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A graph is called an l-graþh, if any pair of his vertices is connected
by at most one edge.- In the following we shal1 study only finite undirected connected 1-
graphs without loops.

I'et G : (V, E) be such a graph, where Z is the vertex set and-

E is the ed.ge set. Tlne ord,er of the graph G is the cardinal of the vertex
set V.

The number of edges having a given hall desig-
is númber is called ttre We shall
and by R(G) the diame the radius
we sha1l denote by d'(x, y) tlne distance between the
of V, i.e' the length of the shortest path fuorn x to

y, then t}re d'iørneter anð, tl'e rad'ius can be defined. by

(1) D(G): max max d(*, y)
lev r€V

R(G) : T:î T:i d(*, v)

. From the definitions of this two numerical characteristícs follows
rmmediately the relation
(2) R(c) 

= 
D(G) 

= 
zR(G).

There are known some inferior bounds for the radius of a graph,
wen then when he is a directed one. If the graph is directed we shall
'denote by g*(") the out-d,egree of the vertex l, i.". the number of out-
g9tng edges ai the vertex ø.
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.rHEoRDrr l. Lct G: (V,E) be øn 7_grøþh without looþs,n zøitlo

,

of ord,er

naxg+(x):þ>1.

His røclius R(G) aerifies then the inequality

(3) R(c) 
= 

l"s Vþ-tl) - t.
tog I

Another inferior bound for the radius of a graph depending on the num-ber of vertices and edges rvas given, i' rg6s'¡y ,i.-t.-ðotonno" Lzl.\,ve call a directed gra-ph- ltrongry connecteil íi roi u"y pui, ãt-.r"iti-
ces ø and y there is a path frolrr- i'to y and. inversely. '

lHEoRF)rvr 2. T111. rød.ius. of a-. strongly connected, grøþla witlo n aerti-
ces and, nr, ed,ges aerifies tl.;,e .ineqwal,ity

.^!too.f,.l. First.,ve sha1l settle th: case h > 4. l."t us suppose R(G) >> (2h + l)(h, 2) - 1. This means, that for every vertex ø e V there
is a vertex å e Z such that d,(ø, b): (2h + l)(h _ 2). We consider a
shortest path betiveen ø and b

P: {a =.-xo1^.(xo,.,xr), xr., ... , xek+t)Qt 2),tt (xpr,¡r¡(h- 2)-1, xen+t)Ø-z,l),
xpn-¡slrt-21: å) (fig. 1)
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1r(G) à l;=;,1.

2k for h :2
3h+l for h:g
(2h+r)(h-2)-r forht4
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(4)

(5)

u=,, 

" 
Ïr"i, : :'k!'# #,::o, #ir' rí:;,

tain some rlpper bounds for the ¡a_

go@) the generalized degree of order

wlng way , 
*as introduced in [3] in the follo-

gt@): card {y, y = V, | 3 d(x, y) 
= 

h},
i'e. the nurnber of vertices y with the dista'ce from ø satisfying the irre-qualitylsd(x,j)<k.

rnÐonEu 3, Z¿ be ø finite connected, wnclirectecl I-grøþkof orcler n without lo tlte generørized, d,egree of an ord,er h. ueri-
fies for euery aertex ty

s,@) >l';,1

wh,ere lt, .is øn ,i,ntcgey h 2 2. We ltøae theto ;

I

x 
Jx,z

{---
xoor2

Fig. I

'we denote by co, i: r, 2, ..., lt - 1 the following sets of vertices¡
C,: {x, x e V, tl(xet.rÐ$_tt, x) S lè}

The"cq_ ss1. are pairwise disjoint, otherwise p wouldn,t be a shortestpath between a and b.
Since (G) > (2h + | es for everyvertex the ther vertex a + t¡1n _í¡

from the I a vertex c the''vertei
øro*, such (2h -f \Ø - that the set

C:{x,xeV,d,(x,c)<ll
is disjoint from each set C,, i: l, 2, ..., J? - l. If there i,vould be somei,7 <i <k - 1, such thatC |l Cn #Ø, we can conclude

d(*ro ,, c) < d,(xro,t, frpn¡t¡1;_1¡) | d(xp*¡r¡1r_r¡, c) S
< (2tt. + r)(k - 3) + 2h : (2t + r)(h _ 2) _ r.

'rhis yields a contradiction to the above ¡esults. 'r'hus we have de-termined /¿ disjoint subsets of v, each of them containing at leãst

([;] * lj vertices. Bv a cornparison of the cardirals of v anð. of the
subsets C, Cr, Cz, . . ., Cr_, we get

% : tvt> lct +5,r,, z k(l+l+ r)> nF_1 ' \Lhl' )-
rvhich is evidently impossible.

2. consider now the case h,: s. w'e proceed. analogous to the preced.-ing case supposing R(G) > Bh + r. For ãach vertex ã = v resulis then

R(G) s

TJoe established, bound,s are the best in tke sense, that tkere øre grøþks
yi::!i::g,J!c hyþotlrcses of tke theorem and. for ahi'ch *, io* tnr rÇuai;ty
srgn r.n (5).

--+ )'.
(!t/+t)(h-2

xr,, xrn,---+- -
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tken for h > 4 ae haue the ineQual,ity

lroof. The first paft of the conclusion has been established in ilie
Corollary. It remains to show that for l, ¿ 4, we have

t etf(n,!) be the maximum number of edges a graph wit]n n vertices and
radius R can have. v. T. vrzrNc deduced in lgõ7 in the paper t4l th;
following values lor f(n, R):

r@,r):ry, f@,r):lT)""u
(e)

.f(n, R) : û - a"R t 5L+ aæ - ffi for R à 3.

As g(ø) 
=l+l^, every vertex x e V, we have for the number m

of edges of the graph G the inequality

(to) * > Ll".
2 Lhl'

From (9) and (10) follows :(11) il+l=w
which will us vield the bound for R(G). The last inequality can be putunder the form

(12) 4Rz - 2(2n 13)R + n, I n - n [!] r- o.

lo*": ryS get an. elementa-ry algebraic problem l"ljrr"" to the sígn of aquadratic trinomial The discrirãinant of the trinomial is

-8n194n.
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I
(7)

(8)

*l;l- Bø r e

4

* l;1_ Bnre

and. R, :
2nrB*1.*l;l_8øre

4

2n!3-l
R(G) s

It
;
,T

Rr:

3h-7,R(G) < min

2nl3-

2nl3-

L.: 4nl;l- Bn r g

the equation in R has the rootsahd
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(6)

the existence of a vertex ó such that d,(ø, b)-,: Sh | 2. I,eL p : {ø : xo,
(xo, x1), xþ.. ' ', xs¡¡1, (ryuo_,t, r"a+r), %sr,+z:b1 ne a shortest path ùetweei
a and b. The subsets of Z necessary to reason as above are:

Co: {x, x e V, d,(xo, x) < h}

Cr: {x, x e V, d(xro,r, x) 3 h}

Cr: {x, x e V, d,(c, x) < h}

where c is a vertex of V with d(**,r, c) : Bh t 2.
3. we consider the last case, /ø : 2. According to Theorem 3 of the

papg^r_ [3] ye have in the above assumptions the inequality D(G) s
S (2h ¡.I)(k - l) - I :2h. This andthe ielation (2) give'us ÉG)'1'Zn
. Next we shal1 give some examples for u'hich in (s) holds the equality

s1gn.

Exømþle /. For h:2, let G be the graph formed by a circuit with
n: h*I vertices. We have n =4k,!t, go@):)þ analZf:Zn.
rlence there are verified the hypotheses of rheorem 3. The ?adius of
this graph is R(G) :2h.

E^xømþle 2. For h, :3,let G be the graph formed by the circuit with
m : 6h f 2 vertices. We have then go6) : 2h. lor each vertex %, 7L :
: 6h + 2, l:l:2h anð. R(c) : 3h + L.

L3J
ExømþIe 3. tr'or h:4let G be a circuit wit]' n: BÞ + 2 vertices.

We have tinen gu@):2k,lor each vertex .,[i]:!2k, and R(G) : 4k + L

We get from Theorem 3 for h : I thè following:

- c-oro11-arv. II G .(.(,-E)-is a finite connected. und,irected, L-grøþk
of ord.er n uithout looþs and. if the d.egree of eaerStaertexsatisfiestheineqi,tal,ity

8@) =l+]
uhere k is øn integer, k 2 2, tken ue køae

t

I
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2 for /r, :2
4 for lL :3
3h-7fork>4.

4

RIC) <

THEoREM 4. Let G:
of ord.er n uithout looþs.
inequøl,ity

{Y, F) be a fin'ite connecteil und,irected, l-grøþlt,
If the d,egree of euery uertex x e V satisfiès lke

s@) >l+)=,
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A HEr,Lv-TvPE THEOREM FoR ARcwrsE coNNBcrED
SETS IN THE PLANE

_ Denote .by Ro'the real ru-dimen;ional Euclidean space and by d,(x,y)
the metric in this space. we sha1l use in the sequei the folloii".à i,í¿,
distance functions :

8(M' ; M") : min {d,(þ', þ") : 1r' e M', þ" = M"}
and

p(M', M") .: max {d,(þ', þ") : þ' = M', þ" = M',},
where M' and M" are compact subsets in R,.

R"- is called, nonseþarable @ hyþer_
ck that H a M : Ø ønd, M-contãins
ermined, by H.
e by hyperplanes have been called
convexly connected (see also 15l

of sets in R" ui,ll be call,ed. ind.e-

'i':'(,j,,! .Trt,
e aectors xz - %t,

wni"il åY"iäå iÏurt"";inu#"ïrn 
have proved in [4] the following theorem,
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The set of the values R which satisfy the inequality (11) and respectively
(12) is formed by the intervals [3, Rr] U [Rr, * .o), but as

it follows that

n >2
h

2nÍ31 4n
lt

h -8øf9
Rz:

4
-2nI3I3 n*3 n

4 z'z
As the radius of a connected graph cannot be greater thanL, the set
of those R interesting.us_is the interval [3, R1] and hence R j Rr. Tno.
we have established the inequality (B). fd is easy to verify Rr-à 3.

Indeed, as k 2 4, we have

ft

h
< L anð. hence

4 [î]= ï
Then

{
n"fîl-'"+e< V*L

n

4 -Bn-|esV n2-Bn+9<

<J :n-4,
wherefrom

2nt3- 4tt
,,

2 -8øf9
Rr:

4
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