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1. trntroduction

It is known [1] that every d.egeherated. geometric program, which is
not totally degenerated, can be red.uced to an equivalent canonical geo-
metric program, called reduced form of the corresponding geometric
program. The purpose of this paper is to describe a constructive method.
which permits such a qeduction. First some criteria for canonical geometric
programs in terms of dual constraints are given. Then a simplexJike tech-
nique for the construction of the irreductible integer set [, pag. 169]
is described. To illustrate the algorithm a sma1l numèrical example is also
considered.

inf {þo@)lþr@) < 1, Þ:1,2,...,1'; x>0}

a posinomial, i.e. c; € Iì+, Ø¡j e R, and Io are integer sets such that
þ

Io^ìIn: Ø, h + h, u Ik : {I,2, ..., m\.

' Tome 6, N" I, 1977, pp. 43-50

2. l)egeneracy criteria
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'i:7,2,3,4, the family Ðt: {Kr, Kz, I{3, Kn} is an ind.ependent family
of compact arcwise connected sets, such that for every three members
of å( there is a point which satisfies the condition (4) of Theorem 3. But
there is no point which verifies p(q, K,) : r f.or i: l, ...,4.
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.- ,So y^:_-Vn,0) is a basic feasible solution (b.f.s.) to (D) if and onlyif d'o > 0. We assrlme that d..o > 0.;If
(2) rD : {i I d':0}
then we have the following basic criterion for the canonical geometric
progfams.

THEoREM l. Let y." 
= 

d.o + DyN be g'iaen in (l) and, d,.o Þ 0. Geometric
þrogrøm (P) ls cønonical, i.f and, õnly i,f
(p) p : max {yin {dùyw¡ | A,! : b, ! }- 0} > 0. .

iì : 
i=ID

.P1oo{- Necessity. rf (P) is a canonical program then there is i =F.'isuch that

-, v,i e Io + dtiN > 0
and, therefore,

, min {d,t.gw l,i e Ir} > 0.

Because g = Ax it follows tha

F : max {mln {d"yN}lArj : b, y > 0} > mlr {d,.t*} > 0.i-fD ' i-ID'

Sufficiency. Assume ¡-r. > 0. Then there is y* - (yrl, yrN)'t' such that
. p:min¿t.r-w S0

i.e. - 
t''o

i,t,t Yi < ID + d,i.y"N > 0.

, Without loss' of gener-ality, 'we can assume that y'N > 0, since other_
wjse by taking j.N : y,* + e, e e R,, we have
' dr.y"* : dt(y.w* .) : di,.y*N + d,i.el}, i = Io

for e ) 0 sufficiently small. So in this case

, !"8 : d'o + Dy"* > o.

tet lo : (yro, ?oN) : (d.o,O) e l)*. We consider

+i., , y(t) : (l - t¡yo I ty¿,, / = [0, 1]. Clearly
tE Y*(t):tY*N >0, t>o
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l,tt So

1.e.

,J

gB:d.o+DiN>0,iù>0

Ari:b,t>o

As it is known [1], the dual of (p) is the following program:
(D) sup {z(y) lAry:0,Ð"On:t; y Þ0}.

yh"lg z4.1.is transpose of the exponent matrix A : (ao¡) and u is the dualfunction, i.e,

^oU) 
:Ð o,

r'et o and o* be the sets of feasible solutions to (p) and (D) respectively.'We design by

f:{rlly=O*,y>0}

ît, .îl:.-tl,l-.{1, 2, ..;:!},-then program (p) (anded cønomcøt ll, pa.g. 169]. Otherwise progiam'(p)rf ln Io:Ø, then program (p) ¡"'i"lßa-ihàfii
Let us put the dual constraints in the matricial form:

At!:b,yÞ0,
where

fn 'what follows we will use the notation:

a¿' : (ørr, Øiz, ..,, a¿n), ø,i : (ehj, &zj, ..., drnj)T

for the row vector and column vector respectively of a given matrixA == (aø).Mre will assume that rank A: nl,

Let B and N be basic and nonbasic column vectors of the matrix A,respectiveþ,. aÍ.d y,B, yN.corresponding basic and ootrbrii"-..ariables. Theieaclr y e O* can be written under t-he form : y: (ru, y*), where

(l) jB : B-'b - B-lNyN : d.o + 2 rl.tYw 2 O, yN > O,

where

d.o:B-rb,D:_B-lN.

,:(i)

À¿
þn

h:t
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I.et yB : (d.0,0) e Q* be a nondegenerated b.f,s. Then d.o>0.
>0 sufficiently small (i.", 0(y, {e,,í:1,2,...,n) we

lB:d"o+Dy*>O
and, therefore, program (P) is canonical.

TrrEoREM 3. Let lB : d,'o I DyN be giuen in (1) a.nd. ID + Q. If
Vi e Io = F¡ : max {dÌYN I Ar! : b, y Þ 0} > 0

tken þrogrøm (P) is canonicø\.
Proof. T.et yi e O* be the optimal solution to (6), i.e.

dij/i : max {dLyN ly = O*}, i e Io.

Consider l¡ = ]0, ll, i e 1, wíth 2t¿:1. From the convexity of
O*, we have

y(t) :Dtryt e f)*.
i'I D

So

dly*(,t) : \ tnd,;.9;*, rndn.rt* s 0, i e Io
leID

and, therefore,

m""{it", {dry* ly = o*} , g1i{d"yN(t)} > 0.

Now from Theorem I it follows that (P) is canohical.

3. Statement of the algorithm

The results of the previous seclion are now incorporated into the-
following algorithm, which permits to establish whether ä given g"o-"lti"'
program is canonical or not. rn the last case the procedure pérmits to
select all components y; which aÍe zero for éach dlal feasiblË solutions
I :.9*,, and therefoLe, to reduse every degenerated geometric program
(whlch is not totally d.egenerated) to a canonical one (its reduceã fõrm).

Algorithm

*^ ,,5t"2 /. Apply the simplex method to find a b.f.s. of the form (1)¡o the dual geometric program (D).

- Steþ 2. eneracy of the basic feasible solution. ffb.f.s. ii not terminate, geometric program is canonical
(Theo_rem 2) Step 3.

Steþ 3.' I, äefined in (2).
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Proof .
So for yw
have

and :

Yu(t):d"o!IDY'N.
I1 i e Io, then drc:0, and it follows that

(5) yf (t) : td,i'y,N s o, y¿ e 10, l l.
If i ø Io, then d¡o ) O, and we have

(5') yi(t) : d.¡s I t(d.i'y,") > 0

for every I > 0 dufficiently small. Therefore, for I > 0 sufficiently small
tu(t) > 0. From (4), (5) and (5') it follows that lor t = 10,11 sufficiently
small,

y(t) : (y"(t), !*(t)) > 0.

According to the convexity of Q*, !*, lo e O* implies that j(t) = Q*.
So program (P) is canonical.

Corollary l. Let lB:d,'0+Dy* be giaen in (l), d'o)0 and.
I, /= Ø. If i e.Io and'

(6) F;:max {d"y*lAJ:b, y > 0}:o
then þrogrønø (P) is d,egenerøted and. yi : O for eøch y € O*.

Proof . If ¡r.o : 0, then

F : rnax {min {d.¿'yN} I Aû : b, y > 0} <
i'r D

( mln {rnax {d'i'YN lA'i : b, y > 0} <
i'I D

( max {d"yN lAt! : b, y Þ0} : ¡r. : 6.

From Theorem 1 it follows that (P) is degenerated. Moreover, in this
case

(7) Vy = Q* * yf : dty* < 0,

i.e. yl : g.

Remarh /. From (7) it follows that

Yf :oolI:o, vj = J: {lldn¡>O}
srnce. d,r¡ > 0, j : 1,2, ..., yt,.

TrrEoREM 2. If d,uø|, þrogram (D) køs ø nondegenerated, b.f .s.,tken þrogrørn
(P) is cønonicø|,.
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Steþ 2. It is clear that b.f.s. y: (1,0,0,0,0, Q, 1) is d,egenerated.

Steþ 3. ID: {4,5, 6}.

Steþ 4. To maximize yn we start wíth simplex tableau :

\i

Afte¡ two Gauss-Jordan steps we get the tableau

-!s -!t 1

max{ynly = O*} :2>0

, From (7) it is seen that

ls: - -/z ( 0, Yy, > 0,

y e Q*) : 0, and so y, - ls :0. tr'rom (7) we also have

Therefore, the red.uced form of the initial program is

inf {f o@) : xtxs I xrxit}

-- Mathematica 
- Revue d'analyse Dumérique e[ de Lhéorie de l'approxination - Tome 6. N0 Ul9z7.
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'i,e, max {yu i

,lø: 3Y2: o

(8)

subject to

(e)

. Stu.? l. .Solve problem. (6) for the ljrst i e Io. If ¡,r,; ¡ 0, then go
to anotheri e Io. Otherwise pÍt yj: 0 for all

j = {i) "U 
{,å I d,o} 0}

and go to another i e Io or terminate if all i e Io were tested.

4. Example

Consider the following geometric program

inf {þo@) : %t*s ! 2xrx¡txlxf; | xrx¡r}

þt(x) :2*" i xzLx'st;l < l,
þr(x) : hLx, 1- %trx¡l < l, xj > 0, j : 1,2,3, 4.

The corresponding dual sistem is :

Yt*iz*is -1
ltlïzlls -!z:0

-!z !¡ -0
i, I 2i, - ls I !, I 3!o - le - lz : o

2y, lSyoJ_yu :o,ln>-o,i:1,...,7
Steþ 1. To find a b.f.s. we start f¡om the simplex tableau:

-it -!z -!s -!E -!s -!a -!,t I

After five Gauss-Jordan steps, we get the following b.f.s.

-!z -!s I

1

0
0
0
0

0
0
1

3
5

0
I
I
5

3
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CHARACTBRISATION OF CIIEBYSHBVIAN SUBSPACB,*
OF YT - TYPE

, J: r,ètbe given a real linear space Z.For any nonvoid. set.E we d.enoteby z:.!.\e lineá_r space of all funËtionr fro* E b 2 *är, trr" operationsof addition and muttiplication by reat scatars d;fi""à-;;i"i*iråry. :--'' 
Consider now two nonvoid. sets 

tt 
- X and twonormed linear subspace _Ax and Mr.o zr,^r,iËritüåi

We say tkøt the norrn ll ll,. t, comþatibl,e uith

In the seouel the norms ll ll" and ll lj,. will considered always com_patible.

,',.I,et {* ç M* and Kv I M" b, two convex cones with the vertexrn the origin of Ai r, tespeótively 'M, srrc:n tnit jlr-=-Ër,f"; 
"il 7 ;.O;-
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ll.f l"ll" < ll./11,,

by

cosrrcÄ lrusrÄ1a
(Cluj-Napoca)

Definition 1
the, norrn ll ll" iÍ
tîl 

1

for øll -f .= M x.

The dual of (B)-(9) is: ,

."p 
{zp¡ 

: (;)"(;)" å)', (ï)', ú. . ú,},

hlyz -1
9t*lz -lE:plt - lz * Y" - la :0, !t, !2, !s, lt 2 0.

The optimal solution of this dual program is

O* : (115, 415, BlS, t), a(yx¡ : 5.

using the duality-theorem fl, chapter rvl we find that x* : (2, rl2)is the optimal solution :to the ,edu"ed prãgram, i,e. Fo@*):'5'_: min {f ,(*) lír@) { t, f ,(x) ( 1, rr, *, > Of.
It follows that inf þo@):5, but the initíal program has no optimalsolution, because s : þo(ù,'0, 112,0), i.e. %z : %¿ _ o.

[] Dnf f in, R. J.; pe-t_erso1, E. I..; Zener, C., Gqornrrri" þtogrømming_theory øndaþþl:icøtion. John Willey, New york, 1967.' ' '- r'-Ò'
12) Marrrçci ac, L,lVletod,ederezoiuare'øþroblemelordeþrogramareneliniarõ. ErlituraDacia,1973,

Reæ¡vcd 29. XIl. 26.
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