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0. Introducfion" I,et X be a nollempty sel, d and I tu'o metrics on X
'and f :X +X a rnapping. For such mappings, r,r. G, r{Àra t1ll proved
a fixed point theorerr rvhich \\'as generalized in 111411)' directions b¡'
r{. rsÉKr ([7], [B], [9]), r.A. RUs [17], s;. r. srNcn [20].

The following theorem givcn in [7] is an useful theorem for the appli-
cations.

l'ItrioRnnl 1. ry
(i) lr> 0:d(f(x),/þ)) < cò-(r,y), Yx, y e x,
(ii) (X, d,) is ø conr,þlete ntetrttc sþøce ,

(iii) /: (X, d.) -'(X, rl) is contír1,.uolts,

(i") ão. = 10, 1[:ò(/(ø),./(y)) < øà(.r, 1,) Yx, y e 1,
th,en f h,as a uní,qttc.fixecl þoint, x*, zuhick can be cølculøted øs limf"(xo) lor
a1ly xo É X.

'I'he purpose r;I Lhc prcsent paper is to give sol11e results about thc
irpproxination of the fixecl point ol./, giverr by the theolem l.

1. Sequeuccs ol tnap¡ting¡s rurd fircd iroints. f,et X bc a topological
space and let f,,, f : X -', X lje sonrc rnappirigs such that F¡* *Ø andl;t-
-= {*o). A natural question to ask is the folloiving, Does the cont'eLgettcc of
(f,,)n=t; to / irnply the convergence of the secluence (r,,) ,.s, x,,. € F¡,,, to
the lixed point, x'), of f ?

Sonre ansrvers to this questiolr are given in [3], LAl, tSl, t6l, t10],
1131, [15], tlBl, l?2).

'lhe result r,r,l¡.ich correspond to theorem l is the follorving
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THBoRF)rr 2. Let X hc a nonenr,þt1i set, d ønd, 8 ttao v't'¿t7ics ott' X øttti

f,,.ftx-'x. IÍ
(") (X, d), (X, 8) øtt'd,f satisfy tlt'e hyþotheses o.f tltcot'ertt' 7,

(b) the sequencc (f,)*-N coixaergcs uniform'ly ort (X, d,) to f,
(c) Iì ¡. # Ø,
(d) 3r, > 0: 3(ø, y) < crcl(x, y), Yx, y e X,
(e) cctø ( 1,

then' for euery xn = FÍn,the sequence (x,,)n-u coll,uerge in (X, d,) to thc uttiquc

fixetl þoirot, x*, of f.
Proof . From the corrdition (a) and (d) we have

d'(x,,, x*) : ¿Ui;@"), f'z(x*)) 4

< d(.f|,(x,,), "f'(x,,)) -l- d(Í'(x"), Í'(x)) <

4 d(fl(x,,), .f'(x")) )' c}(f(t;,,), f(x)) <
< d(fl,(x,,), _ï'(*,,)) -¡ cø8(.r,,, ;L) (
< d(fi,Ø,,), f'(x,,)) | cactd'(x,,, t;)

and by (e)

d(x,,, x) < (1 _-- cc'u) td'(f!(x,,), .f'(x,)).
But

d(f?,(r,")' f'(x")) <
4 d'(fl(x,,), f(.f,,(x,,))) + d(f(f,,(x,,), f'(r,,)) <

< d(f,(f"(x,,)), 
"f 

(.f,(*,,))) f cò(1,(ø,,), Í(x,,)) <

{ d(f ,,(f,,(x,,)), .f (.f,,(x,,))) t cc'd(f ,,(*,,), f(*,,)'
Since (./,,) ,=¡ colrverge in (X,l) tlrrilolrnly to f, h-etrce

d(f ,,(!,,(x,,)), Í("f ,(x,,))) --n 0, *'heil 17 ->cQ,
¿rird

d(.f,,(r,,), .f (*,,)) -" 0, *'hc' n 4*,

i.e., (ø,,),.rv collvefge in (X, d,) to ti'^.

2. llepelclence of pararneter. Let X and Y be t$,o topological 
-sp-aces

and let .i:X XY -,X, be a rnapping. 'lhe induced mappings of f are
denoted by f ,, fr, i.e.:

.f ,:Y - X, Y -,f (x, Y),

-f, i X * X, ,i -"f(x, it).

I,et us assume that tl-re rnapping frhas a rrnique fixed poirt, xl , lor every
y € Y. We define the mapping

.P:Y n X, y -" xi.

What are the condi.ticn for the continuity of the mapping P ? In some paf-
ticular cases this problem rvas studieC in ti0l, ll2l, [13], 114], t15],
[18].

our resúlt fol this problern is given in the lolloivirrg theorem.

THE9REM 3. Let X be ø nonem'þty sct, cl and,8 tuo nt'efuics otr, X, nnd' lcl
Y be Hausdorff toþological sþace. If

(a) tlte nr,aþþing f, satislies the ltyþotlceses of theoreut. 7, uh,ere u and
c are not d,eþend'ing of Y ;

(b) tloe møþþi,'ng f * is cont'irtuous i'n' (X, d).

(c) 1c, > 0: S(r, y) < c, d'(x, j'), Yx, Y e Y,
(d) c'ca ( 1,

then

P'.Y -" (X, ,1,) i,s continuotts.

Proof . I,ct t;i, i : I,2, be Lhe Iixed point of fr,' We have

cl(xi,, xi,) : d(f'ì,(xi,), "fl,@i")) <

< d(Í\,,@i,), fl,@i,D 1- d(l'n,@i"), .f1,"(xi")) <

{ cøc,cl(xi,,, xi,) ) d(.fT,@i") ' Íi,@i"))
of

d(xi,,, xl,) < (1 - ccra)-1tl(f],(xi,), 
"fl"@i,)).

Ilrom the condition (a) we have

d(xi,, xi,") -" 0, rvhen jt -, !2.

The proof is complete.

iÌ. The roundolf error in eornilutirrr¡ Éhe fixeEl pcint given by theorern 1.
I,et f :X -nX be a mapping l'hich s¿rtisfies thc conclitiorts of theorem l.
I,et'x'k bc the unique fixèd point of /. Let g: X -, X bc a rxal'ping rvhich
approxitnates the niapping /. I{ore precisely rve assume that

d(f(x), g(ø)) < tl, Vø e X, n,ith given I € 11.

If xo - X, q'e Put

xu:f"(xo), y,: g"(xo)

\\¡e propose to give an estimate of d,(x*, y,), We have

trnonnu 4. f
(i) f satisfies th,e conditions of tloe theorent \,
(ii) 3ct ) o: 8(ø, y) 4 crd'(x, y), Yx, y e Y,
(iii) cc, < 1.
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(a) d.(x,,, ilx) 4c.utr-t ò(ro, ør),
L _d.

(b) d(),,,, ø*) ( r¡(1 - ccr)-' 1 "#ò(ø0, ør).

Proof. (a) We have

d(x,,, x*) ( cg(ø,,._r, ,*) < fig@,, *r¡

(b) We have

d(y,,, x*) 4 d(x,,, y,) + d,(x,,, x*)
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d(x., s') : T$ lx(t)l - 1t(L)l: llx - tll"Õt, 8(x, y): 1l trøl -- ,(t)),,tt)',' :
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