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CHARACTBRISATION OF CIIEBYSHBVIAN SUBSPACB,*
OF YT - TYPE

, J: r,ètbe given a real linear space Z.For any nonvoid. set.E we d.enoteby z:.!.\e lineá_r space of all funËtionr fro* E b 2 *är, trr" operationsof addition and muttiplication by reat scatars d;fi""à-;;i"i*iråry. :--'' 
Consider now two nonvoid. sets 

tt 
- X and twonormed linear subspace _Ax and Mr.o zr,^r,iËritüåi

We say tkøt the norrn ll ll,. t, comþatibl,e uith

In the seouel the norms ll ll" and ll lj,. will considered always com_patible.

,',.I,et {* ç M* and Kv I M" b, two convex cones with the vertexrn the origin of Ai r, tespeótively 'M, srrc:n tnit jlr-=-Ër,f"; 
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Definition 1
the, norrn ll ll" iÍ
tîl 

1

for øll -f .= M x.

The dual of (B)-(9) is: ,

."p 
{zp¡ 

: (;)"(;)" å)', (ï)', ú. . ú,},

hlyz -1
9t*lz -lE:plt - lz * Y" - la :0, !t, !2, !s, lt 2 0.

The optimal solution of this dual program is

O* : (115, 415, BlS, t), a(yx¡ : 5.

using the duality-theorem fl, chapter rvl we find that x* : (2, rl2)is the optimal solution :to the ,edu"ed prãgram, i,e. Fo@*):'5'_: min {f ,(*) lír@) { t, f ,(x) ( 1, rr, *, > Of.
It follows that inf þo@):5, but the initíal program has no optimalsolution, because s : þo(ù,'0, 112,0), i.e. %z : %¿ _ o.

[] Dnf f in, R. J.; pe-t_erso1, E. I..; Zener, C., Gqornrrri" þtogrømming_theory øndaþþl:icøtion. John Willey, New york, 1967.' ' '- r'-Ò'
12) Marrrçci ac, L,lVletod,ederezoiuare'øþroblemelordeþrogramareneliniarõ. ErlituraDacia,1973,

Reæ¡vcd 29. XIl. 26.
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tlrat f - g is an extension of/1" to X. The factthat f -F is a best approxi-

rnation of /by elements of.Yþ*, for every extension F of fl" to X, follows

by the equalities :

d(f, YLrK) : ll,fl"ll,, : ll"f - (Í - F)ll*,

' rnpon4w 2. (a) I-f K" is ø P-cone, then Y*o ls K*-þroximinøl';
(b) If K" is a P-cone, then YLy* i.s K*-Ckebyskeaian if and' onty

il K" is ø PU-cone.
Proof. The theorem follows from theorem 1 (b).

r If Kv: M" anð. K, is P cone, respectively PU - cone, then
Mo is called P - sþace, respectively PU - sþace.

I,et us denote by YL,the following subspace of M*:

(6) Yr : {Í:f e My, /lo: 0r}.

Then, the theorems I and 2 become:

TrrEoREM 3. IÍ M is P - sþøce, then:

(s) for øll' f e M*, tke following equal'ity kold's:

(7) ll/l"ll" : d(Í,YL);
(b) for euery f = Mx, the el'ements of best aþþroximøtion of f by el,e-

'rnßnts ol YL a.re exactly the elernents of the form f - F, ukere F .is an
extension of fl" to X.

TrrEoREM a. @) I.f M|is ø P - sþøce, then Yr is þroximinal';
(b) IÍ M" 'is a P - sþace, then YL is Ckebyskeaiøn i,f ønd' onl'y if

M" is q PU - sþøce.

For the definition of proximinal and. Chebyshevian sets see [9]. r

' ¿*. W-e shall give some particular cases of the above theorems.
I. If X is a normed linear space, Y a Tinear subspace of X, X* thè

conjugate space of X, Y* the conjugate space of Y, then by.the Ila,hn-
Banach theõrem, Y* is a P - space. In this case, theorem 3 (a) and theo-
rem 4. (å) were proved. by n. R. pnnrips i8l.

IL For a metric space (X, d), a subset Y of X and a fixed. element
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Y, let

I.iPo X : {¡

be the linear subspace of. M y, generated. by the cone K" and.

(3) Yr*,r: {g 
' 
g = xx, El" : o"},

where 0" denotes the zero function in My, i.e. Or(y) :0, for all y ey.
Def inition 3. We say tkat the subsþac"ytrois K*- þroximinal

if for øll, f e K* there exists øn el,ement go =Yl* such tkat

(4) llf - Bollx : d(f ,Y'r*),:,inf ,{ll/ - 8ll" : e = yi*}

If furtker, for all -f = K* there exists ø unique go = Yþrrsuch thøt the equa-

my $) hold,s, then VL**,i.s cøl,led. K*-Ckebyshaeiøn. Ãn element g, = yt*o

such th,at ll,f - erll" : dU, Y**) ¿t called, an elernent of best øþþroxi,mation
oÍ f by elernents of Y+*.

3, The following two theorems show that the best approximation
properties. of the subspace YLxo in M * are connected with the extension
properties of. K".

THEoREM l. If Ky is ø P-cone tken.'

(a) for all' f e K*, tke fall,ouing equøl,ity kold,s

(5) Il/1" ll : a(Í, v'**);
(b) for gaery f = K*, tke elements of best aþþroximation. of f by ele-

rnents of YIo are exøctly the el,em,ents of the form f - F, ahere F is an
extension of fl",
. Proof . (ø) For g = Yt** we have: : .

ll.f l"ll' : llÍ1" - sl"ll'. : llj - s)l"ll" < ll.f - sll,,
such that ll,f þ1, < d(f, y|,r).

On the other handt ,

ll/l"ll" : ll.f - (f - F)ll" > inf{ll"f - ell*, e = y*o} : d(f,y'**),
where F is an extension on Ílv to x. Therefore, the equality (5) holds.

(q rf f = Kx and g = YI* is an element of best approximation of
.f, then by (5), llf - ell*:d,(f ,y+*): ll,flvll, anð, (f - E)lv:.f]". rr fotlows
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,.,' ,, An extrenta.l, el'ement of a convex.set C in a,linea¡ space,.E is an ele-
ment x e C such that \xr+ (1 - Ì')x, : x Lor.xr, frz e C and À e (0, l)
imPlies x1 : a: Yr.

A, føce of the unit ball Bo is a convex subset F of S, such ,that
\h* j - X¡x, e Ffoi nt, %z e B" and.I € (0, 1) implies tlnit xr, tzeF.

'Obviously, a face whlch contain exactly one element is an extremal ele:
rnent of Br.

For k = My, denote by

(17) Py(h) : {f :Í = M.*, fl, : h, llÍll*: llhllt},

the set of all extension of å.--- il""-f"inl-ts a nonvoid, convex,'böunded and closed subset of. M*.
THEoRÞM 5. An el,ement k e BMy is an extremal el,ement of Ba" if

.and only iÍ PyØ) is ø faæ of Bux.
Proof. Suppose h is an extremal element of B¡". I,et ). e (0, 1) and

ir,l, = Bv*be such that 
^/r 

+ (1 - ^)f, = P"(h). Then ),,f11" f (l-ì)/rlv
:'k, and- since /ø is an extremal element of Bar, it follows that frlr: -fzlv :
,-h,, so that lllrl"ll" :llfrþllv:llhll" = 1. Since the norms ll ll" and ll lly
are supposed compatible (see definition 1.) it follows that llÂll" : llfrllx:|.
)Vg proved that f',fr=Pv(h) which shows that, P"(h) is a face of Ba*.

' Coorr"rs"ly, suppose k is not an extremal element of Bvr. Then theîe
,exist' two elements h1, h, e B¡ar, h, * h, hz * h and. À e (0, 1) such

,that ).h, + (1 - ^)hz 
: h. I."t _fi,'= P"(hr) an¿ fí = P"(k"). Then )fil, -f

+ (r - ùfi!" : h anð.l : llVíj" + (1 - x)llt"ll, < llfí + (1 - À)/áll, < l,
bô that ¡li, + (1 - l)/; e PyUr). Blt fi and. fi do not belong to Pr(k)

,' since lí1" + k and Í1,, + h,, so that Pr(h) is not a face of Bu*.
: . Suppose now, I,ipoX and I,ipoY be as in the case II. from section 4.
'\f. h e I-,ipoY, then the functions

r(18) Í,(*):inr{k@) illkll"d(x,y)iy =Y}, x e X,
;1,

¡i lr@):s',ry {k(y) -llhlltd(*,y):y ev}, x e X
iàre extensions of Z (see [4]) and further, they are extremal elements of
,'the set P"(k).' fndeed, one can prove that

fr(x) <Í(x) <Ír(*), x e X,

(see [5]). If q, t|l = Pv(lt) and. }. e (0, 1) are such that
fy then

0 < r(.f, - e) : (1 - À)(ü -Í,),
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redisco_vered by J. CztpSEn and
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t5l.

aIly disconnected if the,clo_
act Ifausdorff space, d.enote
real functions d;finÁd o;- O

tedy "Ëffi,#of operators

, ,p""", d. being a invariant metric
(12) si:{/: f :x..+ft, ,,nUøli)),,|,i,,ç +0,2r = x} ( oo,

(x) If(y), x,y = Xj,
s [7].

is defined in a similar wav.
nvex cone in l,ipoX, Sf is'a

(13) Xs : Sf - Sf,bet
and d by_the cone Sf. In this case, theorem Iin [5].
such ear space, y a nonvoid convex subset of X
(14) c*: {f :f e Lipox, f is conuex},(15) Cy: {h: n = ain"y. lt, is ,onrrí¡.
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So : {x e E: lløll : 1}.
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, NOTIONS DE CONVERGENCB DANS UN CI,AN ET
TOPOLOGIBS DEFINIES PAR EI,I,ES

ent t d.élqrt les trøuøux lll, 12, lïl
1Z d'esq éralise qutlqu,rs notlà"í, ,r";r-iàa,ea ur c aux six þarøgrøþhes sttiuønts.

S 1. La ,rlimite analytique, tlans un elan

Déf inition 1.7. soit xun en_sernbte infiní, queleonque et (Bn)n-w
(B) sera consid.Zrée deicend,ønte"'à. iò

et quel,que
I n, (éa,id,e-

f,''¡.f;o:;"
ni d.e þas" .) On syn+bol.ise cette þro_

,,, 
Conséquence l;7.Chøque suite þørtielle (B¡n)n=* d,'une suite

(Br) d'escend'ønte à Ø; d.escend,e øuss,i à Ø; chaque su,ite d.e ra. forrne (Ù ulir),-*

lù, BÎ) +Ø (i: l, ..., v; v e N) est øuss,j ume su,ite d,rrrrnAlirl¡, à Ø.
¡tr¡a démonstration en est immédiate, en utilisant,l,idée de ,,1,éliminationiaprès un nombre finí de pas", contenue,d.ans la définitio" r.r.
'.i 
i E xemþl'e 7.r. r.asuite (D(0,0)),=, d"s disques concentriques d.onnés

dans R2 par Df'o) :l@, -l)f o < x, 1- y, * ;Ì, n e N, est d.esce'dante

l'r
i
l,l
lll
t, ',
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h, a- Wroclaw, lgSL?t 4 Liþschitz conàitioø, Actat9
eh onalou, Maú,rematica (Cluj),

sþaliut at fanc!ütor ti,þ_
81_87,
d.e cea d, aþyo*i,møye iø. Teor. B, z, tSs_ioó,

ach lyþe for l,,iøear transformation, Tra¡s. A¡rer.
e für nelrische lineaye Rüume, Maflr. Ann,,

un,íque best øþþro tirnation,

,lor*ort þri,n elemente din

Received 16. II. 1972,

Uni.uersitatea,,Babeç _ Bolyai,,' Cluj_Naþoca
fnstàtutul d,e tnatemøticã

REFERENCES

COSTICÄ MUSTÃTA56
6


