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One of the very useful properties of the 'lcheb1.çþs1f systems is the
follou'ing :

tr:ÐonD¡r 1. L,ct. fu. 0, \, ...., !r,,j be a Tch,ebychcff qtstenr, on fø, bl.IÍ *r, . . , , K,, øre d'istittct Þoirtls,in lo, bf , then, Í,lterc-e xiii ø'0, ar, , ., Ø2,, ê

e R snclt, lløat, ,if we þut F :Doru,, tlten,

l) F(x,) :0, i : l, ...,1t,,
2) F(x)>0, x = la, bl, x # %t,...,x,,,

. Tlii¡ prop.e-r!)r is essentially employed in inany proofs, and, it is interes-
ting to knorv if it is characteristic õr not for the Tðhebycheff systcms. \{/e
shall ansi,ver this question in the second part of the paper. rn the first part.
rve derluce frour the theorcm 1 a result cõncerning the separation of cert,lin
point sets in the plane,

i' ' . ., ur,,\ be ø stem on, la,b),.f:lo, santicontinuou ...,x,, ¿isi¡nòt
þoints ,),i:1, ..., existi" a lineøycofltbin s us,...,uz,,

a) lî(x,) : yi, i :7,2, ...,ltr,
b) f (x) <F(x), 5 e lø, Itl.

. nrogÍ._We-denote by Sp(zro, LLt, ..., ur,) the set of all linear combina-
tions of the functions. uo,...,iru. Conïider p, Q = Sp (ro, ...,u2,)
such that P(xr) : !¿, í : l, 2, . . ., n, and

DQ@n):0,i:7,2,".'tt"
Z) Q@))0, x = Lø, bl, tú # xt, ..., xn.
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If we put g : Í - P, then g is upper - semicontinuous and g(x) :
: Í(x) - !¿ 10, There exists an open neiglibourhood V, of ro such theit

if x e V, then g@) <0. Consider the cornpact set 'f : lø, öl\ -U I'r.
The function'g is upper boundecl on î by a number XtL Q is continuous and
positive on T. If til': miî {Q(t):t = 4 then tn > 0.

I,et us consider the number l¡ ) 0 sucir thaL h'ttt, > X[. We have 1" :
: P + l¡Q = Sþ(uo, . ' ', ur,) and F satisfies a) and b).

2. Now we llrove the converse of the theorem 1.

îHEoREtlr 3. Cons'id'er the fu'nctio'lt's 'tús, . ' , ü2,, e C lø, bl suclt, tl't'øt

for any d.istinct þoints Kr, ., x,,'in fa, bf tl'rere ex'istsF = Sþ(uo, ...,u,rn)
uhick søtisfies :

l) F(x):0, i:1, ..., tt,
2) F(x) > 0, x e. lø, bl, x # xt, . . ., r,,.
Then {uo, ,.., uz,} is ø Tchebych'eff system' on lct, b].
Proof . Assume tlnal {uo, . , ., u2,} is not a Tchebycheff systern on la, bl.

Then there exist the distìnct points i0, . . ., tr,, in la, bl sttch that lu,(tt)l ::0,i, j:0,1,...,2n.
This means that one column of the determinant is a linear combination

of the others. Let
2il

(1) or,,(to) : |)cyt,,(t,), ¿ == 0, 1, . ..,2n.
j -:t

It is easy to prove that if F c Sìp (ttr, " , . , r't'rn) tTterr

(2) I'(to):f c¡Þ(t'¡)'
j.-t

The numbers c; clo not all v¡nish. Irrdeed, if ct: ... : czu: ?,
then u,(tn):O',i:1, ,..,2rt' audlî(lo) :0for-a¡y1'' o= Sp (r'L'g, ...'142,).
By clroosinl x¿*to, i:7,2, . ".,1t,, \v(. contradict the assunrptions of the
theorern. Without restricting the gcncrnlity r,ve iila)'assull1e th¡Lt the coc-
fficients ct, ..., crl are ncgativc and tlle others rroirnegative' Ilere 0 < lt' <
< 2n. There arc three cases to be considered:

a) h < n-1. 'lhere exists F e Sp(uo, ..., xtzu) sLrcir that -[ì varrishes
orr to, tr, . . ., tt, and it is positive ort t,,, r, . ., lr,,.We obtain, becatise of (2).

chl't : cz,r'='0'

This means that F(/o): f, c¡fì(t¡) for ¿r.i1 1¡ e Sp(¿¿0, . '., xrz,r)'
j:t

Consider F, e Sp(ølo, ...", 1.42u) rvhich vaiiishes otr lo and it is positive
f.ot tr, . . ., tn. Tlnen

h

l) c¡F,(t¡) : 0, cj 1A, LtlQì > 0, i : l, ' ' ., Jt.

i:r

This is ¿r contradiction.
b) h - n, rn this case 1l is easy -to plove that t.he coefficients

cn+.t, 1.., cz,, d,o not all rtanish. IteL cr,, > 0' It follorvs frorn (1)

ot'(t"") : J tt o(t o) - i:' ? ?) u'(t'¡)'
c2* i:-i I î:t'

i:0,i,...,2n.

Ì{or,v the coefficielts J-, --:a , -! a.ic positive, and the
cz¡t c¿¡t 

ls ¿,t íä'ôst ø-1. 'lhus, this caserrumber k' of llne negative coeffic.ients
can be redr,.ced to the first one,

c\ lt, Þ n -l l. Corrsid-cr p "' þi1r(ør, .. ' 1¿,' ) ivhich vnrrislrcs on to'

Lr, r, . . ., lru arrd it is por;itivc Lct lr, . ' ', 1,,, ì¡Lo'rr (2) :

..11;rrrr1l,¡ : o.
j..1

B!1. c¡ < 0, Þ(t,) > 0, I -" I, .'', h, anð'rve {iüc1 a 11ew contracliction'

'Iiie theorern 3 is hercr,r,itir proved. Consecluently the property expressed

in theorem 1 is characLeristic for the Tchebycheff systems.
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