords

x,+r(t) : x*(t) - Plr,,(t)l -

As generalized norms we consider (15) and (15').

. Fgt otr problem v¡e can put cg:\, cz:cA:O, h beilg choosen
in optimal manner.

By the method of chords, the formula (21), and. the generalized
Newton formula, we can obtain K satisfying the hypothesis of iheoreml.

We have

P(x") : P(x") - P(x,-r) -- P"n_u,,_"(x, - %,_t) :
!.: - I lflt, *,,{t)l -.flî, %, .,(T)l - "f,,_,,,,_^(x,(l) - x,_r1î¡laî
,rl

and. with lf "',/',,,,,1 
( È it results

prP(x,) 
" ? hp*(x*(t)) - x,-r(t)) . p*(x,(t) - x,-,(t))

i.e, K:T-to,
c,

By (21) we obtain

P",r(Âo) < [1 + M(T - to)ez*r(r-t,t1= Bo,

where M:1f,,,,.,1.

frr, 
"rdt
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f"r,rdl

(2r)

6

dí]-I
Q)en

20

I
LP.,,",f-'y(t) : ¿t"

þu"t 
* i ,'

¡0

tt
\f *r,,n-,ã .t -\ Í'n,',-,û

- ¿t, I e to f,,"r_,p(x*(l))dî)


